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Preface 



The papers in this volume were written by his students and colleagues to honor 
Sidney Leibovich, Samuel B. Eckert Professor in the Sibley School of Mechanical 
and Aerospace Engineering at Cornell University, in commemoration of his 60th 
birthday, 2 April 1999. They were presented at a symposium held at Cornell, 23 
and 24 August 1999. 

Sid obtained his Bachelor of Science degree with honors from The California 
Institute of Technology in 1961, graduating first in his class. He came to Cornell 
to work with Geoffrey Ludford on Magnetohydrodynamics, and obtained his 
Ph.D. in 1965 in the Department of Theoretical and Applied Mechanics. He 
spent a year at University College, London as a NATO Postdoctoral Fellow, and 
returned to Cornell as an Assistant Professor. He has been here ever since, and 
is currently Director of the Sibley School. 

Since returning to Cornell, Sid has concentrated on rotating fluids and non- 
linear waves, in various combinations and applications, producing some 3.2 pa- 
pers a year with an applied-mathematical bent. In particular this interest led to 
both Langmuir circulation and vortex breakdown, two areas in which Sid has had 
enormous influence, and both, of course, examples of rotating fluids interacting 
with waves. It was impossible to work in this area without being distracted by 
the study of the nonlinear dispersive and dissipative waves themselves, and Sid 
has made substantial contributions in this area. 

Interest in the ocean (presumably aroused by the study of Langmuir cells, as 
well as by a sabbatical partly spent at Exxon) led to a study of oil-spill dispersal, 
which was eventually combined with the study of Langmuir cells. 

Although the general areas of Sid’s interest have been fairly constant, that 
does not imply that his work has been in stasis. He has been delving deeper 
and deeper into these areas, and the nature of his interest has been evolving 
along with the field. Dynamical systems theory has made its appearance (leading 
to studies of 0(2) symmetry and Hopf bifurcations), as well as thermosolutal 
convection and secondary instabilities. The mathematical nature of the equations 
themselves has been examined. The instabilities investigated have been strongly 
non-linear. I think it is fair to say that Sid probably knows more about non-linear 
evolution of disturbed rotating flows than any person alive. 

Sid has supervised 24 research students, who are now scattered at various 
universities and national laboratories. At least one preferred the turbulence of 
the financial markets to fluid turbulence. Sid maintains extreiordinarily warm 
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relations with his ex-students; their enthusiasm for his birthday symposium was 
engaging. 

Sid has served as Editor, Associate Editor, Co-Editor or Member of the 
Editorial Board of numerous journals: the Journal of Fluid Mechanics, Acta 
Mechanica, the Journal of Applied Mechanics, SIAM Journal of Applied Math- 
ematics and Annual Review of Fluid Mechanics. He is currently General Editor 
of Cambridge Monographs on Applied Mechanics and Applied Mathematics. 

Sid has been very active in what we may call scientific politics. He was 
Chairman of the US National Committee on Theoretical and Applied Mechan- 
ics, Chairman of the Applied Mechanics Division of the American Society of 
Mechanical Engineers, Chairman of the Division of Fluid Dynamics of the Amer- 
ican Physical Society, Chairman of the National Academy of Sciences - National 
Research Council delegation to the General Assembly of the International Union 
of Theoretical and Applied Mechanics, and Ghairman of the Timoshenko Medal 
Committee of the American Society of Mechanical Engineers, as well as lesser 
offices too numerous to mention. Sid is extraordinarily smooth in committee: 
warm, friendly and generous, while at the same time being firm and effective. 
He manages to get things done without offending, a very rare talent which he 
also puts to good use as School Director. As a result, he has been extremely 
influential. 

It is hardly surprising that Sid’s work has been recognized by his colleagues. 
In 1992 he was elected a Fellow of the American Academy of Arts and Sciences, 
and in 1993, a Member of the National Academy of Engineering. 

Sid Leibovich has been my friend since 1977, when he recruited me from 
Penn State. We have exercised together three time a week since then, or some 
3500 times. We tell each other stories, we shout at each other, we have Talmudic 
arguments about obscure points of science, we gossip, and we discuss politics, 
both university and national. And we are still friends. 

Ithaca, 20 July 2000 John L. Lumley 
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Point Vortex Models and the Dynamics of 
Strong Vortices in the Atmosphere and Oceans 



Hassan Aref and Mark A. Stremler 

Department of Theoretical emd Applied Mechanics 

University of lUinois at Urbcina-Champaign, Urbcina, IL 61801, USA 



Dedicated to Sidney Leibovich on his 60th birthday 



1 Point Vortices and GFD 

The models to be considered are the simplest imaginable: The flow is assumed 
two-dimensional and inviscid, and each strong vortex is represented as a 5- 
function singularity of the vorticity field. This simple Ansatz leads to what 
is called the point vortex model. It was introduced already by Helmholtz 
in his seminal 1858 paper on vortex dynamics [9] (English translation by 
Tait [21]) and has been a mainstay of fluid mechanics modeling ever since. 
J. G. Charney extolled the virtues of this approximation in the context of 
numerical simulations of atmospheric flows. He wrote [8j: 

... the continuous vorticity distribution in two-dimensional flow may 
be approximated by a finite set of parallel rectilinear vortex filaments 
of infinitesimal cross-section and finite strength, whose motion is gov- 
erned by a set of ordinary differential equations. This is analogous 
to replacing a continuous mass distribution by a set of gravitating 
mass points. It has the virtue that mass, energy, linear and angular 
momentum continue to be conserved, and that the motions repre- 
sented are those of conceivable, though idealized, physical systems. 

It is, in a sense, the dual or complement of [the] functional repre- 
sentation, the Green’s function being the dual of the eigenfunction, 
or the ‘particle’ the dual of the ‘wave’. Which representation is the 
more suitable depends on the nature of the field of motion to be 
approximated. Fields with wave-like properties are more amenable 
to functional representation, whereas those with discontinuities or 
vortex-like properties are more naturally represented by discrete vor- 
tices. 

In the context of oceanographic flows H. M. Stommel returned to the point 
vortex model many times, notably in a couple of late papers [10,11] in which 
baroclinic point vortices, called ‘hetons’, were considered. In the early 1980’s 
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he sent out a Christmas greeting entitled “Christmas Cheer with Modulated 
Vortices”. Here are some quotes from this unpublished six-page pamphlet b 

I present here a little program in BASIC for micro-computers that 
may afford you some fun and instruction concerning modulated vor- 
tices. They are simply ordinary run-of-the-mill rectilinear vortices 
with a 1/r law of influence. What makes them fun is that unlike their 
classical cousins, their strengths Fa can change according to the law: 

where is a constant (for all time and every a) that is supposed 
to model the torque of the wind-stress, P is the familiar variation of 
the Coriolis parameter with latitude, y, and I; is a constant frictional 
coefficient. The coordinates of each vortex are x^, ya, functions of 
time that the program computes. 

My friend Ed Fredkin and I played around with systems of up to 
32 such vortices on an old PDP-1 computer in 1961 at nighttime in 
an old loft in Maynard, Massachusetts. When we convinced ourselves 
that they do not model a real )d-plane exactly, we abandoned the 
game. The reason that they do not model real fluids on a /?-plane is 
that the vorticity of fluid particles outside the vortices cannot change 
from zero, whereas of course it actually must. 

Recently, Jim McWilliams and Norman Zabusky^ have reopened the 
subject with a series of important studies of systems with F = k = 0. 
Large computers can populate the fluid densely with a great number 
of vortices and thereby afford it an opportunity to change vorticity 
at many locations. It seems that they are well on the way to using 
clouds of modulated vortices as a useful modeling technique. 

The little program given here is much more limited, but it seems 
stimulating to me. It has just two vortices. We can use them either 
as two interacting vortices, or can use one as an image of the other 
to model a coast-line, like an eastern or western wall of the ocean. It 
also includes F and k . . . 

After describing several suggested runs of the program Stommel concludes: 

Despite its deficiencies, the ;d-modulated vortex model is interesting 
to think about, isn’t it? 

* The notation has been changed to conform to notation used elsewhere in this 
paper. 

^ This work was published cis [12]. 
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What have modulated vortices to do with Christmas? This is a ques- 
tion that has answers at many levels. First, they are toys for grown- 
ups. Then there is the question of belief in approximate models and 
Santa Claus. Even chimera can instruct us. 

At about the same time Stommel and Fredkin were exploring modu- 
lated vortices, Morikawa introduced a modified form for point vortices on 
the /-plane [15]. The 1/r interaction is here replaced by a Bessel function. 
Morikawa and Swenson later studied steady configurations of both these vor- 
tices and classical point vortices [16]. They developed extensive catalogs of 
stationary configurations and explored their stability. Such steady patterns 
had been observed to resemble large-scale atmospheric circulations associated 
with blocking events. 

In summary, the point vortex model has been used repeatedly to explore 
dynamical features of various geophysical flows, just as it has a long history 
of use in modeling engineering flows, in particular the wakes behind bluff 
bodies. The vortex wake configurations associated with the names of Foppl 
and von Karman are particularly well known. Indeed, Karman vortex streets 
have been observed in satellite images to occur behind certain islands. The 
main reason these simple models have had such staying power is precisely, as 
Charney stressed [8], that point vortices yield solutions to the equations of 
motion that conserve the basic integrals while using only a small number of 
degrees of freedom. Thus, point vortex motions can be seen as idealized yet 
sensible approximations to what real flows do. 

There is another area of fluid mechanics, with important repercussions for 
geophysical fluid dynamics, where the point vortex approximation has played 
an important role. This is the subject of two-dimensional turbulence, by 
which one means the study of solutions of the Navier-Stokes equation for 2D 
flow with many degrees of freedom excited. Strictly speaking 2D turbulence 
exists only as a computer simulation [13]. Experimental realizations have been 
attempted by constraining the fluid motion to be approximately 2D using 
magnetic fields, high rates of rotation or soap films. Flow in the atmosphere 
and oceans is similarly constrained and so many features of 2D turbulent 
flows are seen in large-scale geophysical flows. Point vortices enter this subject 
because the flow field appears after a relatively short time to be dominated by 
strong vortices that move approximately as if they were a system of mutually 
interacting point vortices. There is one important difference: Two distributed 
vortices of the same sense, arising in a 2D turbulence simulation, can merge 
and form a single vortex, and such events take place repeatedly and with 
non-negligible frequency. Indeed, it has been suggested that these merger or 
recombination events are the key element governing the self-similarity of 2D 
turbulence. 

The overall tendency in a 2D turbulence simulation is for the vorticity 
field to coarsen over time, in the sense that the number of vortices continually 
decreases via merger events and due to viscous dissipation. Half a century ago 
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Onsager, in a profound paper [17], proposed a very different explanation for 
the appearance of large coherent vortices in 2D flows. He based this explana- 
tion on Gibbsian statistical mechanics applied to the Hamiltonian dynamics 
of interacting point vortices. 

Point vortex dynamics has a special ‘flavor’ since it combines fluid mechan- 
ics, which usually entails the solution of partial differential equations, with 
the theory of dynamical systems, which is usually concerned with a small 
number of ordinary differential equations. Modern developments have shown 
that very complicated things can happen already for a small number of ODEs. 
In the case of classical point vortices on the unbounded plane, the two- vortex 
problem is integrable and very simple. Furthermore, one has the interesting 
result that the three- vortex problem is integrable. Generally, dynamical three- 
body problems are non-integrable unless the system in question is integrable 
for any number of particles. Four point vortices, on the other hand, can dis- 
play chaotic motion. Indeed, the transition from integr ability to chaos occurs 
already for the problem of passive advection of a particle in the flow field 
produced by the integrable three-vortex motion. The motion of the advected 
particle can be chaotic. This insight led to the concept of chaotic advection, 
which has since emerged as a general paradigm of flow kinematics and fluid 
mixing, and has been actively pursued in the context of very viscous flows. 
Here again there are important connections to geophysical fluid dynamics. 
Thus, Zimmerman [24] and collaborators have emphasized that the mixing 
in shallow tidal basins, such as the Wadden sea, is probably more appropri- 
ately described by chaotic advection than by turbulent transport models. 



2 Three Vortices with Vanishing Total Circulation 

The problem of three interacting point vortices on the unbounded plane plays 
a pivotal role, not just as the largest integrable system but as the smallest 
system one must consider if new scales of motion are to be generated dynam- 
ically. The rate of change of the distance between any two vortices in an N- 
vortex system is a sum of contributions over all ‘third’ vortices, where each 
such vortex contributes a term proportional to its circulation, and dependent 
on the distances between the three vortices in question. In particular, if one 
attempts to write down the kinetics of a point vortex ‘gas’, as did Marmanis 
in his MS thesis, later published as [14], the basic interaction to be treated 
is the three- vortex interaction. In the usual kinetics of an ideal gas it is, of 
course, the two-body interaction that enters and plays the main role. 

Much of the early work of one of us (HA) on the three- vortex problem on 
the unbounded plane was completed while a student at Cornell. Sid Leibovich 
played an important role as a mentor, among other things guiding the paper 
[1] to its final publication venue. In view of this and in view of the general 
importance of the problem, it seems appropriate to describe progress with 
the three-vortex problem since 1980. In particular, during the past couple 




Point Vortex Models eind the Dynamics of Strong Vortices 



5 



of years the present authors have achieved considerable progress with the 
integrable three- vortex problem in a periodic domain. 

2.1 Vortices on the Unbounded Plane 

Around 1985 Nicholas Rott contacted HA inquiring about the fate of Walter 
Grobli, the young Swiss applied mathematician who in his thesis of 1878 had 
solved the three-vortex problem on the unbounded plane. Rott recalled his 
teacher Ackeret speaking about this work in lectures many years before. He 
was intrigued by two things: First, the historical question of what became 
of Grobli and, second, the case of three vortices with sum of strengths zero, 
which seemed to be a bit of a ‘stepchild’ in Grdbli’s treatment and in the later 
papers on this problem by Synge [20] and Aref [1]. Rott’s historical quest led 
to the review paper [3] published as the historical lead-in to volume 24 of 
Annual Reviews of Fluid Mechanics. The technical quest led to a paper by 
Rott [18] with an appendix by Aref [2], both dedicated to Hans Thomann on 
the occasion of his 60th birthday. 

We briefly recall the Rott- Aref solution for three vortices on the unbound- 
ed plane with net circulation zero. One first shows, by subtraction of the 
equation of motion for one of the vortices from the equation of motion for 
another vortex, that the separation vector between two vortices is the solution 
of an advection problem for a fictitious particle in the field of three stationary 
vortices, the circulation and locations of which follow from the original prob- 
lem. This simple advection problem is integrable. Once it is solved, individual 
trajectories of the three original vortices can be found from the solution by 
performing one additional quadrature. The nature of the solution space of 
the original three-vortex problem is clearly displayed by the various ‘regimes 
of motion’ found in the advection problem. 

Figure la illustrates the four different regimes that arise in the advec- 
tion problem for the case when the circulations in the original three-vortex 
problem are in the ratios F\ : r '2 : /a = 2 : 1 : (—3). Only the relative 
magnitudes of the circulations really matter - the absolute values simply set 
the time-scale of the motion. Given the ratio of circulations in the original 
three- vortex problem, Fi \ F^ : A, the circulations of the three fixed vortices 
in the advection problem are I //3 : I //2 : 1/A - Thus, while the original cir- 
culations sum to zero, the circulations of the three advecting vortices do not. 
The first advecting vortex is at the origin. The second is at —{Q + iP)/A> 
where Q -|- iP is the linear impulse of the original three- vortex system. (Here 
we are using the common convention that the flow plane is the complex plane 
and the cartesian coordinates of the vortices are concatenated into complex 
positions with the abscissa taken as the real part and the ordinate as the 
imaginary part.) The third advecting vortex is at {Q + \P)/ Fi. The advected 
particle path in each of the four regimes of the streamline pattern is, clearly, 
a rather simple closed curve. This implies that the relative motion of the 
three vortices is periodic. Figure lb illustrates a sample motion from each 




6 



Hcisscin Aref, Mark A, Stremler 



IV 




Fig. 1. Three vortices in a plcuie with A : Fb ; Fa = 2 : 1 ; (—3) and a non- 
zero VeJue of the impulse, (a) Streamlines of the corresponding advection problem. 
Advecting vortices are shown with solid dots. Separatrices are shown with heavy 
lines; sample streamlines not passing through a saddle point are shown with light 
lines. The four regimes of motion are labelled 1-IV. (b) Trajectories of the original 
three vortices in each of the regimes from (a). Initial positions are labelled 1,2,3 
and finail positions 1', 2',3' 

regime during one period of the relative motion. While the vortex triangle 
re-emerges with the same shape and size after each period of the relative 
motion, the entire vortex configuration has typically suffered a translational 
displacement. This is an example of what is called a geometric phase. 

There are two very important points in Fig. la. These are the saddle points 
S and S'. These points correspond to vortex configurations that propagate 
without change of shape or size, i.e., according to general results from the 
three-vortex problem [1] to an equilateral triangle with a vortex at each 
vertex. The separatrices joining the saddle points in Fig. la correspond to 
vortex motions during which such a triangle rearranges into another triangle 
of opposite orientation. 

2.2 Vortices in a Periodic Strip 

The first problem we were able to solve recently was that of three inter- 
acting vortices with sum of circulations zero in a periodic strip [4]. Again 
it was possible to ‘map’ the time evolution of the separation between two 
of the vortices onto an advection problem in the field of a system of fixed 
vortices. The imposition of periodic boundary conditions, however, adds con- 
siderable complexity to the procedure. First, it turns out that it makes a 
difference whether the circulation ratios are rational or irrational. (Since the 
three circulations sum to zero, all ratios cire either rational or irrational.) The 
quantity 7 = jT2/f3 + 1/2 arises naturally in the analysis, and the nature of 
the advection problem depends, then, on whether 7 is rational or irrational. 
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Fig. 2. Advection problem in a periodic strip for Pi : T 2 : Ts = 2 : 1 : (—3) and a 
genereJ value of the impulse. The 6 advecting vortices are shown by solid circles; a 
periodic image is shown by an open circle. The 13 regimes of motion are labelled 
with Roman numer 2 ds. In this caise only separatrices are displayed 



Let the strip width be L and designate the linear impulse of the three 
vortices (less their periodic images) by Q + iP as before. Then the corre- 
sponding advection problem to be solved is as follows: Place three periodic 
arrays of vortices with all vortices in each array having the same circulation. 
The circulation ratios between the three arrays are I //3 : I/P 2 : 1/A- The 
first array has a vortex at the origin and periodicity L. The second has vor- 
tices at —(Q 4 - iP -f nL)/r 2 , where n runs over the integers. The third has 
vortices at (Q -h iP -h ni)/Pi. 

If 7 is rational and equals p/q in lowest terms, these three arrays are 
periodic with period 2qL. When q is even, the arrays have the shorter period 
qL if q is divisible by 4, and the even shorter period qL/2 if g is not divisible 
by 4. As for the unbounded case, the sum of the circulations for the vortices 
within one period of the advection problem is not zero. If 7 is irrational, the 
three arrays do not have a common period. 

Figure 2 illustrates the advection problem for the case Pi : P 2 : P 3 = 2 : 
1 : (—3), corresponding to the rational value 7 = 1/6. Since q is even, but 
not divisible by 4, the advection problem is periodic with period SL. There 
are, in general, 13 different regimes of motion, labelled by Roman numerals 
in Fig. 2. Sample trajectories of the three vortices are shown in Fig. 3, again 
for one period of the relative motion. These are computed from the advection 
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Fig. 3. Sample vortex trajectories corresponding to regimes I, IV, VI, VIII, and X 
in Fig. 2. ‘Base’ vortices are shown by solid circles and their trajectories by heavy 
lines; periodic images are open circles 2 ind their trajectories are light lines. InitieJ 
positions are labelled 1,2,3 ^md fineil positions l‘,2’,3’. Final positions of periodic 
images are labelled 2", 3" 



problem in Fig. 2 using one additional quadrature. Note the complexity of 
some of the motions, in particular how individual vortices propagate over 
many strips widths before re-assembling into the original triangle. In regimes 
I, II, IX, X and XI the re-assembly of the original triangle occurs via periodic 
images of the original vortices from neighboring strips. 

The linear impulse plays the role of a bifurcation parameter in this prob- 
lem. As it changes, the nature of the connections between saddle points in 
the advection problem changes and there may be fewer regimes of motion. 
However, there always exist regimes of motion resembling I and II. These 
regimes have the very interesting property that one of the original trio of 
vortices heads off in a different direction than the other two. 

This problem is not just of mathematical interest. A situation that calls 
for a model with three vortices in a periodic strip, and where it is believed 
that the three vortices have total circulation zero, is the wake of an oscil- 
lating cylinder. This problem was studied extensively by Williamson and 
Roshko [23], among others. The wakes of interest are the ones that they label 
P-f-S (for pair plus singlet). The feature of regimes I and II in Fig. 2 just men- 
tioned above is readily observed in their experiments (cf. [4]). The richness 
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of three-vortex solutions obtained suggests that the wakes are considerably 
more complex than the experiments have uncovered hitherto. 

The complexity present in the periodic strip problem is somewhat sur- 
prising, given that this three-vortex problem is integrable. On the unbounded 
plane it is generally true that the distinction between integrable and chaotic 
vortex motion is discernible with ‘the naked eye’, i.e., simply by looking at 
vortex trajectories. This is, emphatically, not true for the periodic strip case. 



2.3 Vortices in a Periodic Parallelogram 

The technique used to solve the three-vortex problem in the periodic strip 
can be extended to a periodic parallelogram [19]. Thus, we have a solution 
method for three point vortices moving in a parallelogram of arbitrary shape 
with periodic boundary conditions. This is the basic problem of interest in 
2D turbulence, since the two-vortex problem can only lead to simple trans- 
lational motions in this case. Because of the periodic boundary conditions, 
we do not need to impose the constraint that the circulations sum to zero 
- that is assured by the periodicity of the flow, which tells us that the cir- 
culation integral computed around the basic parallelogram must vanish. The 
main technical complication is that point vortices in a periodic parallelogram 
interact through the Weierstrass ^-function instead of the cotangent as for 
the strip case. 

In the end the solution is similar to what was found for the strip. Let 
the parallelogram have periods 2wi and 2w2 in the usual notation of elliptic 
functions. The evolution of the vector between two vortices leads again to an 
advection problem in a field of fixed vortices. This field is made up of three 
lattices. The circulations of vortices on the three lattices have the ratios 
I//3 : I//2 : l/A. The first lattice has a vortex at the origin and the 
same periodicity as the original parallelogram, i.e., periods 2wi and 2w2. The 
second has vortices at — (Q -f iP + f?om)/P2, where Qmn = 2mwi -f 2nw2 
and m and n run over all integers. The third lattice has its vortices at the 
positions (Q -f- iP-f f?n,n)/Pi- 

If the parameter 7 (introduced above) is rational, and equal to p/q in 
lowest terms, the system of three lattices of advecting vortices has spatial 
periods iquti and 4 qui 2 (with similar sub-periodicities for even q to those 
noted above for the strip case). Since the advecting flow field is now peri- 
odic, it is necessary that the circulations of all advecting vortices within the 
larger, periodic parallelogram sum to zero. In general, the advection problem 
becomes very complicated. For the case of rational 7 the number of advecting 
vortices in the 4 quii by 4 qu >2 parallelogram is 6g^ -f 8 p^ in general. (For spe- 
cial values of (9 -I- iP, vortices from the three lattices mentioned above may 
coincide, reducing the overall count.) There are also additional parameters 
to explore - besides the impulse one can now vary the shape of the periodic 
parallelogram. 
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3L — ► 

Fig. 4. Advection problem in a periodic square for A : A : A = 2 : 1 : (—3) cind a 
genereJ vedue of the impulse. There are now 13 advecting vortices giving 27 regimes 
of motion, although only 6 regimes are labelled for reference 





Fig. 5. Sample vortex trajectories corresponding to the six regimes labelled in Fig. 4 



This is not the place to repeat the many technical developments. Suffice 
it to show in Fig. 4 the advection problem streamlines for the simple case 
Ai : A 2 : fa = 2 : 1 : (—3) in a square domain with a ‘generic’ value of the 
impulse. Real space trajectories for the vortices corresponding to some of the 
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Fig. 6. Advection problem in a periodic squcire for A : /2 : A = 7 : 3 : (—10) and 
a genercJ veilue of the impulse. In this case there are 158 advecting vortices. Sample 
trajectories from the labelled regimes are shown in Fig. 7 



regimes labelled in Fig. 4 are shown in Fig. 5. Note how in some regimes the 
vortices wander well beyond the basic L x L square box. It is interesting to 
compare these trajectories, which we know essentially with analytical preci- 
sion (viz. from the streamlines from Fig. 4 and one numerical quadrature), 
to the computed trajectories of individual vortices in large simulations of 2D 
turbulence (cf. [13]). Clearly, the integrable problem of three vortices in a 
periodic domain is capable of producing trajectories of a comparable level of 
complexity. 

It follows from the theory that the intricacy of the advection problem 
increases dramatically as 7 = p/q becomes a more and more ‘complicated’ 
rational number. Figure 6 shows the 158 advecting vortices for the case Fi : 





Fig. 7. RecJ-space trajectories of the three vortices corresponding to the labelled 
regimes in Fig. 6 



F 2 : Fs = 7 : Z : (—10), i.e., 7 = 1/5, in a square domain and a general 
value of the impulse. Some of the regimes of motion become extremely thin 
and wind through this system of vortices, yielding trajectories in the original 
three-vortex problem with many twists and turns. A few sample trajectories 
derived from Fig. 6 via one additional quadrature are shown in Fig. 7. Each 
turn or loop in a trajectory in Fig. 7 corresponds to a turn of the advected 
‘particle’ in Fig. 6. The excursion over many box sizes seen in some of the 
trajectories in Fig. 7 is reflected by the windings of an advected particle trail 
in Fig. 6. 



2.4 Vortex Lattices and Quasi-crystals 

We wish to mention that the vortex lattices appearing in the advection prob- 
lem in a periodic parallelogram, such as that shown in Fig. 6, are themselves 
steady configurations of point vortices [5]. Thus, we have as a corollary a 
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(C) (d) 

Fig. 8. Representative portions of sample vortex quasi-crystals consisting of three 
interpenetrating vortex lattices having incommensurate lattice spacings. The lat- 
tices contmn vortices (1) of strength F at positions Qmn ( circles ), (2) of strength 
— F/(l/2 -I- 7) at positions (f?mn + u;i -1- w2)/(l/2 + 7) ( triangles ), and (3) of 
strength —Ff ( 1/2 — 7) at positions (f?m» — — a»2)/(l/2 — 7) ( squares ). For the 

examples shown, (a) 7 = V 2 / 4 , (b) 7 = V2/8, (c) 7 = y/ 2 / 12 , and (d) 7 = \p 2 jVo 



method for constructing vortex systems made up of three interpenetrating 
lattices that are themselves solutions of the point vortex equations. Partic- 
ularly interesting in this regard are cases for irrational 7 when the three 
lattices do not have a common period. In this case we obtain configurations 
that we call vortex quasi-crystals (since they lack long-range order, but have 
an intrinsic ordering of the constituents). We are currently exploring the 
properties of these spatially complex yet temporally trivial solutions to 2D 
inviscid hydrodynamics. Figure 8 shows four examples of these stationary 
aperiodic vortex configurations. 
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3 Braids and Topology of Stirring 

One further development is worth mentioning. The qualitative characteriza- 
tion of ‘regimes of motion’ used above, where a ‘regime’ was taken to be an 
apparent area in the advection problem streamline plot, can actually be made 
much more precise [7]. If one augments the plane of motion with a time axis 
perpendicular to it, thereby creating a (2 + l)-dimensional ‘space-time’, the 
‘world lines’ of the three vortices in this space-time will trace out what is 
called a physical braid consisting of a ‘strand’ for each vortex. This physical 
braid can be formalized into a mathematical braid by adopting certain con- 
ventions for treating the apparent crossings of strands in the physical braid. 
Figure 9 illustrates the procedure starting from a case of three-vortex motion 
on the unbounded plane, constructing the physical braid and then formalizing 
this into the mathematical braid. 

For periodic boundary conditions the construction is somewhat more com- 
plicated. The periodic strip case is handled by mapping the strip conformally 
onto a disk with the origin removed. Then, in the construction of the physical 
braid, one needs to also tfack an additional point corresponding to the origin. 
Figure 10 illustrates how this is done for a simple case. 

The point of all this is that a precise characterization of regimes of motion 
is possible in terms of braids and their symbolic representation. However, 
there are deeper insights. It is possible to characterize the nature of the 
advection by the original three vortices on the basis of the nature of the braid 
produced by their trajectories. The Thurston-Nielsen classification theorem 
[22] tells us that there are three possibilities, called the ‘finite order’, the 
‘pseudo- Anosov’ (or pA), and the ‘reducible’ cases. The most intriguing is 
the pA case because it assures us that within the flow domain there will be 
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(c) 

Fig. 9. Construction of a brsiid for vortex motion on the plane, (a) Trajectories of 
three vortices from regime IV in Fig. 1. (b) Physical breiid of this motion in the 
frame of the second vortex. Time is positive upward, (c) The resulting mathematiccd 
braid for this motion 
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Fig. 10. Construction of a breiid for vortex motion in a periodic strip, (a) Trajecto- 
ries of three vortices from regime II in Fig.2. (b) Conformal mapping of the vortex 
motion to the singly-periodic plane. ‘Vortex’ 4 shows the location of the origin, (c) 
Physical braid of the treinsformed motion, (d) The resulting mathematical braid 
for this motion 



a region in which the advection of a passive scalar will be like that of the 
‘cat map’ (except for some isolated singularities). This kind of advection must 
lead to the most efficient mixing one can imagine, since the passive scalar will 
be exponentially stretched with the same stretching rate everywhere within 
that region. This is a topological result, so the extent of the region where this 
pA-type stirring takes place cannot be predicted. However, the stretching rate 
can be calculated from the braid. 

The nature of the entities orbiting one another and thus stirring the fluid 
is of little consequence. The same topological considerations apply if we man- 
ually move about three stirring sticks in a vat of viscous liquid as if we let 
our three mutually interacting point vortices stir up a domain of ideal fluid. 
The former option is much more readily realized in the laboratory (!) and 
we have performed such experiments with the expected results. The rather 
mathematical developments and the simple but visually convincing outcome 
are discussed in a forthcoming paper [6]. The main lesson of importance here 
is that three vortices in a periodic domain can produce stirring that is as 
efficient as one can imagine. Adding further vortices will not, in this sense, 
produce more intense stirring (although the region over which pA stirring 
takes place could well be larger). The conclusion is that, in certain parameter 
regimes, integrable three-vortex motion in a periodic strip or parallelogram 
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produces stirring of a passive scalar that is as intense (in a quantifiable sense) 
as any 2D turbulent flow. 



We thank P. L. Boyland for his crucial involvement in the development 

discussed in §3 and for constructing the mathematical braids shown in Figs. 9 

and 10. This work was supported by NSF grant CTS-9311545 and an ONR 

Fellowship. 

References 

1. Aref, H. (1979) Motion of three vortices. Phys. Fluids 22, 393-400 

2. Aref, H. (1989) Three-vortex motion with zero total circulation: Addendum. 
J. Appl. Math. Phys. (ZAMP) 40, 495-500 

3. Aref, H., Rott, N. Sz Thomann, H. (1992) Grobh’s solution of the three-vortex 
problem. Ann. Rev. Fluid Mech. 24, 1-20 

4. Aref, H. k. Stremler, M. A. (1996) On the motion of three point vortices in a 
periodic strip. J. Fluid Mech. 314, 1-25 

5. Aref, H. & Stremler, M. A. (1999) Dynamics of vortex lattices. Bull. Am. Phys. 
Soc. 44, 174 

6. Boylaind, P. L., Aref, H., k Stremler, M. A. (2000) Topological fluid mechanics 
of stirring. J. Fluid Mech. 403, 277-304 

7. Boyland, P. L., Stremler, M. A., k Aref, H. (1999) Topological fluid mecheinics 
of point vortex motions. Physica D (submitted) 

8. Chamey, J. G. (1963) Numerical experiments in atmospheric hydrodynamics. 
In: Experimented Arithmetic, High Speed Computing and Mathematics, Pro- 
ceedings of Symposia in Apphed Mathematics 15. Am. Math. Soc., Providence, 
R.I., 289-310 

9. Helmholtz, H. von (1858) Uber Integrate der hydrodynamischen Gleichimgen 
welche den wirbelbewegungen entsprechen. Joumed fiir die reine imd ange- 
wandte Mathematik 55, 25-55 

10. Hogg, N. G. k Stommel, H. M. (1985) The heton, an elementciry interaction 
between discrete barochnic geostrophic vortices and its implications concerning 
eddy heat-flow. Proc. Roy. Soc. (London) A 397, 1-20 

11. Hogg, N. G. k Stommel, H. M. (1985) Hetonic explosions: The breakup and 
spread of warm pools cis explcdned by baroclinic point vortices. J. Atmos. Sci. 
42, 1465-1476 

12. McWilliams, J. C. k Zabusky, N. J. (1982) Interactions of isolated vortices. 
Geophys. Astrophys. Fluid Dyn. 19, 207-227 

13. McWilliams, J. C. (1990) The vortices of two-dimensional turbulence. J. Fluid 
Mech. 219, 361-385 

14. Marmanis, H. (1998) The kinetic theory of point vortices. Proc. R. Soc. (Lon- 
don) A 454, 587-606 

15. Morikawa, G. K. (1960) Geostrophic vortex motion. J. Meteor. 17, 148-158 

16. Morikawa, G. K. k Swenson, E. V. (1971) Interacting motion of rectilinear 
geostrophic vortices. Phys. Fluids 14, 1058-1073 

17. Onsager, L. (1949) Statisticed hydrodynamics. Nuovo Cimento 6 (SuppL), 279- 
287 




Point Vortex Models euid the Dynamics of Strong Vortices 



17 



18. Rott, N. (1989) Three-vortex motion with zero total circulation. J. Appl. Math. 
Phys. (ZAMP) 40, 473-494 

19. Stremler, M. A. & Aref, H. (1999) Motion of three point vortices in a periodic 
parallelogram. J. Fluid Mech. 392, 101-128 

20. Synge, J. L. (1949) On the motion of three vortices. Can. J. Math. 1, 257-270 

21. Tait, P. G. (1867) On integraJs of the hydrodynamical equations, which express 
vortex-motion. Phil. Mag. 33, 485-512 

22. Thurston, W. (1988) On the geometry and dynamics of diffeomorphisms of 
surfaces. Bull. Amer. Math. Soc. 19, 417-431 

23. Williamson, C. H. K. & Roshko, A. (1988) Vortex formation in the wake of am 
oscillating cylinder. J. Fluids Struct. 2, 355-381 

24. Zimmerman, J. T. F. (1986) The tidal whirlpool: A review of horizontal dis- 
persion by tided and residual currents. Netherlands J. Sea Res. 20, 133-154 




Bubble Disconnection: 

Self-Similarity and Cascading Physics 



01u§ N. Boratav^, Yi-Ju Chen^, and Paul H. Steen^’^ 

^ School of Chemical Engineering, Cornell University, Ithaca, NY 14853 
^ Department of Engineering Sciences and Applied Mathematics 
Northwestern University, Evanston, IL 60208 
® Center for Apphed Mathematics, Cornell University, Ithaca, NY 14853 



Abstract. Surface tension disconnects a capillary bubble from a capillary bridge while 
driving a smroimding inviscid flow. Spatial and temporal behavior is studied just prior 
to and just after disconnection, via computation and experiment. They are in agree- 
ment both before md after the event but anticipated self-similarity is observed only 
beforehand. Computation coincides with observation due to modehng that identifies 
the cascade of physics probed as decades of length scales are traversed. 



1 Introduction 

A prototype breakup illustrates key features of the bubble disconnection that we 
report below. Consider a quiescent incompressible fluid subject only to surface 
tension. An infinite circular cylinder (state A) is an equilibrium configuration, 
albeit an unstable one. It is unstable to another equilibrium state (state B), 
some distribution of its volume into spheres. The spherical capillary drop at 
rest is known to be stable. The dynamical transition from state A to state B is 
remarkable from various viewpoints. 

Physics. The nonequilibrium trajectory that carries the system from state A to 
state B, by its very nature, probes many decades of length (and time) scales. 
The cylinder may start on a centimeter scale (diameter) while the ultimate 
distribution of material must occur on a molecular scale. Molecular bonds 
are broken in the disconnection event. As length scales cascade toward the 
molecular, there is a corresponding cascade of relevant physics. More than 
four decades in time and three decades in lengths are probed below. 
Mechanics. In the continuum description, which we shall restrict to through- 
out, topological change necessarily involves a double- valued mapping from 
the material to spatial configuration. That is, at the disconnection instant, 
there is at least one material point that gets mapped into two spatial points. 
By this pathology, the bounding surface does not remain a material sur- 
face and Lagrangian trajectories (material points) are not unique (Dussan 
1976). Disconnection is a limiting case of fracture. If one cannot understand 
‘breaking’ in the simplest of contexts, there is little hope for solving more 
technically relevant problems. In bubble disconnection, the interface is shown 
to turn over just before disconnection and velocities blow-up at the singular 
instant; the disconnected pieces possess different accelerations afterwards. 
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Mathematics. A partial differential system provides a model for the dynamics 
of topological change. The capillary surface is modeled as a mathematical 
surface. The surrounding flow (on either side of the surface), taken to be 
inviscid and irrotational, is governed by Laplace’s equation for the velocity 
potential while the pressure difference across the bounding interface is re- 
lated to the mean curvature by the Young-Laplace equation. Disconnection 
occurs as finite-time blow up of this system. Various questions are raised. Is 
there a graceful passage from pre- to the post-singular behavior, for exam- 
ple? We report asymmetric behavior about the singularity; beforehand there 
is self-similarity while, for comparable times afterwards, each disconnected 
component follows a different scaling law. The issue of jump conditions or 
graceful passage remains open. 

We will focus on a simple analog of the cylindrical interface prototype. In 
the laboratory, an axisymmetric soap-film bridge can be made by pinning its 
two ends at coaxial circular contact rings. Since the rings are open, there is 
communication between ‘inside’ and ‘outside’. Indeed, in the absence of motion, 
the pressure drop across the surface is everywhere zero. Such a soap-film is 
known to be well-modeled as a minimal surface, called the catenoid and first 
studied by Euler (1744). This equilibrium surface is generated by revolving a 
catenary curve around its axis. It is the only minimal surface that is a surface of 
revolution (Kreyzig 1959). State A corresponds to the neutrally stable catenoid 
that occurs at a critical separation of the contact rings, beyond which there 
exists no connected solution. State B corresponds to a disconnected state. It 
consists of a bubble and of flat planar films spanning the circles of contact. 

The details of droplet formation are important in applications such as com- 
bustion and ink-jet printing while bubble disconnection can be important in the 
entrainment of gases into liquids at breaking interfaces (e.g. foams and froths). 

Below, after some estimates about scaling in the space-time neighborhood of 
the singularity, the physics of the soap-film experiment is outlined, the govern- 
ing equations are then summarized, simulations before and after pinch-off are 
reported (in synopsis), after which we return briefly to the physics with a com- 
parison of simulation and experiment. We close with some concluding remarks. 

2 Disconnection: spatial &; temporal scalings 

In any disconnection event, at least one continuum length scale shrinks to zero. 
For an axisymmetric shape, referred to a cylindrical coordinate system rz, the 
principle radii of curvatures k~^ and are the only relevant length scales close 
enough to the event (in space and time). The curvature Kr necessarily becomes 
unbounded. Since, the sum of the curvatures determine the pressure p in the 
fluid adjoining the interface, according to the Young-Laplace equation, 

p = <T(Kr + «:^), (1) 

the axial curvature can either enhance or moderate the pressure. Here, o 
represents the surface tension. 
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Three possible geometries local to the disconnection point may be anticipated 
based on the competition between axial and radial length scales (typical slopes) . 
For this discussion, we may alternatively take tz and tr to be the typical scales 
(/c“^ ~ ill tr). If the scales are comparable, one might expect slopes of 

order one (e.g. cone-like), while if the axial scale dominates, a shape with vertical 
tangent (e.g. cusp-like) may be expected or, if the radial scale dominates, the 
local shape will have small slopes (e.g. thread-like), 

f 2 ~ ; cone, (2) 

iz ^ir ■ cusp, (3) 

tr ^iz '■ thread. (4) 

These possibilities have been outlined previously in a work that extends Taylor 
and Michael’s attempt (1973) to capture features of disconnection as a con- 
strained minimization problem (Cryer and Steen 1992). This classification is 
useful in conjunction with the dynamical scalings and for sorting observations 
in the literature but has its limitations. Indeed, we shall see below in what sense 
a cone-like shape is realized. 

The dynamics near disconnection is related to the shape. Consider the con- 
servation of momentum equation for a control volume V with boundary dV of 
area A and unit normal n, as shown in figure 1. The presence of inertia due to 
velocity u and density p of the fluid and viscous effects through the deviatoric 
stress tensor r can compete with surface tension: 

^ f pudV = — f pndA + f rndA. (5) 

dt Jv JdV JdV 

The dynamical scaling that one obtains depends on the particular balance. It 




Fig. 1. Control volume and vEuiables used in the text. 



is convenient to use the radial and axial scales introduced above, 4 and 4 , to 
estimate the various dynamical scalings. Curvatures are related by ~ l/i^ 
and Kz ~ irl{iz)^‘ 
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For a balance between surface tension and inertia, transforming area to vol- 
ume integrals by the divergence theorem, eliminating pressure in favor of curva- 
tures (eqn. 1), and assuming axial velocity u ~ t^/t as dominant, one estimates 
for the z-component of eqn(5), 

~ ( 6 ) 

For the case of a cone-like geometry, the singularity will have a growth 
rate. 



This growth rate can also be obtained directly from dimensional reasoning, as- 
suming a single length scale as relevant and that inertia and surface tension 
compete. It turns out that this is the scaling for the ultimate regime during 
bubble disconnection, a regime of self-similarity, to be summarized later. 

For a cusp-like shape, in contrast, lengths scale differently. Suppose /c^ ~ Kz 
~ -^i)) for example. Then, the balance between surface tension and inertia 
yields, 



4 ~ (Kr ~ (8) 

It turns out that this scaling holds during an intermediate regime (c.f. figure 3), 
as discussed briefly later (see Boratav & Steen (1999) for more details). 

On the other hand, when the balance is between the surface tension and 
viscous forces (such as in coating flows), a new scaling appears. For this case, if 
the radial and axial lengths are comparable, one obtains: 

4 ~ (pIpY- (9) 

Note that for these flows, even though the radial velocity is well-behaved, the 
axial velocity will blow up due to the singularity in radial curvature, consistent 
with continuity. A different accounting of scalings in various regimes of capillary 
breakup can be found in Lister and Stone (1998). 

The growing body of literature on disconnection problems can be classified 
on the basis of spatio-temporal singularity or the competition in eq’n (5). A dis- 
tinguishing feature of these singularities, as seen below, is whether overturning 
of the interface occurs before or after disconnection. Previous analyses of pin- 
choff can be classified on this basis. When viscosity alone resists surface tension, 
the neck diameter scales as tr oc t and disconnection apparently occurs before 
overturning ( Tjahjadi et al. 1992, Eggers 1994, Eggers and Dupont 1994, Shi 
et al. 1994, Papageorgiou 1995, Kowalewski 1996, Henderson 1997, Brenner et 
al. 1997, Cohen et al. 1999). When viscosity and inertial both play a role, the 
situation is not as clear(Lister and Stone 1998), perhaps since overturning is 
precluded by a slenderness assumption of one kind or another that is typical 
of these analyses. A review of literature relevant to both these cases has been 
compiled by Eggers (1997). When inertia alone resists surface tension, lengths 
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scale as (Keller and Miksis 1983, Keller 1983, Peregrine et al. 1990, Keller 
et al. 1995) and overturning occurs before disconnection (Chen and Steen 1997, 
Day et al. 1998, Mansour and Lundgren 1990, Schulkes 1996, Boratav and Steen 
1999). 

3 Soap-film physics 

Various means have been employed to break a fluid mass in the laboratory, 
including the gravity-driven droplet and a droplet placed in an extensional flow. 
For the dripping tap, gravity and surface tension act on a pendant drop to pull it 
from its mother. The motion is resisted by liquid inertia and viscosity. For water, 
inertia dominates viscosity on lengths greater than 10“®mm. On the other hand, 
surface tension dominates gravity for lengths smaller than about a millimeter. 
Hence, if the goal is a balance between surface tension and inertia, there is a 
window of about 3 or 4 decades of lengthscale available. For the extensional flow, 
gravity is unimportant for two liquids of nearly the same density, but viscous 
shear stress pulls the mass apart. In both cases, an external force drives the 
break up process. 

In contrast, for the soap-film bridge, the break up is initiated at a neutrally 
stable equilibrium by disturbances in the ambient. Surface tension drives the 
process from its beginning. Gravity is never important for thin enough Aims and 
air viscosity enters first on lengths on order of (The film cannot be 

so thin to be susceptible to ‘black-film’ rupture, though.) Hence, the soap-film 
bridge offers advantages of ‘self-initiated’ break up and the unimportance of 
gravity and viscosity. 

Oleic acid is the surfactant that stabilizes water in the soap-film. Glycerin is 
added to enhance the viscosity. Film thickness 8 has been independently mea- 
sured to be on the scale of microns. The bridge is initially established by bringing 
the circular contacts (equal radius) close together. The bridge length is then in- 
creased slowly with a quasistatic approach to the neutrally stable state (state 
A). The critical length occurs at 1.325 times the contact radius. Ambient distur- 
bances destabilize and capillarity drives the surrounding air as the film collapses 
on itself leading eventually to disconnection. Surface tension and air inertia pro- 
vide the primary balance. However, as length scales decrease other effects com- 
pete with air inertia to influence the dynamics. 

Table 1 shows a comparison of time scales for various possible physical effects 
that may intrude (Chen 1997). Length scales are R = 1.5 cm, the contact radius; 
8 = 10“^cm. Air properties are taken as: viscosity p = 1.8 x 10“'* g/{cms), den- 
sity p = 1.2 X 10“^ g/cm^. The soap-film has two air/liquid interfaces and the 
overall surface tension is measured to be (T = 60 dyne /cm. Soap film properties 
are fij = Zx 10“^ g/{cm — s) and pj = 1.0 gjcrr?. As suggested by this table, 
the cascade of the relevant physics may take the following order: 



{ air inertia } — > { film inertia } — > { air viscosity } -> { film viscosity }. 
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Inertia of the soap-film (finite thickness) is expected to intrude first. A measure 
of film to air inertia is given by 

X = iPfS)lipR) = r*/R, (10) 

where r* may be interpreted as the radial scale at which film and air inertia first 
compete. For the apparatus with R = 1.5 cm, one finds x 5 x 10~^. Hence, one 
can anticipate that a model that omits film inertia will fail at radial curvature 
(scaled) of about 20. After reporting results of the model that takes the soap-film 
as a mathematical surface, we shall compare predictions and observations. We 
will then return to physical issues raised here. 



Table 1. Various physical effects that compete with smface tension in experiment and 
the corresponding time scales. 



Term 


Time scales 


Seconds 


Air inertia 


(pR^/ay/^ 


1 X 10"^ 


Film inertia 




4 X 10"® 


Air viscosity 


hR!<t 


6 X 10"® 


Film viscosity 


Pf&l<T 


5 X 10"* 



Both observation and simulation are limited as to how close to the singularity, 
both before and after, that they can penetrate, for different reasons. High-speed 
cinematography and video are generally limited to about 10"* and 10^ frames 
per second, respectively, so that effects on time scales less than about 10“'*s will 
be inaccessible. The simulation is limited by computational constraints. As the 
radial scale decreases and the curvatures increase, the time step in the integration 
has to be decreased for the necessary spatial resolution. For t < 2x 10"®, the cpu 
requirement becomes prohibitive. This translates to 3 x 10"® m as the smallest 
scale resolvable for a ring of radius 1.5 cm. 

4 Governing equations 

The formulation follows that of Chen & Steen (1997). We summarize it here for 
completeness. The soap-film is modeled as a deformable mathematical surface 
of constant and uniform surface tension. It is pinned at two coaxial circular 
boundaries of radius R. The film is surrounded by air. The surface is immersed 
in a connected, but not simply connected, ambient. 

The ambient fluid is assumed inviscid and irrotational. This leads to Laplace’s 
equation for <j> = (<j>i -|- <^ 2 )/ 2 , the average of the velocity potentials on each side 
of the surface. 



V^<A = 0 . 



( 11 ) 
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The dynamics of the surface are governed by the Young-Laplace equation. The 
pressure on either side of the surface, arising from the surrounding flow, is given 
by the Bernoulli equation. Writing the Bernoulli equation on each side of the 
interface T, denoted by + and and subtracting, leads to, 

[^+ 5 |V^I^ = on r (12) 

where [•] = (•)■•■ — (•)“. Boundary conditions are that the normal component 
of the velocity is continuous across the surface. The tangential component of 
velocity is unrestricted; slip may occur consistent with an inviscid flow. 

Denote the difference in the velocity potentials across the surface by p = 
— <t>~ , the dipole strength. One can write the non-dimensional ve rsion of 
equation 12, scaling lengths with the ring radius R and time with T = y/pR^/tr, 
to obtain an equation relating the time evolution of the dipole strength to the 
mean curvature: 

= —{>ir + K,) . (13) 

In the boundary integral approach, the solution ^ of Laplace’s equation is 
expressed as a surface integral. The average velocity of the interface is the gra- 
dient: 

v{x\t) = - jv‘^p(x',t)dS, (14) 



where G = 4?r/|®’ — x\ and v is the velocity associated with the potential <j>. 
This final expression is a hypersingular boundary integral (i.e. an integral whose 
kernel is of order 0(l/r®) in a 3D problem). Once the velocity v is determined, 
the interface can be advanced by the Lagrangian markers with according to: 



dx 

dT 



= V . 



(15) 



Equations 13 and 15 constitute the dynamical system that governs evolution of 
interface position x = (r, z) and dipole strength p. 



5 Simulations 

Chen and Steen (1997) have identified different scaling regimes in the solution 
of equations 13 and 15 up to disconnection. Since, we have completed new sim- 
ulations with greater overall resolution and better-resolved small scales. Table 
2 summarizes selected work on inviscid collapse problems which use boundary 
integral techniques. We start with a low resolution (fV = 81) and double it as 
sharp gradients in curvature and velocity are formed during the evolution. The 
surface elements are redistributed at every step in such a way that the spacing 
between two elements is inversely related to a local quantity such as velocity or 
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curvature (i.e. As ~ exp(-/(s)'') where f{s) is chosen either as the maximum 
of |/Cr| and or the maximum of |VJ.| and \V^ \ and A is taken to be between 
0.1 and 0.25). For the largest attained resolution (TV = 5122), integration in a 
single time step requires 1.6 hours on IBM SP2 of the Cornell Theory Center. 



Table 2. Reports of simulations using boimdary integral technique (literature in 
chronological order) 



Author 


Year 


Problem 


Journal 


Resolution 


Longuet-Higgins & Cokelet 


1978 


Breaking Surface Waves 


PRSocL 


N=30 


Baker, Meiron, Orszag 


1980 


Rayleigh-Taylor 


PF 


N=100 


Mansour & Lundgren 


1990 


CapiDjury Jet 


PF 


N=160 


Schulkes 


1994 


Capillary Fountains 


JFM 


N=120 


Hou, Lowengrub fc Shelley 


1997 


Vorte.K Sheet 


PF 


N=S192 


Chen & Steen 


1997 


Film Pinchoff 


JFM 


N=1001 


Boratav &: Steen 


1999 


Film Pinchoff 


In progress 


N=5122 



5.1 Pre-disconnection 

The evolution of the interface at four different instants (r = 0.08, 0.011, 0.0027, 
0.0001525) is given in figure 2. The dashed line is the initial condition which 
is taken as the critical catenoid (state A). The time r is the time before the 
disconnection instant t*, i.e. t = t —t*, measured in units of T = 8.2 x 10“^ s. 
Disconnection will evidently take place symmetrically about the midplane, seal- 
ing off a bubble. The evolution of the maximum and |k^| is presented in a 
log-log scale in figure 3. After the two curvatures become comparable in mag- 
nitude, their magnitudes increase at approximately equal rates. Least-squares 
fitting gives = (1.543 ± 0.2)r-°-®®^±°-°^ and \k,\ = (1.737 ± O.6)r-° ®®3±0.03 
The deviation from the exponent 2/3 is within the error bounds. In this regime, 
the axial and radial lengths are the same order, scaling with the common expo- 
nent 2/3, as earlier estimated and cone-like shapes are anticipated. 

Just prior to the scaling, there is an intermediate regime where the 

maximum scales as Note that, in the same regime, Kz does not scale as 

r“4/5^ This is because the position of the maxima do not coincide. This regime 
corresponds to an approach to a vertical tangent that occurs just before the in- 
terface turns over. If the interface were symmetric about the vertical tangent, its 
shape would be a cusp. It is not symmetric and the asymmetry gives it a modified 
‘2’-shape rather than cusp-shape (see figure 4). Prior to the —2/5 regime, max- 
imum Kz apparently scales as This is not predicted from estimates based 
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on (6) above but can, nevertheless, be easily understood. The balance (6) does 
not recognize gradients of curvatures as scaling differently from ratios of length 
scales. It turns out that the gradient of the radial curvature can dominate that 
of the axial curvature even though a cusp>-like scaling holds. Indeed, this occurs 
and accounts for the observed scaling (Boratav &: Steen 2000), Earlier regimes 
have also been accounted for by simple balances (Chen & Steen, 1997). In sum- 
mary, figure 3 shows that as the interface approaches turnover, first the radial 
curvature gradient and then the axial curvature gradient dominates. Turnover 
itself allows the axial curvature to grow unbounded in unison with the radial 
curvature. 







Fig. 2. Evolution of the interface, r = 0.08, 0.011, 0.0027, 0.0001525. Dashed line is 
the initial condition. 



For times when r < 10~^, the interface belongs to the self-similar, overturned 
regime. In this regime, the radial and axial scales can be collapsed to a single 
interface profile which is time-invariant: 

z — z* 
z — 

T'1 

r 

r — — . 

T-7 

and 7 2/3 as mentioned above. In figure 4, we present transformed contours 

which correspond to ten different instants. A region where all the curves col- 
lapse to a single time-invariant shape is clearly seen here. The self-similar region 
has a finite span; for f > 15, the scaling breaks down. If these contours are 
plotted in primitive variables, the sequence shows sharper and sharper corners 
that approach the origin at subsequent instants. The shapes appear to limit to a 
double-cone. A corresponding similarity transformation also collapses the dipole 
strength distribution. 



(16) 
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Fig. 3. Maximum over position of radial emd axial curvatures Kr, Kz against time. 
Log-log scale. 




Fig. 4. Self-similar regime. The curves are tr^sformed using the simil^lrity transfor- 
mation ^uld correspond to ten different instemces for r < 10“®. Note the region f > 15 
where the self-similarity begins to feiil. 



The tangent angle a is the ratio of two lengths and is therefore invariant under 
the similarity transformation. This is an advantageous feature of the description 
that uses a parametrized by the arc-length s (see figure 5): 

r' = — cos(a) 

z' = sin(a). (17) 

Here, primes denote derivatives with respect to s. Note that in this description 
the axial curvature is given by = a'. Figure 5 shows a sketch of a single 
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contour from figure 4. It shows the ‘2’-shape that is typical of the interface after 
it turns over. Vertical tangents occur at labels 1 and 2 and inflection points 
{kz = 0) at P and Q. A comparison with figure 4 suggests that the self-similar 
regime extends beyond P but short of 1 to the left, and beyond Q to the right. 




Fig. 5. Sketch to show the tangent-angle a measurements at different points, a = 0 at 
points 1 and 2 and « = 0 at points P smd Q. Refer to the next figure for a values. 



We use the tangent angle description to unambiguously characterize the self- 
similar shape. Figure 6 shows a computed contour, from deep in the self-similar 
regime, where the angles associated with P and Q change little with varying 
contours, plotted as a against The angle associated with P is a = —17. 8” 

and Q is 104.7". We have previously reported corresponding angles of a = —37" 
and 103", measured from plots assuming a double-cone shape. For the related 
problem of a slender inviscid bubble released in a passive environment Day et al. 
(1998) also observe a double-wedge self-similar disconnection, reporting angles 
of a = —23" and 108", also measured on shapes rather than angles. Figure 
6 has some important implications. On one hand, two angles associated with 
the self-similar shape can be accurately identified while, on the other hand, the 
double-cone description of the shape may not be accurate, or adequate for some 
purposes. Indeed, the shape between 1 and P and between P and Q is more 
aptly approximated as two constant curvature regimes with a jump in curvature 
at P, rather than a regime of constant slope (a =0). 

5.2 Post-disconnection 

In the absence of a theory to guide passage across the singularity, surgery is 
used. That is, the contour closest to the singularity (smallest time) is ‘cut’ and 
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Fig. 6. a along the transformed Eirc-length s. See the previous figure for the location 
of 1, 2, P and Q. 



‘restitched’ to form two disconnected components. The ‘cone’ is the tip of the 
newly formed bubble and the ‘crater’ is that part of the ‘2’-shape (upper part) 
that is connected to the circles of contact. The simulation is then restarted with 
the new contours (and new dipole strength) as initial conditions. Simulations 
are then continued from r = IQ—* for three decades in time. Details have been 
reported elsewhere (Steen fe Chen, 1999). We summarize the main results. 

The computations show a ‘healing’ time, after which details of the surgery 
are lost. That is, various surgeries have been tried as initial conditions and all 
converge after about a decade and a half in time. The cone and crater components 
pull away from the point of disconnection (fixed in the lab). The increasing 
distances of the cone and crater from the disconnection point are measured with 
time. They are found to relax at distinctly different rates, the crater with an 
exponent a bit less than 2/3 and the cone with an exponent a bit greater than 1. 
The receding cone is part of a capillary wave that propagates along the bubble 
length. Similar waves in weaker form propagate over the crater rim. The energy 
in the stretched bubble is sufficient to generate a secondary break up. That is, 
the satellite undergoes a fission of its own to a main satellite and two sub-satellite 
bubbles. This sub-disconnection process is locally just like the initial pinch off. It 
shows a self-similarity (Chen 1997). In principle, in the absence of dissipation in 
the model, production of a sequence of smaller and smaller bubbles, themselves 
forming a self-similar progression, may be expected. Comparison of computation 
to experiment is discussed next. 
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6 Cascade of physics 

We now check our understanding of the cascade of physics, discussed above, and 
use it to penetrate the self-similar regime experimentally. Experiments using an 
apparatus with contact radii ii = 1.5 cm (xss5xlO“^;Tfw8 ms) are the 
original motivation for the above simulations. Curvatures are measured from 
high-speed video and a comparison with figure 3 shows remarkable agreement, 
but only for times from onset of instability until about r Ps 10~^ (Chen fe Steen 
1997). For times beyond that, where overturning is predicted, shapes show no 
evidence of overturning. Film inertia is expected to play a role on the time scale, 
r ss 10“^, as mentioned above and suggested in Table 1. 

With the goal of observing self-similarity in experiment, the apparatus is 
modified to ‘push back’ the influence of film inertia. Parameter x suggests that 
this can be done by either decreasing film thickness S or increasing contact radius 
R. We adopt the latter approach. A new apparatus with contact radius R = 16.5 
cm was constructed (x ss 5 x 10“^; T 300 ms). According to figure 3, this 
should allow penetration more than a decade deeper and, thereby, the self-similar 
regime should be accessible. The effect of contact radius on the satellite volume 
(spherical bubble radius) measured from experiment is shown is figure 7. The 
solid line is prediction by simulation. The large apparatus experiment is clearly 
in better agreement with the model. Furthermore, the observed shapes show 
the trend anticipated by decreasing x- Indeed, overturning has been captured 
in high-speed video frames. In summary, using a large apparatus as guided by 
X, the cascade of physics has been manipulated so that surface tension and air 
inertia remain in balance over more than three decades in time (two decades in 
length) before the disconnection event. 




Fig. 7. Size of center satellite bubble as a function of contact radius. Solid line is 
prediction from the simulations. 
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Post-disconnection shapes have also been observed using the large apparatus. 
Resolution limits times to be greater than about millisecond, times beyond which 
all surgery has ‘healed’ in the simulation. The agreement with simulation is 
excellent (Steen &: Chen 1999). In summary, over the range of times and length 
scales accessible to experiment, simulations and experiment coincide by shape 
(lengths). Ongoing effort is devoted to measuring angles from experiment within 
the self-similarity regime for comparison. Angles are a more sensitive criteria 
than lengths and therefore are expected to be a more severe test of quantitative 
agreement. 

7 Concluding remarks 

The spatio-temporal singularity corresponding to bubble disconnection has been 
studied in experiment and via simulation. A space-time neighborhood of the sin- 
gularity is inaccessible due to limitations of measurement on short length and 
time scales in experiment and of computation of unbounded curvatures in simu- 
lation. Nevertheless, experiments have verified the self-similar pre-disconnection 
behavior predicted by simulation. This is made possible by an understanding of 
the cascade of physics, sufficient to ‘push back’ the influence of soap-film inertia. 
For both pre- and post-disconnection behavior, simulation and experiment are 
in good agreement, wherever they overlap. All the pre-disconnection dynamical 
regimes can be understood in terms of simple pairwise balances. 

The self-similar behavior is asymmetric in both space and time. In pre- 
disconnection, the self-similar regime extends from one inflection point to the 
other in the ‘2’-shape, including the lower but not the upper vertical tangent. 
Two angles are unambiguously associated with the ‘cone’ and ‘crater’ using the 
tangent angle description. In post-disconnection, for ‘symmetric’ times, there is 
no evidence of self-similarity. The cone and crater retract from one another at 
different accelerations, as seen in different temporal scalings. On disconnection, 
a new lengthscale enters the physics and in an asymmtric way. The bubble ra- 
dius (Figure 7) is relevant to the cone but not the crater. One might expect, 
therefore, that the appropriate time scale changes accordingly. Ring radius R 
must be replaced by bubble radius Rt RS 0.07 R in the expression for T, giving 
Tb PS 10-2 T. This suggests one would need to resolve time scales on order of 
r < 10“® to see self-similarity on the cone (bubble) side of disconnection. 

The surgery necessary to pass from connected to disconnected in simulation 
heals on a time scale that depends only on the ‘size’ of the surgical cut. The final 
bubble volume is determined by the macroscale (apparatus size), as verified by 
experiment, and the satellite bubble undergoes subsequent fission, ad infinitum, 
according to the computations of the dissipationless model. 
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Flows with Applications to Aeroelasticity 
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Abstract. An implicit, multigrid scheme is extended to treat unsteady flows us- 
ing the concept of temporal subiteration (or dual-time stepping, as it sometimes is 
called). The scheme is applied to compute the unsteady flow past fixed and moving 
circul£u: cylinders at moderate Reynolds numbers. The observed pattern of periodic 
vortex shedding is computed for fixed cylinders, and the dimensionless frequency 
of this phenomenon (the Strouhal number) is compared with experimentally de- 
termined values. The efficiency of the subiterated, multigrid approach is discussed. 
Finally, solutions for the coupled problem in which the motion of the cylinder is de- 
termined by the aerodynamic forcing are computed and compaired with the results 
of other researchers. 



1 Introduction 

Unsteady fluid flows often are characterized by time scales that are large com- 
pared to those governing the stability of the numerical methods used to solve 
the equations of motion, especially when the equations of compressible flow 
are used. This fact has provided motivation for the development of implicit 
methods that have relaxed stability criteria, relative to explicit methods. 

While early versions of implicit schemes used linearization of the equations 
to avoid iteration on the nonlinear terms within each time step, a number 
of researchers have found it useful to embrace the concept of iteration (or 
subiteration) within the time step. A number of advantages accrue by this 
approach, including the elimination of factorization error in factored implicit 
schemes, the elimination of errors due to approximations made in the implicit 
operator to improve numerical efficiency, the elimination of errors due to 
lagged boundary conditions at both solid and internal fluid boundaries, and 
the ability to use non-physical, pre-conditioned iterative methods for more 
efficient convergence of the subiterations. 

The present paper describes the generalization of an implicit multigrid 
method that has proven highly efficient for steady flows to treat unsteady 
flows, including those with coupled structural dynamics. The base method 
is the multigrid scheme developed by Caughey [7] for the Euler equations, 
and extended to treat steady, viscous flows by Tysinger & Caughey [33]. 
The method includes a subsequently-developed symmetric, TVD dissipation 
model [8], and is further described in Refs. [9,10]. The original method uses a 
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finite- volume approximation for the spatial derivatives, following Jameson, et 
al. [17], incorporating an efficient, diagonalized ADI smoothing algorithm as 
introduced by Pulliam & Chaussee [27,11], within the framework of Jameson’s 
multigrid approach [15]. 



The application of subiteration to an implicit scheme seems first to have 
been developed by Rai &: Chakravarthy [28], who used Newton iteration to 
converge subiterations for an implicit version of the Osher scheme. They real- 
ized that the subiteration provided an exact, as opposed to linearized, repre- 
sentation of the implicit equations at each time step, including the removal of 
factorization error in multi-dimensional problems. Their principal goal, how- 
ever, was to improve the stability of their implicit scheme to allow the use of 
large time steps to solve steady flow problems in the large-time, asymptotic 
limit. The development of subiteration for the time- accurate solution of un- 
steady problems was begun by Merkle & Athavale [20], Soh & Goodrich [31], 
and by Rogers & Kwak [29]; for more recent developments of the latter work, 
see the papers by Rogers et al. [30] and by Kwak et al. [18]. These researchers 
used subiteration to allow them to incorporate artificial compressibility [12] 
into density-based codes to solve unsteady, incompressible (or nearly incom- 
pressible) flows. The idea of subiteration also has been used by Jameson [16] 
to allow application of his Runge-Kutta based multigrid method to unsteady 
flows governed by the Euler equations. Subiteration (or dual-time stepping, 
as it is sometimes called) has also been used by Pulliam [26] and by DeRango 
& Zingg [13] to remove the errors introduced by diagonalization of implicit 
operators in the context of unsteady flows. Jameson’s multigrid scheme has 
been extended to the Navier-Stokes equations by Alonso, et al. [1], Arnone, 
et al. [2], and by Pierce & Alonso [24]. Motivated by the success of Jame- 
son and others, a number of researchers have embraced subiteration as an 
efficient approach to the computation of unsteady flows (see, e.g, Dubuc el 
al. [14] for another example). The idea of subiteration also is becoming quite 
widely used in the aeroelasticity community as a convenient way to avoid 
lagging errors when coupling structural response to unsteady aerodynamic 
codes (see, e.g., [19,21]). 



The scheme is applied here to compute the unsteady flows past fixed 
and moving circular cylinders at moderate Reynolds numbers. The observed 
pattern of periodic vortex shedding is computed for fixed cylinders, and the 
Strouhal number is compared with experimentally determined values. Flow 
patterns for the coupled problem in which the motion of the cylinder is de- 
termined by the aerodynamic forcing also are computed, and the amplitudes 
of the resulting motions are compared with the results of other researchers. 
Finally, the effect of varying the mass of the cylinder, for a fixed value of 
the damping product (which parameter frequently is used to correlate exper- 
imental results for these flows) is investigated. 
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2 Analysis 

The compressible, Navier-Stokes equations can be written in the form^ 

dt dx dy dx dy 
where the solution and Euler flux vectors are given by 

( 



( 1 ) 



w = 




f = 



/ pu 

pu^ +p 
puv 
\ (e + p)u t 



g = 



pv 

puv 

pv^ +p 
\ (e + p)v 



(2) 



and the viscous flux vectors are given by 
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Qy 



respectively. 

In these equations, x and y are Cartesian coordinates, and t is time; p 
and p are the fluid density and pressure, respectively; u and v are the fluid 
velocity components in the x and y coordinate directions; and e is the specific 
total energy (i.e., the total energy per unit volume). The equation of state 
for a calorically perfect gas then gives 



e = 



7-1 



+ p- 



+ v^ 



(4) 



where 7 = Cp/c„ is the ratio of specific heats. 

The stresses appearing in the viscous flux vectors are given by 
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(5) 



and the Cartesian components of the heat flux vector are given by 

dT 



Qx = -k 



dx ’ 



and Qy = — • 
ay 



( 6 ) 



^ The two-dimensional form of the equations is written here and throughout. While 
the computations presented here are for two-dimensional flows only, the methods 
used are readily extendible to the three-dimensional case. 
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Here, /x and k are the coefficients of viscosity and thermal conductivity, re- 
spectively, and Stokes’ hypothesis has been assumed for the viscous stress 
tensor. 

These equations can be transformed to a general, time- varying, curvilinear 
coordinate system 



^ = ^{x,y,t), 1] = T]{x,y,t) , T = t. 

The resulting equations take the form 

dhw dhF dhG dhFy dhGy 

dr dr] dr] ^ ’ 

where 

h - x^y-ij x-^y^ 

represents the Jacobian of the transformation (which is proportional to the 
cell area in two dimensions when the ^ and tj coordinate lines are taken to 
define a computational mesh), and 

hF = yr,{{ - XrW) - Xrjig - J/rW) 

hG = -y^{f - Xrvr) + x^{g - yr^iv) (8) 



and 



hFf, J/jjfl/ Xjjgy 

hGv = + x^gy (9) 

represent the transformed fiux vectors for the Euler fluxes and viscous terms, 
respectively. 

The development of an implicit, multigrid method to solve Eqs. (7) for 
unsteady flows on moving meshes is the focus of the present work. While 
Eqs. (7) are valid for the general case in which the mesh is deforming as well 
as moving (in which case the cell area h is a function of time), only the case 
of a rigidly translating or rotating mesh will be considered here. 

A two-parameter family of numerical schemes to solve these equations can 
be written as 



, (2 + y.)w^+^-2(l + ^)wf 
2 At 

^(dh{F-F,) , 5/l(G-G„)^"■*•' 

^ ^ — ) 

dh{F-F^) a/i(G-G„)\" 
di ^ dr] ) 



-{ 1 - 6 ) 



(10) 
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where (p governs the temporal approximation, and 6 governs the time level at 
which the spatial derivatives are approximated.^ When the parameter 0 > 0 
the method is said to be implicit. Three combinations of p and 9 are of 
particular interest: = 0, 9 = 1 represents a fully-implicit, backward Euler 

approximation; <p = 0, 6 = 1/2 represents an implicit, trapezoidal approx- 
imation; and ip = 1, 6 = 1 represents a three-level implicit approximation. 
The trapezoidal and three-level implicit approximations are second-order ac- 
curate in time,^ while the backward Euler approximation is only first-order 
accurate in time. 

Since the flux vectors F, G, F„, G„ are nonlinear functions of the de- 
pendent variable w, Eqs. (10) represent a nonlinear system of equations for 
the implicit methods of interest here; in fact, the quest for efficient methods 
to solve these (and related) equations represents much of the history of com- 
putational fluid dynamics. Most implicit schemes to solve Eqs. (10) are based 
on linearized approximations to the fluxes at the new time level, and may 
also involve further approximations, including approximate factorizations of 
the implicit operator to improve the computational efficiency. These approx- 
imations may degrade, sometimes substantially, the accuracy of the resulting 
solutions, and may also render the resulting scheme only conditionally stable. 

An alternative approach is to construct an iterative scheme to solve 
Eqs. (10) arbitrarily accurately for each time step. Such temporally subiterated 
schemes were first developed by Merkle & Athavale [20], Soh & Goodrich [31], 
and by Rogers et al. [30]. These authors used temporal subiteration to remove 
errors introduced by their use of artificial compressibility to stabilize the com- 
pressible Navier-Stokes equations in the incompressible limit. A subiterated 
form of Eqs. (10) can be written as 



. . (2 + y>)wf+^ - 2(1 + ip)y^f + ipwr^ 
At, 2 At 

Jdh{F-F,) , ah(G-G„)^^+' 

I 8i ^ ft; ) 

p/^(F-F„) ^ gh(G-G„) y 

\ dr) J 



( 11 ) 



Here, ()^ represents the level of the subiteration used to converge the equa- 
tions to the solution of Eqs. (10) for each time step. The increment At, repre- 
sents the pseudo-time step for this subiteration, while At represents the phys- 
ical time step, which usually is different. The correction Aw’’ = - w’’ 

^ Equations (10) are written in a semi-discrete form with the spatial derivatives not 
yet approximated. It is assumed in the implementation that these derivatives will 
be approximated by differences representing suitable finite-difference or finite- 
volume schemes, including explicit or implicit numerical dissipation. 

^ The three-level scheme is second-order accurate only when the time step At is 
constant; the trapezoidal scheme is second-order accurate even when At varies 
from one time step to the next. 
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is computed in each subiteration according to 

fjj^ (2 + ip) h \ p _ ^ (2 + - 2(1 + y>)wf + ipyfj 

Vzlr, 2 At J ^ 2 At 



n— 1 



-e 
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dr) 



_(1 _ ^^ 9h(F-F,) _^dh{G- G,) 



' dr) J 

The subiterations to solve Eqs. (12) are linearized by writing, for example 



where 






is the Jacobian of the flux vector hF with respect to the solution w, evaluated 
at subiteration level p. 

Letting B = dhG/dw represent the Jacobian of the Euler flux vector in 
the T) coordinate direction, and representing 

F?+i = F? + ^ (A,Z\w) + 0{Ar^) , 

GP+i = G? + (B„2iw) + 0 {At!) , 

which is valid when the gradients of the transport coeflicients are sufficiently 
small that the coefficients of viscosity and thermal conductivity and trans- 
formation metrics can be assumed constant locally (see, e.g.. Beam & Warm- 
ing [4] or Tysinger [33]), a linearized approximation to Eqs. (10) can be 
written 



h{l + 



OAt* 



dr) de dr)^ 



Bt, 



'} 



Aw^ 



—At 

e 



^ (2-H^)wf-2(l + y>)wf-bywr^ ^ 



2zir 



{ 



dhF dhG dKF^ dhG 
H — X 1 — f 



(1 



di dr) 



d^ 



dr) 






-h 



(dhF 


dhG 


dhFy 


dhG^ ] "■ 


{ d^ 


dr) 


d^ 


+ 57 , } J 



where the modified pseudo-time step 



At* = 



At, 



1 _ 1 _ 

2 At 



(14) 



(15) 



has been introduced. 
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Equations (14) represent a linear system of equations that can be solved 
for the corrections by a variety of methods, frequently involving further 
approximation, such as various approximate factorizations of the implicit op- 
erator to reduce the computational labor required to solve the sparse, but rel- 
atively large bandwidth, system. A common factorization of the implicit op- 
erator, introduced by Briley &: McDonald [5] and by Beam & Warming [3,4], 
is achieved by approximating the implicit operator as the product of factors, 
each having differences in only one coordinate direction. Thus, we write 
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At 
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(16) 



Equations (16) can be solved much more efficiently than Eqs. (14) since 
each of the one-dimensional operators can be solved as a block tridiagonal 
system (when the derivatives appearing there are approximated using cen- 
tered, three-point formulas). The inviscid form of Eqs. (16) can be made even 
more efficient using the diagonalization procedure developed by Pulliam & 
Chaussee [27]. The diagonalization is possible because the Euler equations 
are hyperbolic, so modal matrices cmd Qb exist such that 

A. A = Q]4^AQ/1 

and 

Ab = Qg^BQs 

are diagonal matrices having real eigenvalues. Thus, a diagonal approximation 
to the inviscid form of Eqs. (16) can be written 
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where 



AvP = Qb^AwP 
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is the vector of changes in the characteristic variables corresponding to the 
one-dimensional problem in the rj direction. Equations (17) can be solved by 
the following sequence. The residual in each cell is first premultiplied by the 
matrix then the system of four uncoupled, scalar, tridiagonal equations 
for the changes in the intermediate variables 

{l+ (18) 

is solved along each line of constant rj. The changes in the intermediate vari- 
ables Av* in every cell are then premultiplied, first by Q^, then by 
Eqs. (18) are solved for the changes in the characteristic variables and 
finally the changes in the conserved variables are recovered by computing 

A-w^ = QbAv^ (19) 



in each cell. 

This diagonalization procedure cannot be carried out for the Navier- 
Stokes equations since, as shown by Warming, Beam & Hyett [34], there is no 
similarity transformation that symmetrizes simultaneously both the inviscid 
(Euler) and viscous (Navier-Stokes) Jacobians. An approximation to the vis- 
cous terms can be included in the diagonal scheme, however, as suggested by 
Pulliam [25]; Tysinger [33] has shown this approximation (his “Scheme 11”) 
significantly improves the robustness of his multigrid scheme for the Navier- 
Stokes equations at very little additional cost. In this approach the viscous 
Jacobians are replaced by the diagonal approximations 
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The complete diagonalized scheme can then be written 
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Since care has been taken to maintain the scheme in delta form, it is clear 
that if the subiterations converge (i.e., Av^ — > 0), then the quantity in square 
brackets on the right hand side of Eq. (22) also vanishes, so when we identify 

lim wP = , 

Z\vP-+0 

then the scheme has converged to the desired implicit approximation to the 
solution at the end of the time step, given by Eqs. (10). 

The fact that Eqs. (22) are written in delta form also means that the 
implicit operator on the left hand side can be altered further to accelerate 
convergence. In particular, the form of the matrices appearing can be altered 
to incorporate artificial compressibility to improve convergence at low Mach 
numbers, or the entire operator can be embedded in a multigrid scheme as 
described in the following section. 

2.1 Multigrid 

The use of the multigrid algorithm to accelerate the convergence of solutions 
to Eqs. (22) is relatively straightforward, following the procedure developed 
by Jameson [15]. A sequence of auxiliary grids (denoted by the subscripts 
2h, Ah, 8h, etc.) is defined by eliminating every second line of the fine grid 
(denoted by the subscript h), and each of the successively coarser grids, until 
the coarsest usable grid is defined (often containing only 3 or 4 cells in each 
coordinate direction). This results in a sequence of grids, each having 1/4 
as many mesh cells (for two-dimensional problems) as the next finer grid, 
effectively doubling the mesh spacing in each direction. 

The multigrid process is started on the finest grid, where a fixed num- 
ber (usually one) of pseudo-time steps is used to reduce the local error in 
Eqs. (22). Values of the flow variables are then restricted to the next coarsest 
grid using area-weighted averages of the form 

< = E^. (23) 

where Sh is the area of a fine-grid cell, and the summation is over the four fine 
grid cells contained in the coarse grid cell. It is important that the corrections 
on the coarser grid be driven by the residuals of Eqs. (22) computed on the 
finest grid, so a forcing function is defined as 

P2h = '£Rh-R2h{w^°^), (24) 

where J? 2 /i is the residual evaluated from the solution on the coarser grid 
(having grid spacing 2h, and W 2 °^ is the initial estimate for the solution on 
the 2h grid, restricted from the h grid according to Eqs. (23). The residual 
on the coarser grid is then constructed as 



R2h = R2hi^2h) + P2h- 



(25) 
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and is used to drive the corrections to Vf 2 h for a fixed number of pseudo-time 
steps. This process is repeated on the successively coarser grids in a similar 
manner. For example, the residual on the next coarser grid is 

Rih = f?4h(W4ft) -I- Pih, (26) 

where 

= (27) 

After corrections have been computed on the coarsest grid, they are prolonged 
back to successively finer grids using bilinear interpolation in the computa- 
tional coordinates. Additional smoothing steps in pseudo- time may be used 
after the corrections from coarser grids have been added, but this is not al- 
ways worth the effort. After the corrections have been added to the solution 
on the finest grid, the cycle is repeated. 

It usually is necessary to update only the body-surface boundary condi- 
tions on coarser grids, although updating the far field boundary conditions 
as well on coarser grids does not seem to impede convergence. 

In the present work, the overall convergence rates seem to be relatively 
insensitive to the number of pseudo-time steps (smoothing iterations) per- 
formed at each stage of the multigrid cycle. The best asymptotic rates are 
obtained using a fixed sawtooth cycle, in which one or two iterations are per- 
formed on the finest, and on each coarser grid as the grid is coarsened, but 
no smoothing is performed on the coarser grids after corrections have been 
added. Since the computational work required per pseudo-time step is very 
nearly proportional to the number of grid cells, the work per pseudo-time 
step on each coarser grid is approximately one-quarter that on the previous 
grid for a two-dimensional problem. Thus, for the above simple sawtooth cy- 
cle strategy with one pseudo-time step on each grid level, one multigrid cycle 
requires slightly less than 4/3 Work Units, if a Work Unit is defined as the 
amount of computation required for one pseudo-time step on the fine grid. 

Since the smoothing characteristics of the time-stepping algorithm are 
more important than accuracy on the coarser grids, Jameson [15] found it 
desirable to use only a fixed-coefficient, second-difference form of the dissi- 
pation on coarser grids. In the ADI formulation described here, this allows 
additional efficiency to be achieved by using a scalar tridiagonal solver on all 
but the finest grid level. 



2.2 Numerical Implementation 

This section summarizes some of the properties of the numerical scheme 
that are not the focus of this paper. The spatial discretization is based on a 
conventional second-order accurate finite- volume approximation, as described 
in [17,7]. The finite- volume scheme is stabilized using a symmetric TVD form 
of the blended second- and fourth- difference dissipation scheme of Jameson 
et al. [17], as described in [8]. The method also has been extended to treat 
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very low Mach number flows [22,23] using pre-conditioning [32], but that has 
been found not to be necessary to treat the present flows. The boundary 
conditions in the far field are imposed according to the characteristic theory 
at inflow boundary edges. At outflow boundary edges, the fluid density and 
velocities are extrapolated from the interior of the domain, while the pressure 
is relaxed toward its free stream value. 

3 Results 

Results from several computations of unsteady, two-dimensional flows will be 
presented here. First, solutions of the Navier Stokes equations for the laminar 
flow past fixed circular cylinders will be used to quantify the accuracy and 
efficiency of the numerical method. Solutions to the coupled problem, in which 
the motion of the cylinder is coupled to the aerodynamic forcing, will then be 
presented, using a simple linear spring-mass-damper model for the structural 
response. 



3.1 Flow past Stationary Circular Cylinders 

Flows past stationary circular cylinders represent a canonical problem that 
is well studied, experimentally and numerically. Unless otherwise noted, all 
computations are performed on a grid containing 192 x 96 cells in the wrap- 
around and body-normal directions, respectively, with the far-field boundary 
located a distance of 32 diameters from the center of the cylinder, and the 
first grid line located at 0.004 diameters from the body surface. The first 
results to be presented correspond to flows past a stationary cylinder at a 
Reynolds number of Re^ = 120 and a Mach number of M = 0.10. Views of 
the entire grid, and of the grid in the vicinity of the body, are presented in 
Fig. 1. 

The first results illustrate the accuracy achieved with the two second- 
order accurate temporal discretizations as a function of time step size. The 
results presented in this section represent approximately one cycle of the os- 
cillation in lift force on the cylinder after the oscillatory flow has become 
well established. These computations were started from the same initial flow 
field, generated by running the code until the vortex shedding had reached 
a periodic state. This initial state is generated from an impulsive start, per- 
forming a specified vertical oscillation of the cylinder through three periods 
of sinusoidal oscillation having a maximum vertical velocity of ten per cent of 
the free stream and a dimensionless frequency of 0.15, then allowing the flow 
field to become fully periodic (after a dimensionless time oi f = Ur/d = 79). 
The initial development of the flow field is computed using a time step of 
Af = 0.20, converging the subiterations by two orders of magnitude each 
time step, and the final 29 units of dimensionless time are computed using 
a time step of Af = 0.02, with the subiterations converged three orders of 
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Fig. 1. Entire grid, and grid in the vicinity of the body, for computation of flow 
past a circular cylinder at Reynolds number Re^ = 120. Diagonal lines across the 
quadrilateral mesh cells are used only by the plotting program. 




Fig. 2. Time history of start up computation used to provide initial state for further 
computations used to assess the accuracy of the computations. Mach number is 
M = 0.10 cind Reynolds number is Rej = 120; time step for first 20 units of time 
is At = 0.20, then is reduced to Af = 0.02 for the final 59 units of time. 



magnitude each time step. As will be seen, the final solution has a negligibly 
small time-stepping error. The time history of force coefficients and cylinder 
position for this flow-establishment phase of the solution process is illustrated 
in Fig. 2. The results of a computation on a finer grid containing 384 x 192 
cells also are shown in this figure to illustrate that the spatial truncation error 
for the solution on the standard grid is quite small. The principal difference 
between the solutions on the two grids is a slight difference in frequency of 
the oscillation (which will be quantified later). 
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(a) 



(b) 



Fig. 3. Effect of time step size on lift history for three-point implicit time differ- 
encing; flow past a stationary circular cylinder at Mach number M = 0.10 and 
Reynolds number Re^ = 120. (a) Full cycle; (b) enlargement near end of cycle. 



All solutions here are computed using six levels of multigrid to converge 
the subiterations, unless otherwise noted. The convergence of the subitera- 
tions is relatively insensitive to the Courant numbers (based on the pseudo- 
time steps) used for the subiterations, and default values of C = 32 on the 
fine grid and C = 8 on the coarser grids are used, with local time stepping 
(so that the pseudo-time step increases with cell size).'^ 

Figure 3 illustrates the effect of the time step size when using the three- 
level implicit difference scheme. The subiterations for three different values 
of time step ranging from 0.02 < Af < 0.20 were converged four orders of 
magnitude; i.e., the subiteration for each time step was terminated when the 
average residual had been reduced by a factor of 0.0001 from its value at the 
beginning of the time step. It is clear that the results are very nearly con- 
verged for a time step of Af = 0.10, corresponding to approximately 60 time 
steps per cycle of the oscillation in lift force. The frequency of the oscillation 
in lift force increases as the time step in reduced, with the change between the 
values computed for the two smallest time steps here being approximately 0.5 
per cent. In the remaining figures in this section, the solution with Af = 0.02 
will be taken as the standard of comparison. 

Figure 4 compares the results for the same cycle of lift oscillation using the 
trapezoidal time integration scheme. The results indicate that the accuracy 
of the trapezoidal scheme is somewhat better than that of the three-level 
implicit difference scheme. Results not presented here show, not surprisingly, 
that the (first-order accurate) backward Euler implicit scheme is much less 
accurate. As will be seen shortly, all three schemes require approximately the 
same computer time per time step, and the second order accurate schemes 

It is important to emphasize that the effective Courant number, based on the 
physical time step, may be much larger. The present implementation remains 
stable for a time step of Af = 1.0, corresponding to an effective Courant number 
greater than 3,000 on the standard grid. 
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(a) (b) 

Fig. 4. Effect of time step size on lift history for trapezoidal time differencing; flow 
past a stationary circular cylinder at Mach number M = 0.10 and Reynolds number 
Red = 120. (a) Full cycle; (b) enlargement near end of cycle. 



require only slightly more computer memory (since the solution (three-point 
implicit scheme) or the residual of the flux balances (trapezoidal scheme) at 
an additional time level must be stored), so there is little reason not to use 
the more accurate schemes. 



Convergence of Computed Solutions We would expect the convergence 
of the solution for both the three-point implicit and trapezoidal time differ- 
encing schemes to be second order in the time step, and this is confirmed in 
Fig. 5. Plotted there is the dimensionless frequency (the inverse of the period) 
of the single oscillation computed using both second-order accurate schemes 
for the three values of time steps in the figures above. The frequency is plot- 
ted as a function of the square of the time step, and the nearly straight lines 
for each set of three points confirm second order accuracy for both schemes. 
The figure shows that the slope of the line for the trapezoidal scheme is sig- 
nificantly smaller; i.e., the trapezoidal scheme is more accurate for a given 
finite value of time step by somewhat better than a factor of two. This result 
is not surprising in view of the fact that the trapezoidal integration scheme 
is less dissipative than the three-point implicit scheme. Finally, Richardson 
extrapolation® of the shedding frequency for both sets of data gives the same 
limiting value (of St = 0.169782 on this 192 x 96 cell grid), and the error in 

® If /i, / 2 , and /s are taken to denote the computed frequencies at Af = 0.02, 
At = 0.10, and Af = 0.20, respectively, then the limiting value /o, corresponding 
to zero time step, is given by 

, _ 5,000/i - 396/2 -b 49/3 

A ACQ 



when the leading error in the Richardson extrapolation is assumed to be propor- 
tional to the square of the time step. 
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Fig. 5. Convergence with time step of dimensionless vortex shedding frequency for 
flow past a stationary cylinder at Mach number M = 0.10 and Reynolds number 
Red = 120. 



the shedding frequency for the smallest time-step of Af = 0.02 is only about 
0.02 per cent for the three-point implicit scheme, and about 0.009 per cent 
for the trapezoidal scheme. The time-stepping errors for Af = 0.02 are thus 
taken to be negligibly small. 

Finally, we present results computed on ultrafine grids containing 384 x 
192 cells in order to demonstrate convergence of the solution with spatial 
mesh size. The dimensionless frequency is plotted in Fig. 6 as a function of 
the square of the mesh spacing for this grid and for two coarser grids: the 
standard grid containing 192 x 96 cells and a coarser grid containing 128 x 64 
cells. Results on all grids were computed using Af = 0.02, so the time- 
stepping error is assumed to be negligibly small. Richardson extrapolation® 
is used to predict the limiting value of the frequency corresponding to zero 
mesh spacing. The plot also shows very nearly second-order accuracy, with 
an error on the standard (192 x 96 cell) grid of approximately 1.5 per cent. 
Similar data for Reynolds numbers of Rej = 60, Re^ = 90, Re^ = 150, 
and Red = 180 also are shown in the figure, as well as the experimental data 
determined by Williamson, [35] (plotted at effectively zero mesh spacing); it is 
seen that the current numerical results agree quite well with the experimental 
values. 

® If /i, / 2 , and /s are taken to denote the computed frequencies on meshes con- 
taining 386 X 192, 192 x 96, and 128 x 64 cells, respectively, then the limiting 
value fo, corresponding to zero mesh spacing, is given by 

^ 18/1-9/2-1-2/3 

fo = r- 



when the leading error in the Richardson extrapolation is assumed to be propor- 
tional to the square of the mesh size. 
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Fig. 6. Convergence with grid spacing of dimensionless frequency of lift oscillation 
for flow past a stationary cylinder at Mach number M = 0.10 and Reynolds number 
Red = 120. Unity on the horizontal ajds corresponds to a 96 x 48 cell grid. Also 
shown are the experimental values determined by Williamson [35]. 



Comparison with Experimental Data To substantiate further the ac- 
curacy of the present algorithm, the results of several calculations for the 
flow past a stationary circular cylinder are here compared with the careful 
experimental measurements of Williamson [35]. Numerical results have been 
calculated on a sequence of three grids containing 128 x 64, 192 x 96, and 
384 X 192 cells in the wraparound and body-normal directions, respectively, 
for five different Reynolds numbers: Re^ = 60, 90, 120, 150, 180. These 
Reynolds numbers are in the range for which periodic vortex shedding is ex- 
pected to occur, and for which the wake will remain two-dimensional when 
proper attention is paid to the end conditions in physical experiment; thus 
we would expect good agreement between converged numerical solutions to 
the two-dimensional problem and the results of physical experiments. 

The grids for these computations extend to a far field boundary located 
32 body diameters from the cylinder. The normal grid spacing at the body 
surface for the finest (384 x 192 cell) grid at Re^ = 120 is Aro/d — 0.002, 
where d is the body diameter; the normal grid spacings for the first row of 
cells at the other Reynolds numbers are chosen to vary inversely with the 
square root of the Reynolds number (so, for example, the normal spacing of 
the first row of grid cells for the Re^ = 180 case is Arojd = 0.001632 for the 
finest grid). 

The vortex shedding frequency is computed for each Reynolds number 
using a time step of Af = 0.02, for which, as seen in the preceding section, 
the time-stepping error is negligible. The grid convergence behavior of these 
results was plotted in Fig. 6. The computed frequencies are extrapolated 
to zero mesh spacing, using Richardson extrapolation on the frequency of 
vortex shedding computed on the three grids for each Reynolds number, and 
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Fig. 7. Dimensionless vortex shedding frequency (Strouhal number) as a function 
of Reynolds number for flow past a fixed circular cylinder as a function of Reynolds 
number. Dashed line represents curve fit to the computed frequencies at Re<i = 60, 
120, and 180. Diamond symbols represent the experimental data of Williamson, 
and solid line represents best curve fit of experimental data. 



are plotted in Fig. 7, where they are compared with the experimental results 
of Williamson. As can be seen, the results of the present computations are in 
excellent agreement with experiment. 

The dimensionless frequencies determined at the Reynolds numbers 
Red = 60, Red = 120, and Red = 180 are used to determine the coefficients 
in a three-term expansion in inverse square root of the Reynolds number, 
resulting in 



St = 0.27444 - 



1.181 0.8249 

\/Red Red 



(28) 



which is the dashed curve plotted in Fig. 7 The best three-term curve fit to 
the experimental data for this flow has been determined by Williamson & 
Brown [36] to be 



St = 0.285 - 



1.390 1.806 

v^Red Red 



(29) 



which is the solid curve plotted in Fig. 7 In spite of the substantial differences 
in the coefficients of these two representations, the experimental and numer- 
ical results agree to within about 0.50 per cent over the range of Reynolds 
number for which the present results have been computed (60 < Red < 180). 



Performance of Multigrid Algorithm The results shown to this point 
have all been computed with the subiterations well converged; i.e., the error 
due to lack of convergence of the subiterations in each time step is negligibly 
small. In order to quantify the efficiency of the scheme, it is necessary to 
understand what level of convergence of the subiterations is required for a 
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Fig. 8. Effect of level of convergence of multigrid subiteration for three-point im- 
plicit time differencing; frequency of vortex shedding for flow past a stationary 
cylinder at Mach number M = 0.10 £ind Reynolds number Re^ = 120. 



given level of accuracy. Figure 8 shows the effect of the subiteration toler- 
ance on the time histories of the lift coefficient computed for a single cycle 
of the oscillation using three-point implicit time differencing. The residuals 
are reduced by 4, 3, 2, and 1 orders of magnitude, respectively, relative to 
their values at the beginning of the time step. Even when the convergence 
tolerance was reduced to only one order of magnitude, the solution behaves 
well, the effect being similar qualitatively to additional dissipative error from 
increasing the time step. 

The effect of relaxing the subiteration convergence tolerance on the less 
dissipative trapezoidal scheme can be significant, introducing a decoupling in 
the lift coefficient history from one time step to the next. This is illustrated in 
Fig. 9, which shows results for the trapezoidal time integration. It is seen that 
reducing the subiteration convergence tolerance to only one order of magni- 
tude can result in a decoupling of the solution at odd and even numbered 
time steps. 

In these computations, the ratio of final residual to initial residual has 
been used to quantify the level of convergence of the subiteration for each 
time step. For the multigrid algorithm, which eliminates errors of all wave 
numbers at approximately the same rate, this is appropriate. A quantitative 
measure of the effect of relaxing the degree of convergence of the subiterations 
is presented in Fig. 10, which shows the percentage error in the dimensionless 
vortex shedding frequency as a function of the number of orders of magnitude 
of residual reduction for computations at three different physical time steps. 
Clearly, for a given level of error, more residual reduction is required as the 
size of the time step is increased. For example, if the subiteration error is 
required to be less than 0.1 per cent, about 1.25 orders of magnitude reduction 
in residual are required for each time step when Af = 0.02, while nearly 3 
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Fig. 9. Effect of level of convergence of multigrid subiteration for trapezoidal time 
differencing; frequency of vortex shedding for flow past a stationary cylinder at 
Mach number M = 0.10 and Reynolds number Re^ = 120. 




Fig. 10. Effect of subiteration convergence level for various physical time step sizes; 
percentage error in frequency of vortex shedding for flow past a stationary cylinder 
at Mach number M = 0.10 and Reynolds number Re^ = 120; standard 192 x 96 
cell grid. 



orders of magnitude reduction in residual are required when Af = 0.20 when 
using the three-point implicit scheme. Note also from Fig. 10 that the effect 
of time step size on the required level of subiteration convergence is less 
apparent for the trapezoidal time integration scheme. 

At the same time, the time-stepping (truncation) error increases with the 
time step, so a more reasonable requirement is perhaps to require only that 
the subiteration error be reduced to the same order as the time-stepping 
error. Using Fig. 5 to quantify the time-stepping error, and Fig. 10 for the 
subiteration convergence error, we see that about 1.3 orders of magnitude 
convergence reduces the subiteration convergence error to the level of the 
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Fig. 11. Effect of level of subiteration convergence of single grid subiteration 
scheme; percentage error in frequency of vortex shedding for flow past a stationary 
cylinder at Mach number M = 0.10 and Reynolds number Re^ = 120; time step is 
Af = 0.10. 



time-stepping error for all three values of the time step {Af = 0.02, Af = 
0.10, and Af = 0.02). For trapezoidal time integration, the required degree 
of subiteration convergence actually decreases with increasing time step size. 

When using a single grid to converge the subiterations the use of local 
residual reduction may not be appropriate as a convergence criterion for the 
subiterations, and tighter convergence by this measure may be required to 
achieve the same accuracy. This is demonstrated in Fig. 11, which shows the 
percentage error in the vortex shedding frequency as a function of the level of 
convergence of the subiterations. The single grid scheme is compared with a 
6-level multigrid scheme for the flow computed using a physical time step of 
Af = 0.10. The results in this figure show that in order to achieve the same 
accuracy the single grid scheme requires approximately one additional order 
of magnitude residual reduction relative to the (six-level) multigrid scheme. 

The data in Table 1 characterize the computational performance of the 
algorithm. The computation at the smallest time step of Af = 0.002 char- 
acterizes performance of a comparable explicit algorithm. Only five subitera- 
tions are performed each time step, so the algorithm is running at an effective 
Courant number of about 1.25, and the computational cost of one time step 
of the implicit algorithm is comparable to a single time step of Jameson’s 
Runge-Kutta multigrid algorithm (with implicit residual smoothing) [6]. 

For convergence of the subiterations to a fixed level of error, independent 
of the time step, the computational work decreases only slowly with increased 
time step. For example, to converge to within about 0.10 percent error in 
shedding frequency. Fig. 10 shows that about 1, 2, and 3 orders of magnitude 
residual reduction are required for the three-point implicit scheme when the 
time steps are Af = 0.02, Af = 0.10, and Af = 0.20, respectively. Thus, 





Implicit Multigrid Computation of Unsteady Flows 



55 



Table 1. Computational performance of multigrid solver for the three-point implicit 
and trapezoidal schemes used to solve for the flow past a stationary circular cylinder 
at Mcich number M = 0.10 and Reynolds number Re^ = 120 on a grid containing 
192 X 96 cells. The CPU times quoted here are for a 333 MHz Pentium II processor 
microcomputer running Red Hat Linux 5.2. 



Af 


CFLeff 


Tlgrid 


Conv. 


Scheme 


CPU/cyc 


Step/cyc 


fd/U 


0.002 


6.3 


6 


5 iter 


3-pt Imp 


27,940 s 


3000 


0.1697 


0.02 


62.7 


6 


10“® 


3-pt Imp 


4,839 s 


300 


0.1697 


0.02 


62.7 


6 


10“^ 


3-pt Imp 


3,293 s 


300 


0.1697 


0.02 


62.7 


6 


10“^ 


3-pt Imp 


2,187 s 


300 


0.1701 


0.10 


313 


6 


10“® 


3-pt Imp 


1,595 s 


60 


0.1688 


0.10 


313 


6 


10“^ 


3-pt Imp 


924 s 


60 


0.1687 


0.10 


313 


6 


10-^ 


3-pt Imp 


548 s 


60 


0.1671 


0.10 


313 


6 


10"^ 


Trapez 


1,006 s 


60 


0.1691 


0.10 


313 


1 


10-3 


3-pt Imp 


2,536 s 


60 


0.1688 


0.10 


313 


1 


10“^ 


3-pt Imp 


1,506 s 


60 


0.1680 


0.10 


313 


1 


10-1 


3-pt Imp 


767 s 


60 


0.1577 


0.20 


627 


6 


10-® 


3-pt Imp 


1,245 s 


30 


0.1662 


0.20 


627 


6 


10"^ 


3-pt Imp 


626 s 


30 


0.1658 


1.00 


3144 


6 


10"^ 


3-pt Imp 


459 s 


6 


0.1292 



one cycle of the oscillation requires about 2,187 s, 1,506 s, and 1,245 s of 
CPU time, respectively. On the other hand, as pointed out previously, one 
can argue that it is necessary to converge the subiterations only to the level 
of the temporal truncation error, and two orders of magnitude convergence 
of the subiterations, independent of time step size, should do this. Using this 
criterion the corresponding computation times for one cycle of the oscillation 
are 3,293 s, 924 s, and 626 s. Thus, the CPU time is reduced by a factor of 
5 when the time step is increased by a factor of 10. 

Finally, it should be noted that the computation with a time step of 
At = 1.0 was included in Table 1 primarily to illustrate the stability of the 
scheme, even for a time step corresponding to about 1 /6 of the entire period 
of oscillation. 

3.2 Coupled Aeroelastic Computations 

Finally, some results computed for flows in which the motion of the body is 
coupled to the fluid motion through the action of the aerodynamic forces are 
presented. For these computations, the cylinder is assumed to be mounted on 
linear springs, with linear damping, and with the motion in the streamwise 
(drag) and lateral (lift) directions decoupled. The equations of motion for 
this case are presented in Appendix A. 
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For comparison with the results of Melville et al. [19] and others, the 
cylinder mass is characterized by 

Sc = 14.321 , 

and the undamped natural frequency is taken to be equal to the vortex shed- 
ding frequency for the stationary cylinder at the same flow conditions. The 
flow is characterized by 

Red = 200 and M = 0.10 . 



The standard (192 x 96 cell) grid is used, with a normal spacing of the first 
row of grid cells at the body surface equal to Aro = 0.003098. The vortex 
shedding frequency on this mesh for the stationary cylinder under these flow 
conditions is found to be St = 0.18867, so the undamped natural frequency 
of the suspension is taken to be wq = 27rSt = 1.1855. 

Solutions are calculated for three values of the damping ratio: ^ = 0.100, 
0.010, and 0.001. The flow is again started by moving the cylinder through 
three cycles of prescribed lateral motion having St = 0.15, with a maximum 
vertical velocity of ten per cent of the free stream value. The cylinder is 
then held fixed until a periodic solution is obtained. The frequency of vortex 
shedding of this solution is then used to set the undamped natural frequency 
Wo of the structure, and the solution is continued with the cylinder free to 
oscillate, with the damping ratio ^ = 0.100. The solution is continued until the 
flow and cylinder motion reach a limit cycle, and the amplitude of oscillation 
is measured. The damping ratio is reduced by a factor of ten, and the solution 
process is continued until a new limit cycle is reached, at which time the 
amplitude of the cylinder motion again is measured. Finally, the process of 
reducing the damping ratio by another factor of ten is repeated, and the 
amplitude of the cylinder motion is measured after a third limit cycle has 
been attained. 

The time histories of the lift coefficient and vertical position of the cylinder 
are presented in Fig. 12 for the three values of damping ratio. As the damping 
ratio is reduced, the amplitude of the cylinder oscillation limit cycle increases, 
while the amplitude of the oscillation in lift coefficient decreases and its time 
history becomes less harmonic in shape, with a tendency for reversal in sign 
near the points of maximum lateral velocity. 

The results of these computations are compared with those of other com- 
putations and experiments in Fig. 13. Here the (base ten) logarithm of the 
peak-to-peak amplitude of the cylinder oscillation is plotted as a function of 
the (base ten) logarithm of the (dimensionless) damping product 



c = 



87r^St^m 

Poo<P 



C = 27T^St^5c C 



(30) 



The results of the present computations are seen to agree quite well with 
those of other computations, but none of the computations agree very well 
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Fig. 12. Time histories of lift coefficient and vertical position for limit cycles of 
cylinder mounted on spring-damper system for several values of damping ratio; 
Reynolds number is Re^ = 200. (a) ^ = 0.100; (b) C = 0.010; (c) ^ = 0.001. 



0.4 
02 
0 

• 0.2 

-0.4 
•0.6 

6 

^ -0.8 
• t 

• 1.2 

•1.4 



Fig. 13. Amplitude of lateral oscillation limit cycle for circular cylinder mounted 
on spring-damper system; Reynolds number is Red = 200. 
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with the experimental results. Most of the experimental data plotted in 
Fig. 13 are for considerably higher Reynolds numbers than the computa- 
tions. But, even if the Reynolds numbers were matched it is not clear that 
the data should collapse onto the plot of Fig. 13, as this collapse is based on 
a number of assumptions that may not be justified. To demonstrate this, the 
plots in Fig. 14 show the time histories of lift and cylinder position for the 
limit cycle at the same value of damping product (Eq. (30)) as Fig. 12(c), but 
with the mass parameter reduced by factors of 10 and 100 from their values 
in Fig. 12. All other parameters are held fixed, except for the damping ratio, 
which is increased by the same factors in order to maintain a fixed damping 
product. It is seen that the cylinder mass does affect the amplitude of the 
motion, even when the damping ratio and undamped natural frequencies are 
held fixed. It should be noted that the cylinder mass parameter Sc will change 
for a given cylinder by a factor of nearly 1,000 depending upon whether the 
fluid is water or air. 
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Fig. 14. Time histories of lift coefficient and vertical position for cylinder mounted 
on spring-damper system; cylinder mass parameter Sc is (a) ten times and (b) 100 
times smaller, and damping ratio ^ is (a) ten times and (b) 100 times larger, than 
corresponding plot in Fig. 12(c). Reynolds number is Re^ = 200. 



The amplitudes of the limit cycle oscillations for these cases of reduced 
mass are plotted as asterisk-like symbols in Figure 13. As is seen by comparing 
Figs. 12(c) and 14(a) and (b), the amplitude of the cylinder oscillation tends 
to increase with decreasing cylinder mass for a fixed value of the damping 
product. 

4 Concluding Remarks 

An implicit multigrid scheme for solving unsteady fluid flow problems has 
been described, and applied to solve the Navier-Stokes equations for nearly 
incompressible, laminar flows past stationary and moving circular cylinders. 
The method uses subiteration within each time step to remove linearization 
and factorization errors, and also to couple structural motions implicitly with 
the solution of the fluid flow equations. The method reproduces accurately 
the vortex shedding frequencies measured in experiments for cases in which 
the flow is two-dimensional (i.e., for Reynolds numbers in the range 90 < 
Red < 180). The method is stable for time steps corresponding to very large 
Courant numbers, and is much more efficient than explicit schemes when 
the unsteadiness of the flow occurs on time scales corresponding to large 
Courant numbers. Computed limit cycle amplitudes for cylinders mounted 
on spring-damper suspensions compare well with the results of other two- 
dimensional calculations, but generally are smaller than those measured in 
experiments, although the experiments were generally at higher Reynolds 
numbers. The sensitivity of the oscillation amplitude to cylinder mass, even 
for fixed damping product, is demonstrated. 
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Appendix 



A Canonical Equations for Structural System 



The equations of motion used here for the structural response of the system 
are those of a simple spring-mass-damper. The structural responses in the two 
coordinate directions are assumed independent of one another. The equation 
for the motion of the cylinder in the y coordinate direction is shown here; 
the equation for the motion of the cylinder in the x coordinate direction is 
analogous. 

The equation of motion for a simple spring-mass-damper system is given 

where m, c, and k are the mass, coefficient of “viscous” damping, and spring 
constant, per unit length of the cylinder, and L is the lift force, also per unit 
length of the cylinder. Note that m, c, and k are properties of the structure 
alone; effects of virtual mass and fluid viscosity are included naturally in the 
lift and drag forces that define the aerodynamic forcing function. 

Introducing the nondimensional variables 






(32) 



and the lift coefficient 



Cl = 



2L 



PooU^d ’ 

the equation of motion can be written in the dimensionless form 

Poo^ , 



d^V dc dy kd? _ 

— - H u : 

df^ mil df mU^ 



2m 



-Cl 



(33) 



(34) 



Finally, introducing the nondimensional undamped natural frequency and 
damping ratio 
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_ cd 
2mUuQ ’ 

the nondimensionalized equation can be written 

f = (35) 

Finally, if the mass per unit length of the cylinder is expressed as an effective 
average density, so that 

_ ™ 

TT(P / 4 

and we introduce the effective average specific gravity 

„ , 4m 



— pc! Poo — 



'^Poo^ 



we can write 



cfy dif 2 2 ^ ^ 

^ + 2Ca;o— (36) 

Equation (36) and the analogous equation for the x coordinate direction 

dx 0 . 2 ^ 

^ + 2Cwo-^ + wox = (37) 

are integrated simultaneously with the flow equations for those cases in 
which aeroelastic effects are demonstrated. Since the x- and y- components 
of the structural motion are assumed independent, the values of ujo and C for 
Eqs. (36) and (37) can, in general, be different. 

The equations are integrated using the same temporal discretization as is 
used for the flow equations, with the current values of lift and drag coefficients 
from the previous subiteration taken to be the values at the n + 1 time level. 
For this purpose each of the equations is written in the form of a flrst-order 
system by deflning, 

dx 

5 = 1 (38) 

and solving 



4 (") = (-“j g.) (o) + (gj 



(39) 



The values of dx/ df and dy/ df required in the fluid equations are taken 
directly from the structural equations for the current time step. In this way 
the fluid equations and the structural equations are completely coupled as 
the subiterations converge. 
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Abstract 



The equations dajdt =-aa + fAa* -i-Aa*b, db/dt = -0ib +vc^ 

describe second-harmonic resonance of two small-amplitude standing water waves with 
Faraday excitation. Identical equations govern small oscillations of forced, resonant, 
coupled pendula. Real positive crand cTj correspond to linear damping with perfect tuning of 
both forcing and internal resonance. With detuning from resonance, aand ctj are complex. 

The degenerate case <^ = 0 has a continuum of fixed points, and the solutions then take 
an unusual form: a number of decreasing "bounces" are separated by pauses at unstable fixed 
points, while small disturbances grow. When aj is small but non-zero, a similar qualitative 
structure remains; but all solutions terminate at one of a pair of stable fixed points of the 
now non-degenerate system. 

When crand cq are complex, there is double detuning, £ind the solution structure is far 
more complex. We mainly investigate cases where aj is imaginary and a is complex, 
exploiting a continuum of simple periodic orbits which then exists. A rich dynamical 
structure is revealed by sample computer solutions of the full equations; and stability 
analyses of fixed points and of periodic orbits explain many of the observed features. The 
latter also provide useful insights into expected behaviour at all other parameter values. 



1. Introduction 



The equations here investigated arise for an idealisation of Faraday water waves, and 
also for forced, coupled simple pendula, at and close to second-harmonic resonance (see 
Miles [1, 2], Gu & Sethna [3], Henderson & Miles [4], Forster & Craik [5]). With 
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only two resonant modes present, rapid periodic oscillations may be factored out, 
leaving a pair of coupled evolution equations on a much longer timescale /; namely, 

da/dt = -oa + fxa* + Aa*b, db/dt = -a^b + vcP-. (1) 

Here, a, b art suitably-scaled complex amplitudes of the two participating modes with 
natural frequencies in the ratio 1:2 on the eliminated short timescale. Mode a is 
linearly danped, with damping rate given by the real part of cr, and it is 
parametrically forced by a small externally-imposed periodic oscillation with liequency 
close to twice that of mode a. Any mismatch from this resonant forcing frequency is 
represented by the imaginary part cr, of a. The amplitude of the external forcing is 
represented by the real parameter fj,: but, throughout this paper, this will be normalised 
to unity without loss of generality. 

Wave b is not directly forced, and it has a linear damping rate which, here, is 
mostly assumed to be small or zero. The conservative nonlinear resonance interaction 
coefficients A, v may be taken as real without loss, and have opposite signs. The * 
denotes complex conjugate. When the waves are slightly detuned from internal or 
external resonance, the coefficient has an imaginary part, say -ie. Details of the 
derivation of these equations can be found in the works dted above. 

The bifurcation structure of fixed points of (1) has already been studied in detail; 
and Gu & Sethna [3] have shown that there may be chaotic orbits when both types of 
detuning are present. However, a complete understanding of the solution structure is 
still unavailable. 

The present paper addresses several simplifications, for which further progress can 
be made. For the degenerate case = 0 described in Sect. 2, we infer the complete 
solution structure, which is intermittently affected by the presence of small 
disturbances. In Sect. 3 and 4, we examine cases with real and imaginary non-zero 
respectively, finding qualitative similarities with the degenerate case. In Sect. 5 and 6, 
we study cases of double detuning, with complex a but pure imaginary a^. The latter 
restriction admits a family of simple 'circular' periodic orbits: a - 0, b - Ktxp(ist) 
with arbitrary constant K. In Sect. 5, the existence and linear stability of fixed points 
are considered; and the linear stability of the circular periodic orbits is determined by 
Floquet analysis. Our results give valuable insight into the very varied behaviour of 
computed solutions of the full equations: the latter are described in Sect. 6 and further 
discussed in Sect. 7. Section 8 briefly considers double detuning when both waves are 
daiiqred; and Sect. 9 summarises our conclusions. 



2. Degenerate Cases = 0, Real a 



Provided fi is non-zero, equations (1) with Oi=0 may be rescaled to 



da/dt = -oa + a* - a*b. 



db/dt = cP-. 



( 2 ) 
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Stationary points are (a, b) = (0, k) where is an arbitrary complex constant. The 
degeneracy therefore introduces a continuum of fixed points, absent when is non- 
zero. Each of these points is found to be linearly stable when k lies in the complex b- 
plane within a circle of radius a and centre (1,0). 

The case cr = 0 reduces, on writing c = h - 1, to the equivalent unforced equations, 

dajdt = - a*c, dc/dt - S-, 

which have a? + = constant. Full solutions are then known in terms of elliptic 

functions. Therefore, the forced undamped system is dynamically equivalent to the 
unforced undanyred system, with only a translation of variables {c = b + p/k in the 
original system); this was already not^ in [5]. 

For a > 0, we instead have 

daldt = -aa- a*c, dc/dt = (f, (3) 

and d(aa*+ cc*)/dt = -2cxia* < 0. Therefore, the "distance" from (a, b) = (0, 1) in the 
4-dimensional double complex planes of a, h is strictly decreasing whenever a is non- 
zero. It follows that all trajectories must eventually terminate at a stable fixed point 
with a = 0, somewhere within the circular domain of the h-plane just described. 

Also, since (3) are invariant under the phase-shifts (a, c) <-» (oe"*, ce^'^, we may 
choose, say, ph(a) to be initially zero, without loss of generality; and recover many 
other cases from the mapping. 

If, initially, b is zero and a is small, the linearly most-unstable o-disturbance must 
at first dominate. Such linear growth occurs whenever cr < 1, and the anq>lified a- 
disturbance is real. From (2), the conesponding pair of real equations is then 

da/dt = a(l - a - b), db/dt = 

These have fixed points (a, b) = (0, K) for arbitrary real K; and trajectories lie on the 
semicircles + (b +a - ly = constant (a > 0 or a < 0), all of which temainate on 
fixed points with a = 0. The trajectory that corresponds to initially-small a and b 
terminates at b = K = 2(1 - cf). 

However, such fixed points in the four-dimensional plane are stable only when 1 - 
a <K < 1 + cr, and the value K = 2(1 - d) lies outside this range whenever a < 1/3. 
Accordingly, another infinitesimal instability must develop; and, since K> \ + cr, the 
dominant growing disturbance now has a purely imaginary. Writing a = ia\ we obtain 
another pair of real equations. 



da'/dt = fl'(-l - a + b), db/dt = -a"^. 



These have the same fibred points as before; but trajectories given by the different 
semicircles a'^ + (f> - cr - 1)^ = const, (a! > 0 or a' < 0). 

Our initially-infinitesimal solution proceeds from (a, b) = (0, 0) to (0, 2(1 - o)) 
along the upper or lower semicircle. If a < 1/3, it then must wait for infinitesimal 
disturbances to grow and force it onto another trajectory in the orthogonal (a', b) plane: 
this is one of the two semicircles a^ + (b - o - Vf = (1 - 2>df-, (a' > 0 or < 0), 
which terminates at h = 4cr, a = 0. The latter is a stable fixed point provided 1/5 < o 
< 1/3; but, if a < 1/5, there will be a further wait for amplification of real a- 
disturbances, before the trajectory proceeds along another semicircle, tf- + (b + a - If 
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= (5a - 1)2, to the fixed point (0, 2(1 - 3d)). This is stable if 1/7 < a < 1/5, but 
unstable if a< 1/7. The composite trajectory, starting at (0, 0) and subject to arbitrary 
infinitesimal disturbances, consists ofN (= 1,2,3, ...) "bounces" where l/(2iV + 1) ^ 
a< l/(2N - 1); or, equivalently, a'^-l<2Ar< + 1. The corresponding end- 

points of the trajectories have 1)2 m = 4Ma, b 2 M+i = 2 - 2(2M + l)a, where M = 0, 1, 
2,... until 2M or 2M + 1 equals 

Figure 1 shows a "four-teunce" case with a = 1/8 and small initial data, a = 0.01 
+ O.li, b = 0, computed from (2). The arrows indicate direction of motion as time 
increases, the vertical axis is \a\ + m, where as Oj+ ia^, and the horizontal axis is b„ 
where b s bj+ ib\. On the clockwise semicircular trajectories, a is predominantly real, 
and on the anti-clockwise ones a is predominantly imaginary. Accordingly, b is 
predominantly real because of (2). For each bounce, nearly identical solutions may be 
obtained from the simpler real equations for (a, b) and {a', b) given above: cf [6]. 



|aj.|-i-lail 



0 = 0.125 




Fig. 1 . Semi-circular four-"bounce" trajectory, for a= 1/8, = 0, with initial values a = 

0.01 +i 0.1, b = 0. On clockwise semicircular trajectories, a is predominantly real, and on 
anti-clockwise ones imaginary. 



More generally, real initial data (a, b) = (0, K), for any K - bo less than 1 - a, give 
subsequent endpoints b 2 M = K + AMo, b 2 M+i = 2 - K - 2{2M + l)a ; and initial data 
(a, b) = (0, K), for any K = bo greater than 1 + a, give subsequent endpoints f> 2 A/ = ^ 
- AM a, b 2 M+i = 2 - K + 2(2M + l)a. These sequences terminate as soon as a falls 
within the stable interval [1 - a, I + d\. Corresponding trajectories for any initial data 
having a either wholly real or wholly imaginary, and b wholly real, may be inferred 
similarly, since the initial data identifies the appropriate circle for the trajectory's first 
"bounce". Additional families of trajectories may be deduced from the invariant 
mapping (a, c) (ae*^, ce^‘^. In fact, this tells us much about all possible 
trajectories. For, whenever a > 0, arbitrary initial complex values of (a, c) must 
eventually reach a fixed point with « = 0 and c equal to some complex constant k = 
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Ke^^. Its subsequent behaviour is then easily deduced by applying the mapping to 
make creal. For example, a trajectory that has reached a = 0, c = 1 + may be 

transformed to the dynamically-equivalent u = 0, c = 2. The subsequent (but not the 
earlier) evolution is therefore equivalent to that emanating from a = 0, b = 3, which 
was deduced above. 

The instability of fixed points requires small disturbances or a,, whether 
introduced initially or occurring randomly. Therefore, the "waiting time" spent in the 
vicinity of such points depends on the level of such disturbances. Also, the sign of the 
a-distuibance determines which of the two available semicircular trajectories will be 
followed. In fact, the above is a special case, with zero detuning, of a problem already 
studied by Hughes & Proctor [7], who considered unforced but detuned two- and three- 
wave resonance. They, too, found the intermittent importance of random disturbances, 
and constmcted an iterative map. But, because of detuning, they had to introduce a new 
set of dependent variables less closely identified with the physical ones; and our 
analysis is much simpler. 



3. Real Non-Zero 0 [, a 



When Oi is real and non-zero, the corresponding scaled equations are 

daldt - -aa + a* - a*b, dbldt = -Oyb + (4) 

Now the degeneracy is removed, and the continuum of fixed points disappears. Instead, 
provided 0 < cr< 1 and 0 < the only fixed points are (a, b) = (0, 0), and the pair 

a = ±[(1 - b = l-a. (5) 

The origin (0, 0) is unstable to parametric forcing since 0 < a < 1. As (4) are 
invariant under the mapping a <-» -a, the pair of points (5) are identical in nature. It is 
readily shown that these ate stable; their four exponents being 

(1/2)[-c7i ± (CTI^ - (l/2){-2a -a^ ± {{2a - a,f - RY'^}, 

where R = 8cq(l - a). All four exponents are real and negative when 0 < (1 - cr) < 
cTi/ 8; but, when 0 < a^/S < (1 - c^, the first pair are complex conjugates with 
negative real part, corresponding to dan^d oscillations. When a^ approaches zero, 
three of the four exponents also ajjproach zero. 

It is natural to ask how the solution structure described above, when ai = 0, is 
modified by the presence of a small positive damping rate a^. The continunm of 
points (a, b) = (0, k), for arbitrary k, are no longer equilibria: instead, when a = 0, the 
modulus of b decays with the exponential rate Oi. When, previously, a "bounce" 
terminated at an unstable fixed point, the solution remained there until infinitesimal 
disturbances of a amplified to significant levels. Now, however, a solution nearing 
such a point is subject to two effects. Rather than simply "waiting" at a fixed valne, b 
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will slowly decay during the growth of small unstable a-perturbations. How much the 
b-value is reduced before the trajectory takes off on another "bounce" is influenced by 
the size of the a-disturbances. Accordingly, the starting point of the next "bounce" 
may be unknown; but we know, to good approximation, what that "bounce" must be, 
once its starting point is fixed. If the "waiting time" for growth of small a- 
distuibances to significant levels is much smaller than crj'i, we can be sure that the 
succession of "bounces" is not much altered from the case with = 0, until the 
solution reaches a stable fixed point of the continuum. 

From then on, the only significant change in the solution is the slow exponential 
decay of the b-mode, with a = 0, until the modulus of b approaches its smallest 
available stable value. When b is real, this smallest value is 1 - cr. (For non-zero 
there is no invariant mapping (a, c) to permit reduction of all complex 

cases. Consequently, we here illustrate the behaviour for purely real values of b.) 
Small a-disturbances grow when b falls below 1-cr. The growing odistuibances are 
real, and the trajectory spirals towards one or other stationary point (5). An example of 
this final approach, for a - 0.5 and cTi = 0.01, is shown in Fig. 2. The solution at 
first moves along the b-axis from 1.2 (with a very small initial positive o^value), and 
the motion is then clockwise as time t increases, eventually approaching the fixed 
point (a, b) = (1/I0v2, 1/2). 

Figure 3a shows three computed trajectories of (4) for a = 0.2 and Oi =0.01. The 
horizontal axis denotes b, where b ~ b^ + ib\ is "almost real" throughout, and the 
vertical axis shows |oJ - |a^|, where a^+ ia\\ the latter is positive when a is real and 
negative when a is imaginary. The initial data was a = 0.3 + O.Oli, and b = -1.6, -1.3, 
-1.0. The curves in both half-planes are traversed clockwise as t increases. The near- 
semicircular structure is very similar to that obtained with cTi = 0; but all trajectories 




Fig. 2. The approach to the stationary point, for a= 0.5, CTi = 0.01. The trajectory starts 
near b = 1 . 2 , with a very small real value of a. 
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eventually approach a spiral sink at (±a, b) = (0.08944, 0.8). Figure 3b shows five 
trajectories in the more heavily-damped case cr = oj = 0.2. Here the initial data was b 
= 2.8, a, = 0.01, o; = 0.05, -0.45, -0.95, -1.45, -1.95. The spiral structure is more 
marked, with the sink at {±a, b) = (0.4, 0.8). Far larger disturbances would now be 
needed to divert a trajectory from the upper half plane to the lower. Trajectories in the 
lower half-plane with 0 ^ = 0 and real b must all eventually approach (a, b) = (0, 0): 
but, since this equilibrium point is unstable to real a-disturbances, such trajectories 
must eventually continue into the upper half-plane, and so towards a spiral sink. 

Equations (4) do not support chaos, and the structure of fixed points could hardly 
be simpler. Yet trajectories when <7^ is small are very sensitive to small disturbances 
when they approach close to the h-axis: with random external disturbances, they may 
exhibit unpredictable "waiting times", and several "bounces", before reaching a stable 
fixed point. 





Fig . 3a,b. Some computed trajectories of (4) for cr= 0.2 and (a) = 0.01, (b) =0.2. 

The near-semicircular structure of (a) resembles cases with oi = 0, except close to the spiral 
sink at (±a, b) = (0.08944, 0.8). Those for the more highly-damped case (b), with spiral 
sink at (0.4, 0.8), depart farther from semicircles. 



4. Detuning from Internal Resonance: Imaginary 



When the waves are not quite resonant, suitably-scaled equations corresponding to (2) 
are 



da/dt = -oa + a* - a*b, db/dt - ieb + c?. (6) 

Here, the h-wave is once more considered to be undamped, and the real parameter e, 
equal to -< 7 ^, measures the extent of detuning from internal resonance, being 
proportional to CO 2 - 2m i where mi and m 2 are the natural frequencies of the modes on 
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the fast timescale (see e.g. [1], [5] for details). Here, detuning is present in the b- 
equation only, the a-mode being driven at precise sub-harmonic resonance. Double 
detuning, affecting both modes, is considered in the following sections. 

The only stationary points are now the origin (a, b) - (0, 0) (which is stable when 
a > 1 and unstable when 0 < cr < 1); and (lag, ^o)> where 

Oq = (|e|/2)i^2(l - - isgn(f)(l - 

bo = (1 - c^) + isgn(£)c^l - (7) 

which exist provided 0 < a< 1. The latter points agree with results of Gu & Sethna 
[3], who showed them to be stable sinks. (More exotic behaviour is considered in the 
next section.) As (6) is invariant under the transformation (a, b, e) (a*, b*, -e), 
there would be no loss of generality in choosing e to be positive. 

There are simple circular periodic orbits (a, b) = [0, Arexp(ier)] for arbitrary 
complex constants K. Small a-perturbations to such orbits are governed by 

da/dt + oa = a* [1- Jtexp(i£t)]. (8) 

The stability of this 2-dimensional linear system with time-periodic coefficients may 
readily be determined by Floquet theory (cf Sect. 5); but here instability is intuitively 
evident for all a< 1, at least when a is fairly small. To see this, recall that, for fixed 
b, aKiisturbances are unstable whenever b lies outside the circle in the complex plane 
with centre 1 and radius a. But, when b = Kexp(ist), orbits pass within the stable 
circle only temporarily, if at all. To verify this, sample computations were performed 
with variables X = Re{^, Y = 2Im{0, where a = Cexp[^(r)] and C is an arbitrary 
complex constant. Figures 4a,b,c show trajectories (X, Y) for the three cases K = 0.5, 
1.0 and 1.5 respectively, with a = 0.5 and e = 0.1. Both growing modes (upper 
curves) 





Fig. 4a,b,c. Trajectories (X, T) from (8), forX = 0.5, 1.0 and 1.5 respectively, with a- 
0.5 and £ = 0.1 . Upper curves are growing modes, and lower curves decaying modes. 
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and decaying modes (lower curves) are found, the latter being computed by reversing 
the time direction: these correspond to growing and decaying Floquet modes. Though 
case (b) shows small loops' where the instantaneous growth rate X is briefly negative, 
strong overall growth is evident in all cases. The phase Y oscillates in (a) and (b), but 
phase-winding occurs in case (c). The average temporal growth rates of both modes 
were found by dividing the total increment of X by the elapsed time. These are 
approximately: (a) 0.55, -1.55; (b) 0.75, -1.75; (c) 1.15, -2.15. It is no coincidence 
that the sum of each pair is -1: see section 5. Since the period of the h-orbit is 2x1 s = 
62.83, initial disturbances as small as, say, exp(-20) will amplify to prominence 
during just part of a single period. 

Just as for cases << 1 examined in Sect. 3, present cases where f « 1 must 
resemble the "boundng" solutions of section 2 with e = 0. For example, consider 
initial states (a, b) - (0, K), with K real. IfO<Ar< 1-cr oxK> 1+ o, small real a- 
disturbances will grow, and trajectories will follow near-semicircular paths. If the time 
of each bounce is small compared with 2xls (which need not be so if disturbances are 
very small), the sequence of bouncing solutions obtained for f = 0 will be little 
changed. After a known number N of "bounces", the trajectory will reach a point with 
« = 0, and with b within the stable circle with centre 1 and radius a. Thereafter, b will 
slowly change its phase, as exp(ief), until it crosses the circular boundary, when a- 
disturbances will again grow. But it is unclear whether there will be further "bounces" 
before the trajectory reaches its final resting place at one of the two fixed points (±Oo, 
bo) given by (7). 

To clarify the nature of the final approach, the stability of the points (7) was 
examined. Gu & Sethna [3] already found them to be stable; a result we here confirm. 
To reduce notational complexity, we take e > 0 without loss. Small perturbations 
about (±<%, bo), with exponential time dependence as exp(At), are found after reduction 
to have 

[A2 + aX+ 2s(l - o2)i/2]2 = A2 (o2 - e^) - 2e^aX 

Though the four roots can be stated explicitly, it is enough to give their leading-order 
terms when e is small. These are 

Ai = -2a + 0(e), Kj = -sa \l - + 0{e^), 

A 3 4 = ±i(2eyi\l - c^)-i/‘*[(l - c ^)‘/2 + e/4] - e\Aa)-^ + 0{e^'^). (9) 

Both Ai and A 2 are real and negative, while A 3 and A 4 are a complex-conjugate pair 
with negative real part. The latter roots have rather small 0{e^) decay rate. 

When b exactly equals bo, the full equations ( 6 ) yield 



- cr)^^^ + r^(l + cr)^''^] = -2c^a^l - d)^^^ + ^(1 - 1 - 



which shows that either a approaches zero as exp(- 2 or), or the phase of a approaches 



Go = tan-i{- (1 - + o)-i/ 2 }. 



Those a-disturbances with phase fhe least-rapidly darrped. 
Now suppose that 
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a s gi/2^exp(i^, b s 5exp(i^), 

where i?, S 9, ^ art slowly-varying. Let ip - sin‘^cr+ 6 = Oq + 6i, S = Sq + 
Si, where <pi, 9i and^x are assumed small, andS'o = (1 - the modulus of bo. 

Since IOq + sin'^cr = -tt/ 2, one finds from (6) that 

dRjdt = fi(l - o^y/^(26x + ^x) + h.o.t., (^ildt = -2a6i + h.o.X., 

dSildt = -eR^ildi + <pi) + h.o.t., drPildt = e[l -/{2( (1 - + h.o.t. 

To suppress the rapidly-decaying mode, one must choose 6i = 0. The scaling 

i? s (1 - <Pi = fl/2 (1 . £^)-1/4^, t S £-1/2(1 - o2)l/4xr 

then gives 

d^dx =1-972, dr)ldx = ^r]. (10) 

for which S x is unimportant at this order. This simple system has closed orbits. At 
this order of approximation, the phase of a and the amplitude of b are fixed, while the 
modulus of a and the phase of b display nonlinear oscillations about the stable fixed 
point. It is only at higher order in e that the slow decay is manifest: the oscillations 
are in fact weaUy danped, in accord with the linear result given above. 

When the initial magnitude of a is sufficiently small, trajectories starting close to 
the origin of (|, 97) may eventually grow to violate the assumed scaling: it is then 
possible that the (a, b) trajectory will exhibit further "bounces" before the final 
stationary point is reached. But when the above scaling is justified, a final spiralling 
approach to the stationary point is guaranteed. 



5. Double Detuning 



When wave mode a is not precisely resonant with the imposed driving frequency, and 
when the natural linear frequencies of a and b are close to, but not precisely at, 1:2 
internal resonance, appropriate equations are 

daldt = -era + lAa + a* - a*b, dbjdt = isb + «?. (lla,b) 

where a, A and £ are real parameters. Again, wavemode b is considered as undamped. 

Stability of fixed points: 

The stationary points of (11) are the origin (a, b) = (0, 0) and 

a = Rtxp(id>), b = is'^R^txp(2i<P), 

/?2 = b[A ± (1 - o2)l/2], eXp(-2i<P) s CT± j(l - c>2)i/2. 



( 12 ) 
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Fig. 5 . The fixed points (12): typical for g= 1, 4 > 1 and 4 < 1. 



For the latter, it is necessary that 0 < cr < 1, and must be real and positive. 
Depending on the parameter values, there are zero, two or four such roots: see Fig. 5. 
Recall that s and 4 may be either positive or negative. The two solutions 
corresponding to the smaller value of |/?| (when it exists) are always unstable saddles. 
Those with larger |R | value are a pair of stable sinks, or a pair of saddles, depending on 
the parameter values. This has jdready been discussed in [3: pp. 549-551], which (at 
cost of greater complexity) additionally incorporates damping of the b-wave. By 
restricting attention to an undamped b-wave, we here obtain a fuller picture of the 
dynamics of solution trajectories. 

For comparison with Gu & Sethna [3], we note that our cr. A, £ correspond to 
their d, a and 2a + P respectively, and that we take their parameter to be zero, 
allowing considerable simplification. There is an important misprint below Gu & 
Sethna's equation (5.1): their symbol "k", defined as their should be 

Their instability parameter 54 [3: p. 550] determines whether the pair of fixed points 
with larger |R | are stable sinks (S4 > 0) or unstable saddles (54 < 0). In our case, this 
instability criterion reduces to the simple pair of conditions 

(£ + Af < 42, £[A ± (1 - ct 2)1/2] > 0, (13a,b) 

the latter just being the condition > 0. The + or - sign is chosen to correspond to 
the larger R -value: the + sign must be chosen when ^ > 0, and the - sign when e < 0. 
When 0 < £ < 2(1 - c>2)i/2^ instability occurs for 4 in the interval -(1 - < A 

< -all. Correspondingly, when -2(1 - < £ < 0, instability occurs for -£/2 < 4 

< (1 - o2)i/2 "piiese correspond to the regions described in [3: p.550 & Fig. 2] as 
"approximately as semicircles". Our boundaries are simpler; those of [3] are for 
dan^d b-waves (apparently with their parameter Vd = 2 though this is not clearly 
stated), and ours for = 0. 
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Stability of periodic orbits: 

As in Sect. 4, there is again a simple set of periodic orbits 

a = 0, b = Arexp(iet) QC constant): (14) 

whether these are stable or unstable depends on parameter values. 

If b is constant (e = 0), we know that small o-disturbances are stable when b lies 
within a circle in the complex plane with centre (1, 0) and radius (c^ + The 

eigenvalues of a are then -a ± [(b, - 1)^ - These are dandled oscillatory, 

with damping rate a, when b lies within a smaller such circle with radius A\ and they 
have two real damping rates in the annulus between the two circles. The larger circle 
encloses the origin if > 1: this, of course, is the well-known criterion for 

stability of a flat surface. Accordingly, when 0 < AT < (c^ + - 1, a periodic 

solution of form (14) lies entirely within this stable circle. Does this mean that such 
solutions with non-zero s may then be stable? Though the answer is "not necessarily", 
we find below that this intuitive stability criterion is not a bad one when e is small. 

The linear stability problem for circular orbits (14) is of Floquet type. As small 
disturbances of b are always neutrally stable, these are ignored. The linearised 
equations for small a follow from (11a) with b = KexpQet). With a = + ia^, these 

are 



lda^ldt\ = i-a + \-Kcoset -A -Ksinet l/flr) 

{dz^ldtj 1 A -ATsinsr -cr -1+ATcosf tj \ j . (15) 

With four parameters, a. A, e, K, an exhaustive computer analysis is out of the 
question. But crmay be eliminated by means of the substitution a = e,tcp{-at){P + iQ). 



This yields the three-parameter system 

ldPldt\ = ll-Kcosst -A -Ksiaet WP | 

l^dQ/dt ) \4 -^sinet -l-tATcosef j ( Q j . (16) 

Elimination of Q and adoption of a new dependent variable 

n s (A +ATsin£t) i/2p s (A +Ksm£ty^^^exp(cn)a^ (17) 

leads to the second-order equation 

d'^n/dfl + V(t)n = 0, (18) 

V(t) s {A^-\-KP-) + K(2coset - £sinf0[l + (f/2)(4i +ArsineO'^] 

- K^cos^et [£(A +Ksmet)'^ + (3/4)£^(7i +Ksinety^ ]. (19) 



The stability of U determines that of a: but, because of the exponential damping 
factor exp(-ot), the mean exponential growth rate of II must exceed cr if a is to be 
unstable. 

Equation (18) is of Hill's type, about which much is known (Magnus & Winkler 
[8]): for another fluid-mechanical application, see Craik [9] and Craik & Allen [10]. 
When K is small, (18) reduces to the simpler Mathieu equation 
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d'^n/df + Vi{t)n = 0 , ( 20 ) 

Pi(f) = - 1 + K(2cosst - £sin£t)[l + (c/24)] + 0(K^). (21) 

For this, the main Faraday instability occurs for -1 < 4 < 1; and, when > 1, the 
dominant subharmonic instability occurs within two regions centred on A = ±(1 + 
cV4)i/2, with respective widths given by 

[42 - 1 - £2/4]2 < + ^(4 + £2^1/2] (22) 

Provided e is 0(1), the greatest mean exponential growth rates in these bandwidths are 
respectively 

(^/2)[(1 + -2)1/2 ± 1], (23) 



Derivation of these results may easily be inferred from, for instance, Kevorkian & 
Cole [11: pp.152-157]. 

Higher-order, weaker, bands of instability of the Mathieu equation are centred on 
212-1 equal to e'^, 9e^I4, 4e2, for integer N. Though these also 

correspond to resonant frequencies of the Hill's equation (18) when K is small, only 
the growth-rates of the first Eoquet bands (22) are valid approximations for the latter 
equation. Higher-order terms in K must be retained in order to determine the stability 
of the higher resonances. Since the undanped growth rate must exceed ct if a is to 
grow, the small-K Mathieu-equation approximation is a reliable predictor of instability 
of a only when o is itself quite small. Or, put more positively, the properties of 
Mathieu's equation guarantee that, for any given finite damping a, the orbits (14) are 
stable for sufficiently small values ofK when 42 > 1 and |c| is 0(1). 

To properly delineate the regions of instability, one must determine the Floquet 
exponents of the Hill's equation (18) or its counterpart (16). Our procedure (which is 
well-known) was to solve (16) numerically over one period, t = 2 mIe, for initial (P, Q) 
= (1, 0) and (0, 1). Letting the corresponding solutions at r = 2jtle be (P^, Qf) and 
(Pj, <22) respectively, we define the "'transition matrix" 

N = IP, PA 

\Qi Qij; 

its eigenvalues are 

Ai, A2 = (l/2)tfiV ± [(tr(A/)2/4 - 

where "tr" denotes the trace of the matrix. The two Floquet exponents of (P, Q) are 
then s, 2 = (f/2;r)(logAi 2)- For a brief account of the relevant theory see [9], [10]. 
For instability of a, it is necessary and sufricient that the greater real part of the two 
Floquet exponents exceeds the damping rate <7. On stability boundaries, solutions have 
period 2jr/f or Jtle, according as triV is positive or negative: these give two interleaved 
families of instability bands in the A - K plane. Often, only the first few bands are 
important for finite a, since the Floquet growth rates diminish rapidly for the higher 
bands. 
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As the sum of the Floquet exponents Si + «2 is zero, it follows that the sum of the 
corresponding growth or decay rates of a is -2a : this agrees with the computed results 
for a= 0.5, A = 0 and e = 0.1 described in Fig. 4 and below (8). 

To solve (16), a fourth-order Runga-Kutta-Merson scheme with adaptive step-size 
was employed on a SUN Workstation. The scheme, previously employed by Craik & 
Allen [10], is known to be highly reliable. All calculations were done in double 
precision, with local truncation error set initially to 10"®. When necessary, this was 
refined to lO”®, and occasional checks on accuracy were made with reduced tolerance of 
lO"®. Though a tolerance of 10 ® was usually adequate, greater accuracy was sometimes 
needed to distinguish very narrow regions of instability. 

Samples of our numerical results for growth rates are shown in Fig. 6. This shows 
the larger real part of the Floquet exponents, designated plotted versus A, for 
several values of AT and e. These correspond to the mean exponential growth rate of an 
o-mode when cr= 0. In each graph, the horizontal axis shows A in the interval [-3, 3], 
and the vertical axis shows sj in the interval [0, 1.5]. To include the danrping rate a, 
these curves need only be displaced vertically downwards by the amount a. 

Some comments are necessary. Firstly, note the "lacy" appearance of portions of 
the graphs with small £-values. This is caused by inadequate resolution by the graph 
plotter, which can barely distinguish between several unstable bandwidths which are 
crowded together. But, as e increases, the number of unstable bands diminishes and 
their separation increases. For f = 5.0 and K = 0.2, the unstable band with -1 < A < 1 
is virtually indistinguishable from the simple Faraday instability result: namely, the 
circle with centre (0, 0) and unit radius. With £ == 5.0, there are only two other visible 
instability bands: a strong one centred near A = 2.7 and a very weak one near A - -2.7. 
For < 1.0, the strongest instability always occurs fairly close to A = 0. However, 
fori^ = 1.0, the distribution of bandwidths appears symmetric, with an axis of (near?) 
symmetry at a positive value of A which increases with e. For K = 1.2, the strongest 
instability arises in the main bandwidth to the right of A = 0. 

Below (14), we proposed an intuitive (non-rigorous) stability criterion, which 
should apply when £ is small: namely, that when 0 < K < - 1, the a- 

mode should be stable. With ct = 0, this simplifies to |A| > 1 + AT. The predicted 
limits on |A| are therefore 1.2, 1.6, 2.0 and 2.2 for K = 0.2, 0.6, 1.0 and 1.2 
respectively. These agree rather well with the unstable bandwiths of A in the top two 
rows of Fig. 6, which are for £ = 0.2 and 0.5. 

For small enough K, the location of the unstable bandwidths should coincide with 
the resonance bands of the Mathieu equation (20): this gives the main Faraday band of 
instability as |A| < 1, and additional Floquet instability bands at values of A^ centred 
on 1 + (J^£^/4), forN = 1,2,3,... (thou^ (20) is insufficent to determine instability 
when N > 1, as noted above). These yield fairly good agreement with our results in 
Fig. 6, if attention is confined only to those bands that also satisfy our postulated 
instability condition that |A| < 1 + Af. For instance, at £ = 1, the first six Floquet 
bands predicted by the Mathieu equation are centred at A = ±1.118, ±1.414, ±1.803. 
For Af = 0.2 only the first pair lies in |A| < 1.2; but, for AT = 0.6, two pairs lie within 
|A| < 1.6. These correspond quite well with the main Floquet bands visible in Fig. 6 
for these cases. For £ = 0.5, our criteria suggest that, when K = 0.2, there should be 
two subsidiary Floquet bands on either side of the main Faraday band, within the 
interval |A| < 1.2; and, for.K^ = 0.6, there should be five bands on either side in |A| < 
1.6. Again agreement is reasonably good, even though 0.6 is certainly not small. For 
£ = 0.2, the predicted number of Floquet bands is greater: for^ = 0.2, six bands are 
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compressed within |4| < 1.2, on either side of the main Faraday instability; and, for K 
- 0.6, there are twelve on either side, within |t 1| < 1.6. Though it is hard to count all 
the bands in our Fig. 6 when b is small, qualitative agreement between the precise 
Floquet analysis and our approximate criterion is convincing. 

We may also compare our computed growth rates with the small-X^ 
approximation (23). For 1C = 0.2 and e = 5.0, (23) gives maximum growth rates Si^ax 
of 0.2077 and 0.0077 sA A = +2.693 and -2.693 respectively. These agree well with 
the appropriate graph of Fig. 6, where the smaller growth rate is only just visible. For 
= 0.2 and £ = 2.0, (23) gives growth rates of 0.2414 and 0.0414 at A = +1.414 and 
-1.414 respectively: these also agree well with the graph of Fig. 6. Corresponding 
estimates forX^ = 0.2, e = 1.0 are Si^ax = 0.324 and 0.124 at A = ±1.118; and, for AT = 
0.2, e =0.5, simax = 0.512 and 0.312 at A = -1.03 and +1.03 respectively. The last 
pair of results are in less good agreement; and the approximation (23) deteriorates as e 
is reduced still fiirther, as is to be expected. 

The neutral stability boundary when damping a is present follows immediately 
from our results of sj versus A, which were obtained when a = 0. With given fixed 
values of K and e, the neutral stability boundary in the ,4 - a plane is precisely the 
same as our above graphs of A versus it is necessary only to relabel the axis as 
a. This allows us to compare the Eoquet stability boundaries in tht A - o plane with 
computed solutions of the full nonlinear equations (lla,b), described in the next 
section. 

Also for later comparison with computed results, we show in Fig. 7a, b the regions 
of instability in the .S’ - A plane, for e = 1: those in Fig. 7a are for cr = 0, and those 
in Fig. 7b for c7 = 0.4. The largest unstable region extending down to X = 0 is of 
course the Faraday instability: for cr = 0 this has -1 < 4 < 1 at X = 0. In addition, 
there are ten unstable Floquet bands for cr = 0, in the range |4| < 4, separated by stable 
regions sometimes too narrow to be shown. For o = 0.4 only three such regions 
survive forX < 1.2, appearing beyond certain minimum values of X. (This may also 
be inferred from Fig. 6 with e = \ and cr = 0, where it is seen that all except three 
unstable Floquet bands have growth rates less than 0.4 for 0 < X < 1.2.) 



1.S-, '-5 




Fig . 7 a ,b . Unstable regions (black) in the A - K plane, for e = 1 : (a) a= 0, (b) cr- 0.4. 
Some stable intervals are too narrow to be shown. 
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6. Direct Computations 



Using a fourth-order Runge-Kutta scheme on a SUN Microsystems workstation, the 
nonlinear equations (lla,b) were solved numerically for many cases. In each run, we 
fixed the time step-size: its adequacy was checked by comparing it with other runs 
with different step-sizes. Results were mostly plotted as four-dimensional solution 
trajectories in the pair of planes (Op {bp fe;). The computation time was divided into 
three equal portions, and a total time t set as 600 was usually sufficient; but larger 
times of 2000 and more were sometimes used, when necessary. Trajectories for the 
three portions could be plotted separately. Also, when required, Poincare sections were 
plotted in the Oj- plane, each time the trajectory passed through 6j = 0. 

With many choices of parameters, we examined the evolution of initial data (op a;, 
bp bi) = (0.01, 0.01, 1.0, 0.0): this data corresponds to a point near the circular b- 
orbit with = 1. A comprehensive investigation was made of the various types of 
solutions 




Fig. 8a For caption see Fig. 8c 
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Fig. 8b For caption see Fig. 8c. 



that ocxur at different values of 4 and a, with specific choices of e. Figures 8a,b,c 
show samples of our findings. Figure 8a is for £ = 1 and 4 > 0; and Fig. 8b, c are for 
£ = -1 and 4 > 0. Since (11a, b) are invariant under the transformations (e. A, a, b) «-» 
(-£, -4, «*, b*), there is no loss of generality in restricting 4 to be positive. Also 
plotted in these figures are the linear stability boundary for a flat surface, + 4^ = 1; 
the fixed-point stability boundary (13a,b), which is just 4 = 0.5 within the unit circle; 
and the Roquet instability boundaries described above. The latter derive from our 
Roquet results for £ = 1, AT = 1 with 4 taken to be both positive and negative, which 
is among those shown in Fig. 6. 

Various different kinds of solutions occur. Sufficiently close to the origin (a, 4) = 
0, trajectories terminate at stable fixed points given by (12): these are designated by 
solid circles. Sufficiently far from the origin, solutions correspond to a stable circular 
b-orbit with AT = 1: these are shown as open circles. 

With £ = +1 and 4 > 0, the behaviour is less varied than for f = -1 and 4 > 0. 
Figure 8a shows the former cases. There, trajectories are either stable circles with K = 
1; or, when the initial circular orbit is unstable to a-perturbations, it either terminates 
at a stable fixed point (12) or settles to another stable circular b-orbit with smaller 
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Fig. 8a,b,c. Computed results for destinations of solution trajectories for 4 > 0 at many 
values of a, A, with initial dataa = 0.01 h- i 0.01, fc = 1.0 -t i 0.0: (a) for £ = +1; (b) and (c) 
for s= -1. Floquet and other stability boundaries are also shown. 



radius, with a again zero. Termination at a smaller circle is denoted by a square in Fig. 
8a. 

With £ = -1 and A >0, there is a greater variety of possible trajectories. 
Destinations may be smaller circles, larger circles, stable fixed points, limit cycles (of 
several sorts), and a chaotic attractor. These are indicated in Fig. 8b,c; the latter being 
an enlargement of part of the former, showing greater detail. Stable circles with K = 1 
are denoted by open circles, stable fixed points by solid circles, two-point limit cycles 
by open diamonds, and four-point limit cycles by closed diamonds. By "two-point", 
"four-point" etc., we mean the number of points of the Poincare section of the limit 
cycle. Solutions terminating on stable b-circles with AT < 1 and AT > 1 are shown as 
open squares and lattice squares respectively. Solutions which terminate on a chaotic 
attractor are shown by solid squares. 

The main region of chaos occurs within an oval-shaped region surrounding (a. A) 
= (0.45, 1.3) approximately. On most of the left boundary of the oval region, chaos is 
replaced by a two-point limit cycle; but, on the extreme upper left, it is replaced by a 
larger, four-point, limit cycle with Poincare points symmetrically placed about the 
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Fig. 9a-J. Examples of trajectories for e = -1, K = 1. (a) stable b-circle; (b) ^ smaller 
ciic\e; (c) -^\aigei ciicte; (d) ^ fixed point; (€) sma\t 2-po'int Yimit cycte; (f) smaYt d^-point 
limit cycle; (g) small 8-point limit cycle; (h) large symmetric 4-point limit cycle; (i) large 
asymmetric 4-point limit cycle; (j) chaotic attractor. The parameter values and range of 
iterations plotted are stated in each diagram. 
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Fig. 1 Oa,b,c. Poincare sections of (a) the small 8-point limit cycle of Fig. 9g, (b) the 
large asymmetric limit cycle of Fig. 9i, and (c) the chaotic attactorof Fig. 9j. 



axis. On the lower right of the oval, solutions end on a circular orbit with AT > 1; and 
on the upper right, stable X = 1 circles occur. 

At slightly lower 4l-values, more fine structure occurs. There is another narrow 
region, just below the "Floquet 1" boundary indicated on Fig. 8c, where solutions 
terminate on a chaotic attractor. Barely visible in this figure are a few points where 
the solution terminates on an eight-point, asymmetric, limit cycle. At a = 0.45, these 
have A-values in the interval 1.070 to 1.078 (below stable circles at A a 1.080 and 
above a narrow region of chaos at 1.042 & A <. 1.069 approximately); and, at cr = 
0.5, they have 4-values between 1.050 and 1.054 {below the narrow region of chaos at 
1.056 s 4 1.069, approximately, and above four-point limit cycles with 1.026 s 4 

s 1.048). 

Figure 9 shows a sample of trajectories in the pair of complex planes («r, a,) and 
(bj, b[). All trajectories began at «= 0.01 + 0.01 i, 1? = 1.0 + Oi, but the initial portion 
is not shown in cases (e) onwards. Parameter values are shown on each graph. Figures 
9a,b,c respectively show a stable circle with K = 1, and trajectories terminating on 
smaller and larger circles. A trajectory terminating at a stable fixed point is shown in 
Fig. 9d. Limit cycles may be broadly characterised as "small" or "large". The small 
limit cycles mostly have two-point Poincare sections. But small 4-point and 8-point 
limit cycles occurred close to the smaller, narrow chaotic region in Fig. 8c. Examples 
of these small two-, four-, and eight-point limit cycles are shown in Fig. 9e,f,g. Lwge 
limit cycles usually have a Poincare section with two pairs of points placed 
symmetrically about the axis (such as those near 4 = 1.45 and a less than about 
0.4 in Fig. 8c). But large asymmetric four-point limit cycles occurred as final 
destinations within the small Floquet instability region around 4 = 1.7. Large 
symmetric and asymmetric four-point limit cycles are shown in Fig. 9h,i and a chaotic 
orbit are shown in Fig. 9j. Figure 10a,b,c shows Poincare sections, with points 
plotted each time 6, passes through zero: these respectively correspond to the 8-point 
limit cycle of Fig. 9g, the large asymmetric limit cycle of Fig. 9i, and the chaotic 
attractor of Fig. 9j. 
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7. Discussion 



The analysis of Sect. 5 helps us to understand the numerical results of Sect. 6. The 
origin (a, b) = (0, 0) is linearly stable outside, and unstable inside, the circle 
= 1. Inside this circle, there is a single pair of non-zero fixed points (12) 
(corresponding to the larger, positive, value R^). These fixed points are stable when s 
= +1; but, when e = -1, they are stable or unstable according as A lies below or above 
the line given by (13a, b), which is shown in Fig. 8b. On this line, there is a Hopf 
bifurcation, where stable fixed points give way to two-point limit cycles. The latter 
are very small when A is close to 0.5, but grow as 4 is increased. 

With e = +1, there are two pairs of fixed points (12) when A > (1 - and 0 < 
a < 1: the pair with larger modulus is stable. When cP- + <\ and 0 < a < 1, there 

is one stable pair (12). But, when a> 1, there are no fixed points (12) and the origin 
is stable, for all values of s. In the latter region of Fig. 8a,b, it is unsurprising that 
the circular orbit = 1 is stable, or goes to a circle with smaller K. 

When £ = -1 and 4 > 0, there are no fixed points outside the circle cP + A^ = 1, 
apart from the (stable) origin. Therefore, we were surprised to find stable limit cycles 
and chaos in this region. In contrast, Gu & Sethna [3] found that their period-doubling 
transitions to chaos, and their merging of small and large limit cycles, all occurred at 
parameter values within the unit circle, and beyond their Hopf boundary. Accordingly, 
their projections of limit cycles and chaotic attractors all have one or two unstable 
fixed points lying within them. But their equations differed from ours by the inclusion 
of significant b-wave damping. Instead, we find that the two-point limit cycles, arising 
from Hopf bifurcation of the formerly-stable fixed points, remain stable within and 
some way beyond the unit circle. (On the circle, the pair of unstable fixed points 
coalesce with the origin at a saddle-node.) Only when well outside the unit circle do 
our limit cycles exhibit period-doubling bifurcations and transition to chaos; and then 
there are no unstable fix^ points within them. 

We have not attempted a systematic study of the various bifurcations and routes to 
chaos, though our results incidentally provide such information. Rather, our aim has 
been to investigate the stability, and ultimate destinations, of prescribed initial data 
with small a- and finite b-values. Gu & Sethna [3] found that period-doubling 
sequences occupied only a very small region of their parameter space. For instance, 
they found a complete sequence, from first bifurcation of the limit cycle to chaos, 
within the tiny range [0.323076, 0.323765] of their detuning parameter. Although we 
have not sought such numerical refinement, our results suggest that our transition 
regions are also rather narrow. There is evidence in Fig. 8c of period-doubling 
bifurcations from two- to four- to eight-point limit cycles, and then chaos. However, 
it must be remembered that, throughout Sect. 6, we record the destinations of initial 
data (0.01, 0.01, 1.0, 0.0). Accordingly, the other attracting states are seen only 
through the "windows" of Faraday and Floquet instability. In particular, boundaries 
separating circular orbits from chaos or limit cycles do not denote the limits of 
existence of the latter solutions: for other initial data, such solutions can be found in 
regions ot a- A parameter space beyond those in our diagrams. However, it is likely 
that our boundaries between different types of limit cycles and chaos do indeed 
correspond to bifurcations. 

Funakoshi & Inoue [12, 13] studied another four-dimensional system arising from 
forced and darrqred water waves; and they performed related experiments. Their 
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numerical studies concentrate on the limit-cycle bifurcation sequences towards chaos, 
finding both small and large types of limit cycles. The latter, at first symmetric, later 
develop asymmetry. These are clear qualitative similarities with the present work. 
Generalis & Nagata [14] extended (1) to incorporate cubic terms, also finding chaos. 

By restricting attention to undanped b-waves, we were able to carry out a complete 
Floquet analysis of the stability of initial states a = 0, b = K, for a range of values of 
K and s. To explore the full equations numerically for all these parameter values 
would be a near-impossible task. Our Floquet results show very good agreement with 
direct computations for the chosen particular cases e = ±1, K = 1. They also indicated 
which parameter values to investigate numerically: for instance, we might otherwise 
have overlooked the small unstable region near A = 1.7 in Fig. 8b. Most 
importantly, much about the nature of solutions at all other values of c and AT may be 
inferred from Fig. 6. 

Figures 7a,b give some appreciation of why solutions sometimes terminate on b- 
circles with larger or smaller values of K. Termination at a larger circle is rather 
exceptional; and seems to be confined to parameter values near to stability boundaries 
with almost vertical gradients in the A-K plane: for instance, it K = 1, A = -1.16 (as 
recorded in Fig. 8c). In contrast, termination at a smaller circle is common, 
particularly in Fig. 8a; and Fig. 7a,b indicate their possible radius, which must lie 
within a stable region. But our Floquet theory cannot show the nature of other 
attractors, whether fixed points, limit cycles or chaos. 



8. Double Detuning with Both Modes Damped 



We have added weak damping Oi, to the b-mode, with the limited aim of discovering 
whether our Floquet analysis still provides useful approximations. In place of circular 
b-orbits with constant K, solutions with a = 0 gradually spiral towards the origin, 
which is now asymptotically stable everywhere outside the circle cP- + A^ - 1. But 
will such spiralling orbits be stable? Though Floquet analysis is strictly applicable 
only to periodic b-orbits, its results will surely remain approximately valid when cr^r 
is sufficiently small. Typical growth rates of the main Eoquet instabilities are 0(1), 
and so give considerable amplification of a, before the spiralling orbit of b departs far 
from its initial radius. On the other hand, if the initial radius AT(0) falls within a stable 
region like those in Fig. 7, the solution will spiral towards the origin with 
diminishing radius K(t) = AC(0)exp(-crijr). If all these radii, down to = 0, remain 
within the stable region, then the solution will certainly terminate at the origin; but, 
otherwise, it may not. Also, the structure and location of stable limit cycles and 
chaotic attractors are altered by the additional damping 0 ^^. 

Here, we give a brief account of some direct computations of 

da/dt = -aa + iAa + a* - a*b, dbldt = (-ai^+ie)b + c^. (24 a,b) 

We used the same initial data as for Fig. 8; namely (op a-, bp b;) = (0.01, 0.01, 1.0, 
0.0). Table 1 summarises results for = 0.005 and 0.01. Previously stable circular 
orbits, and unstable ones which terminated on smaller or larger circles, now go to the 
origin in most cases. Interestingly, trajectories corresponding to smaller circle" 
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points (denoted by open squares) reach the origin faster than they would due to 
exponential decay alone, owing to the temporary growth of a. 

The size of the region where solutions terminate at stable fixed points is slightly 
diminished, compared with that in Fig. 8a,b. The narrow region between Floquet 
bands in Fig. 8a, around A = 0.25 where "stable circles" were observed, does not 
normally give solutions which approach the origin: instead, in accordance with Fig. 7, 
spiralling solutions become unstable as K(t) gets smaller, and usually terminate at 
fixed points. For s = -1, we still find solutions terminating at limit cycles and chaos, 
but with slightly altered boundaries. The narrow "stable circle" region between Floquet 
bands in Fig. 8b,c, around A = 1.1 and a < 0.5, does give solutions which spiral to 
the origin: this, again, is in line with Fig. 7. Even the small Floquet region around A 
= 1.7 in Fig. 8b (where growth rates are at most O(lO’i)) gives instability with small 
enough Oi,: for instance, with A = 1.1 and cr = 0.1, solutions approach a four-point 
limit cycle if ai^ < 0.0026, but otherwise go to the origin. 







Fixed pt. 


Limit eye. 


Chaos 


^ origin 




a 


0.4 


0.4 


0.4 


0.4 




A 


0-0.50 


0.52-1.04 


1.17-1.31 


1.05-1.16 
a 1.32 


£=-l 


a 


0.5 


0.5 


0.5 


0.5 


c^r = 0.005 


A 


sO.51 


0.52 - 1.011 


- 


21.012 




a 


_ 


£0.31 


0.32 - 0.42 


2 0.43 




A 


1.24 


1.24 


1.24 


1.24 




a 




£0.705 


- 


20.71 




A 


0.7 


0.7 


0.7 


0.7 


e = +l 


a 


0.8 


0.8 


0.8 


0.8 


ojf = 0.01 


A 


£0.590 


- 


- 


2 0.595 




a 


0.7 


0.7 


0.7 


0.7 




A 


rSO.91 


- 


- 


20.92 




a 


0.2 


0.2 


0.2 


0.2 




A 


£1.21 


- 


- 


2 1.22 



Table 1: Destinations of solutions with initial data (a^ < 2 ;, b„ b[)= (0.01,0.01,1.0,0.0). 
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9. Conclusion 



We have examined solutions of the second-harmonic resonance equations (1) both with 
and without damping and detuning. The degenerate case (2), examined in Sect. 2, has 
no detuning and only the a -wave is damped. Then, there is a continuum of fixed 
points, and the solution structure is exceptional: it is particularly sensitive to small 
disturbances, and it exhibits "bouncing" trajectories which terminate at stable fixed 
points. When both waves are damped but still perfectly tuned, the continuum of fixed 
points is replaced by only three: the origin and a symmetrical pair (5). However, we 
found in Sect. 3 that solution trajectories retain certain features of the degenerate case 
provided the damping of the b-wave is small. With detuning but no damping of the b- 
wave, periodic orbits (a, b) = [0, .K^exp(ier)] were found in Sect. 4 to be unstable 
whenever 0 < a< 1, and to terminate at stable fixed points (7). 

With double detuning, but with only the a-wave danped, the structure is far richer. 
In Sect. 5, we examined the nature of all fixed points of (11). They may be one, three, 
or five in number; and they may be stable or unstable depending on parameter values. 
Also, circular orbits {a, b) = [0, iCexp(i£t)] may be stable or unstable. Using Floquet 
theory, we have comprehensively investigated the latter, displaying many results in 
Fig. 6 and 7. We con^jared these results with a small-.K^ approximation, which reduces 
the governing equation to that of a Mathieu equation. We also proposed the non- 
rigorous approximate stability criterion that, when 0 < < (o^ + - 1, the a- 

mode should be stable: this yields good agreement with our exact results provided e is 
small. 

Direct numerical results using the full equations (1) are reported in section 6. The 
particular cases s = ±1, AT = 1, 4 > 0 with initial data a = 0.01 + O.Oli, b = 1.0 + Oi, 
are shown in Fig. 8 and 9. These show excellent agreement with the Hoquet stability 
analysis. These figures give the various ultimate destinations of the unstable circular 
orbits, which may be stable fixed points, limit cycles of several kinds, or a chaotic 
attractor; also, the unstable circular orbits sometimes terminated on other, stable, 
circular orbits with a again zero, with radius K either smaller or greater than 1. The 
latter type of behaviour may be understood from the Floquet stability curves shown in 
Fig. 7, as discussed above. 

Termination at fixed points, limit cycles or chaotic attractors depends on the 
availability of such attractors, and this changes with the parameters e, a, 4. Though 
we have not attempted a complete analysis of the various bifurcations, we find 
evidence of a period-doubling sequence leading to chaos. Surprisingly, our chaotic 
attractor exists in a parameter region where there is just a single fixed point, the 
origin, and this is stable. In contrast, Gu and Sethna's [3] examination of similar 
equations, but with quite large b-wave damping, showed chaos only within a parameter 
region where the origin and a further pair of fixed points are all unstable. 

Finally, with double detuning, we briefly examined the effect of damping of the b- 
wave. When this damping is sufficiently small, the Floquet instability results (though 
no longer strictly valid) still provide reasonable approximations, at least when the 
predicted a-wave growth is large compared with the b-wave damping. This enables 
prediction of whether solutions for given initial data will terminate at the origin, or 
not. 
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Bubble and Temperature Fields in Langmuir Circulation 
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Abstract. Observations of temperature variability and bubble distributions during a 
storm illustrate aspects of Langmuir circulation relevant to vertical exchange 
processes in the upper ocean. During the early part of the storm, fine scale 
temperature measurements reveal vertically coherent structure throughout the mixing 
layer, with cold plumes descending from the cooling air-sea interface, separated by 
rising warmer water. Bubbles penetrate to greater depths in the cooler water, 
consistent with an interpretation of organization of the bubbles by active Langmuir 
circulation. However, a two-dimensional scaling leads to scattered results suggesting 
that other effects, such as entrainment of higher salinity water at the base of the 
active mixing layer, may also be important. Measurements of bubble size 
distributions are used to calculate averaged horizontal buoyancy gradients which are 
greater than thermal effects but small compared to the wave-shear interaction. 
During the latter part of the storm, vertical coherence of the temperature field breaks 
down, an effect which is also coincident with rapid deepening of the mixed layer. 



1 Introduction 

Langmuir circulation is a key process contributing to turbulent mixing in the 
upper ocean boundary layer. The mixing differs qualitatively from diffusion 
due to small scale turbulence, since the vertical scale of Langmuir cells can 
be comparable to the depth of the layer that is being actively mixed by the 
wind, ensuring rapid redistribution of heat and other properties transferred 
through the air sea interface. Due to its coherent structure, Langmuir 
circulation does not simply mix heat or other properties uniformly through 
the water column, but instead generates discernible property contrasts 
between upwelling and downwelling plumes. Fine scale temperature 
variability in the upper ocean is easily measured and may therefore serve as a 
tracer of upper ocean turbulent flows influencing mixed layer deepening. It is 
possible, for example, that horizontal temperature variability is related to the 
process of vertical entrainment whereby Langmuir circulation breaks down 
pre-existing vertical stratification and entrains water from greater depths [1]. 
The potential for measuring such processes provides motivation for 
understanding the origin and behavior of small scale thermal structure in the 
upper ocean. 

Bubbles are created by breaking waves and occur near the ocean surface 
whenever the wind rises above ~5ms’'. Wind generated bubble clouds 
therefore normally coexist with Langmuir circulation which tends to organize 
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them into elongated structures that are oriented in the general direction of the 
wind. Bubbles are readily detected by acoustical means and therefore also 
trace water motion and mixing. However the character of bubbles as tracers 
of upper ocean circulation is fundamentally different from that of thermal 
structure because bubble populations are not a conservative property but tend 
to be lost due to dissolution and buoyancy. This accounts for the fact that 
bubbles tend to be confined to the top few meters of the ocean, whereas 
temperature structure associated with wind driven mixing can extend 
throughout the active mixing layer. Here we describe observations of both 
bubbles and fine scale temperature anomalies in the upper ocean and show 
how they are related to the circulation. It has been suggested that the 
buoyancy associated with bubbles could have dynamical significance. We 
take the opportunity provided by simultaneous measurements of both the 
bubbles and temperature anomalies to calculate their potential influence on 
Langmuir circulation. 

Langmuir circulation was first described half a century ago [2], but a 
firm fluid dynamical interpretation had to wait for the seminal contributions 
of Leibovich and his co-workers [3,4, 5, 6]. The Craik-Leibovich model (CL) 
is now widely accepted as an explanation for the generation of vortical 
motions extending over the depth of the layer that is being actively mixed, 
which are characteristic of the wind driven upper ocean boundary layer. The 
application of modem measurement techniques to the study of Langmuir 
circulation is relatively recent. Measurements of turbulence, ocean surface 
temperature variability, acoustic imaging, acoustic Doppler profiling and the 
tracking of neutrally buoyant floats [7], are now starting to fill In the record. 
At the same time innovative new modeling techniques, including large eddy 
simulations, are being applied to upper ocean circulation [8,9]. Here we 
describe open ocean observations of the fine scale temperature field and 
bubble size distributions, two properties which might provide focus for future 
model comparisons. 

There have been numerous measurements of temperature variability 
associated with Langmuir convergence zones [10,1 1]. Some evidence for the 
coincidence of temperature anomalies with wave breaking [12] and bubble 
distributions [13] has also been described and comparisons made with semi- 
empirical models that combine organized circulation with turbulent diffusion 
of heat [14]. However the detailed thermal structure throughout the mixing 
layer remains to be described and explained. The organization of bubbles by 
Langmuir circulation is a prominent feature of acoustic images [15,16] and 
has motivated model studies of the role of bubbles in contributing to air-sea 
gas flux [17]. Simultaneous measurements of bubble distributions and the 
horizontal component of near-surface currents [18] generally support the 
concept of downwind jets within convergence zones while also illustrating a 
somewhat ambiguous relationship between the spatial structure of the bubble 
and velocity field. Typically, the organization of bubble clouds does not 
follow a linear two-dimensional cellular structure, but exhibits time 
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dependence and multiple branching [16]. Recent LES modeling efforts have 
moved beyond the two-dimensional picture of Langmuir circulation and 
point to a continuously evolving pattern with merging and break-up of 
Langmuir cells over a range of scales. 

2 Observational Approach 

We have used a combination of in situ and remote sensing methods to sample 
the upper ocean. In order to acquire measurements beyond the influence of a 
ship while at the same time sampling a drifting water body so as to observe 
its temporal evolution, we have used an array of internally recording 
instruments supported from surface buoys. Three types of observation are 
discussed here: temperature time series measured with a vertical array of 
internally recording temperature sensors, bubble radius distributions 
measured with a vertical array of acoustical resonators and the horizontal 
bubble cloud distribution imaged with a scanning sonar. 



In situ 



sensors 




Figure 1: Sketch of deployment arrangement consisting of two tethered 
systems, an instrumented buoy and a subsurface sonar system. The 
instrumented buoy lies within the field of view of the sonars. 



The deployment arrangement (Figure 1) is designed so as to ensure 
that measurements of the bubble size distribution and temperature structure 
acquired with in situ sensors can be placed in context with the larger scale 
field of organized bubble clouds and circulation. An instrumented buoy is 
tethered by an 80m length of floating line to a small float. Beneath this float 
a rubber cord suspends a horizontally imaging sonar [16] at a depth of 
approximately 30m. The imaging sonar consists of 4 mechanically driven 
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lOOkHz sonars that sweep azimuthally, producing a radar like image of the 
surface bubble clouds at intervals of approximately 30s. The subsurface 
system also includes a narrow beam sonar pointing vertically upwards for 
imaging bubble cloud penetration, similar to a downward pointing sonar 
mounted on the instrumented buoy. The wind driven shear and differential 
drag between the two drifting components ensures that the instrumented buoy 
lies downwind of the sonar system at a location always falling within the 
scanning sonar’s field of view. The scanning sonar could also be 
programmed to acquire Doppler measurements with the beams at fixed 
compass headings. This arrangement allows measurement of the directional 
wave field [20] which may be used to calculate the Stokes drift velocity. 
Measurements acquired by the drifting instruments were supported by 
numerous density profiles, meteorological data and measurements of 
dissolved gases. 

The temperature sensors were deployed at 17 equally spaced depths 
between 0.5m and 32.5m. Each sensor acquired a measurement every 5s; 
calibrations were carried out against a platinum thermometer and the 
measurements have an accuracy of 0.0 1°C and resolution of 0.00 1“C. 
Temperature variations relative to the mean at each depth were used to 
develop highly resolved Images of coherent thermal structure within the layer 
of active mixing. A second narrow beam sonar pointing straight down is 
located on the buoy’s orientation fin. Although acoustical scatter from the 
vertical instrument array causes some contamination of the signal, 
measurements from this sonar are useful because they provide an indication 
of bubble cloud penetration coincident with the local temperature 
measurements. 

The bubble size distribution was measured from the bulk acoustical 
dispersion of the water using resonators [19]. Measurements of acoustic 
attenuation as a function of frequency can be inverted to recover the size 
distribution and the results checked against the measured frequency 
dependence of sound speed. The observations were acquired at intervals of 
0.8s over a bubble size range of 1 5-550pm, with up to 5 sensors at depths of 
0.8m to 4.5m. Other sensors were used to sample the air entrainment within 
the white-cap and a vertical sonar on the same mooring measured the overall 
vertical distribution of bubble density. 

3 Results 

Our observations were made from 8 November 1977 1700h to 9 
November 1200h in the open ocean, west of Vancouver Island. At 1900h on 
the 8th, the wind rose rapidly and maintained a speed of f/,o ~ 14ms ' 

through 1200h on the 9th, holding a generally steady direction of 100-1 10°N. 
Towards the end of the storm, the wind mixed layer had increased in depth 
from 12 to 40m. The instrumentation was deployed on drifting buoys so as 
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Monthday November 1 997 

Figure 2a: Contour image of temperature over upper 32.5m during storm. 




M inutes since 22:00 November 8 1 997 



Figure 2b: Temperature deviations for a Ih period relative to the mean. The 
actively mixed layer extends to ~12m. At top of image: a time series 
measurement related to bubble cloud penetration is shown. This is derived 
from a downwards pointing sonar and shows bubble penetration in cool 
(descending) water. 
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to follow, as far as possible, the same water mass; however, there was 
significant coastal influence, resulting in spatial variability of water 
properties. 

Figure 2a shows the overall development of the temperature field 
through the storm. A warm layer centered at 20m is progressively eroded 
leading to a general warming of the surface waters, even though the ocean 
was loosing heat at this time (Q ~ 1 60Wm'^ derived from bulk methods). The 
density of this warmer layer was stabilized by a 0.7psu increase in salinity. 
Figure 2b shows a short section of the data expanded to illustrate the fine 
scale variability of temperature deviations relative to the mean at each depth, 
revealing well developed structures penetrating through the mixing layer with 
amplitude of -lOmK. The cool plumes, which we identify as Langmuir 
convergence zones, are descending and are associated with increased bubble 
penetration which is shown on the same figure. The bubble penetration depth 
shown here is derived from the depth of a contour of constant back scatter 
intensity measured by the downwards pointing sonar adjacent to the 
thermistors. Although the intensity contour is selected so as to be always 
stronger than interference from the adjacent instruments and therefore 
understates the maximum penetration depth of bubbles, it illustrates the 
tendency for bubbles to collect in convergence zones. Temperature 
fluctuations beneath the mixed layer appear to be phase-locked to 
temperature variability in the mixing layer, suggesting a dynamic coupling 
between the Langmuir circulation and the deeper, stratified layer. 

Figure 3a is a scanning image of the horizontal distribution of bubble 
clouds acquired from the subsurface sonar system. To some extent the 
appearance of bubble clouds in the image depends on the angle at which they 
are viewed. Close to the origin the small scale features are emphasized, 
while at greater ranges the cross-wind field is more sharply defined than the 
upwind or downwind bubble clouds. The back scatter image has a 
characteristic pattern indicating general alignment of the bubble clouds with 
the wind, although there is much variability in the structure. Time series 
observations from the upwards directed sonar mounted on the submerged 
instrument platform (Figure 3b) show that bubbles can penetrate 15-20m 
before dissolving. 

Rapid injections of bubbles measured by our vertical resonator array 
have power law distributions of bubble radius with slope -2 to - 2.5 over the 
measured range (15-550p,m), similar to observations in the surf zone [21] for 
bubbles of radius < 2mm. We attribute such injections to recent wave 
breaking events. This characteristic bubble field is transient, rapidly 
evolving under the influence of buoyancy and dissolution towards a 
distribution in which the volume scaled bubble spectrum has a peak at around 
lOOpm. The change in bubble spectrum depends on the age of the bubble 
cloud and its depth. The bubble clouds are drawn towards Langmuir 
convergence zones where the volume scaled spectral peak occurs at a 
progressively smaller radius with increasing depth. 
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East-West distance relative to Seascan [m] 



Figure 3a: Scanning sonar image showing bubble clouds along wind 
direction. Small circle west of center shows location of in situ measurement 
array. 




Figure 3b. Vertical sonar measurement of bubble cloud penetration. 
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Detailed analysis of horizontal sonar scans of the kind shown in 
Figure 3a, together with concurrent resonator measurements and the vertical 
sonar measurements made from the surface buoy, confirm that the elongated 
structures apparent in the sonar images such as Figure 3a are co-located with 
vertically penetrating bubble plumes. We therefore focus on the numbers and 
size distribution of bubbles at different locations within Langmuir cells. The 
half-width between two convergent zones was ~20m, but irregularity in the 
Langmuir cell structure requires that we adopt a conditional approach to 
sampling. From a sequential passage of well defined convergence zones we 
derive the average bubble conditions as a function of their position within the 
Langmuir cell. This sampling method collocates the dense bubble clouds 
from successive convergence zones, thus preserving the magnitude of 
contrasts in bubble concentration despite variability in the local cell spacing. 
Figure 4 shows the conditionally sampled air-fraction obtained by integration 
over the measured bubble concentration at different depths. Although much 
higher air-fractions occur for brief periods after a wave breaks, these are 
randomly distributed and contribute only to the background variability. The 
difference near the surface between averaged air-fraction in a convergent and 
divergent zone is of order 10'^ 

4 Discussion 

Dimensional considerations based on a 2-dimensional exploration of the 
Craik-Leibovich model of Langmuir circulation [22] imply that the surface 
horizontal temperature deviation 50 between divergent and convergent flow 
depends on the surface heat flux Q and friction velocity w. in the following 
way: 



S0 = c- 












u. 



( 1 ) 



where is the specific heat and the density of water, 2 Sq is the surface 

Stokes velocity, is the Prandtl number and La the Langmuir number. 
The constant c is estimated to be approximately 2. The -1/6 power of the 
Langmuir number suggests that the temperature deviation 50 depends only 
weakly on turbulence. Neglecting variations in the Prandtl and Langmuir 
numbers, the scaling predicts that an increasing heat flux will increase the 
temperature deviation while an increasing friction velocity and Stokes drift 
will lead to a decrease. Figure 5 shows the surface temperature anomaly Sd. 
Although wind speed, wave conditions and heat flux vary only moderately 
during the storm (MonthDay 8.9-9.4), S6 varies by at least a factor of four 
over the same period. 

The same data set is expressed in Figure 6 as a function of the 
dimensionless heat flux 
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where a is the volume coefficient of expansion and {1/2P) is the Stokes drift 
e-folding depth. The points are rather narrowly clustered in heat flux but 
broadly scattered in temperature deviation, with no obvious trend. Assuming 
a Prandtl number of unity, the data imply Langmuir numbers of order 0.01 to 
0.1, but the scatter suggests that other physics not included in the model, such 
as 3-dimensional structure, may be important. 




Distance from convergence zone [m] 



Figure 4: Conditionally averaged air-fraction due to suspended bubbles, 
found by integrating over measured bubbles as a function of distance 
from convergence zone. Based on a Ih average. 

The presence of more saline water just beneath the actively mixed layer 
might be expected to influence the thermal structure. Examination of short 
period fluctuations of the salinity measured from our instrumented buoy, 
showed that, although exhibiting scatter the temperature variability 
associated with passage of Langmuir cells past the sensors was indeed 
correlated with salinity fluctuations. For these rapid fluctuations, a 
temperature-salinity analysis revealed that a lOmK increase in temperature 
was accompanied by a O.OlSpsu increase in salinity. The scaling implied by 
(2) does not include this effect. If we assume that the role of salinity is 
simply to offset the temperature anomaly associated with surface cooling. 
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this can be expressed by a corresponding reduction in a. This has the effect 
of proportionately reducing the dynamic role of the heat flux in generating 
vorticity and changing the magnitude of the temperature anomaly, but would 
not change the overall scatter. An alternative potential source of scatter is 
entrainment as the wind mixing layer advances into the denser and more 
saline water beneath. 

Breakdown of the 2-dimensional structure of the circulation is also 
apparent in the temperature measurements. After 0700h on 9 November 
(MonthDay 9.3), the vertical coherence so evident in Figure 2b breaks down. 
One way of illustrating this is with an analysis (Fig. 7) in which the 
temperature variability at each depth is correlated at zero lag with the time 
series at 0.5m. 




Figure 5: Measured root mean square temperature difference between 
divergent and convergent zones at the ocean surface as a function of time 
during the storm. 

Between MonthDay 8.9 and 9.3 the temperature signal is highly 
correlated over most of the mixing layer depth, but after 0700h (MonthDay 
9.3) the correlation drops to <0.3. Wave conditions prevented acquisition of 
density profiles during this period, but by 1 121h the mixed layer depth had 
increased to 40m. 

Loss of coherence in the surface structure of Langmuir circulation 
has been described previously by Smith [18], who suggested that bubbles 
might play a dynamical role. Could the observed loss of coherence in the 
temperature field be a consequence of suppression of the Langmuir cell 
generation mechanism by gradients in the bubble buoyancy? The ‘Craik- 
Leibovich’ torque due to interaction between Stokes drift and wind shear 
appears as the second term on the right hand side of the equation describing 
the rate of change of vorticity [5] while the third term describes the 
contribution of the thermal anomaly; 
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where Q is vorticity in the downwind direction, the z axis is vertical with 
origin at the surface, the y axis is cross-wind with origin at the location of 
maximum divergence, is the Stokes drift, turbulent viscosity, d is the 
volume coefficient of expansion which could include an adjustment to 
accommodate salinity anomalies, g is gravity and 6 temperature. We also 
include the contribution due to the suspended air-fraction Af . Bubbles 
accumulate in convergence zones so that the resulting torque is always in 
opposition to the wave induced torque, whereas the thermal contribution 
depends on the sign of the heat flux. 

We may estimate the contribution of the observed bubble distribution 
and temperature anomaly to the rate of change of vorticity. From Figure 4 
the horizontal gradient in air fraction at the surface, between divergent and 
convergent zones for a separation of 20 m, gives a value of -5x10'® s’^ for the 
corresponding term in (3). For the observed temperature deviation between 
convergent and divergent zones, the corresponding temperature anomaly is of 
order 0.02°C, giving a contribution of 2x10'® s'^ which, since the ocean is 
cooling, acts to increase the vorticity in opposition to the bubble effect. Thus 




Figure 6: Dimensionless surface temperature anomaly as a function of 
dimensionless heat flux. Scaling based on [22]. Lines show predicted 
distributions for specific Langmuir numbers 
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the buoyancy torque due to bubbles is somewhat greater in magnitude than 
the thermal torque, even in the absence of salinity effects. For a Stokes drift 
velocity of --0.15 ms'^ derived from the directional wave spectra and a 
nominal downwind jet strength of comparable magnitude [18], the wave 
induced contribution to vorticity change is ~3.8xl0"^ s"^. On this basis it 
appears that the Craik-Leibovich torque far outweighs thermal or bubble 
effects. 

Although the buoyancy associated with a single wave-breaking event 
can be large, it appears that the mean buoyancy gradient is not that 
significant. Bubble injection and surface heat exchange contribute to the 
generation of mean horizontal buoyancy gradients in quite different ways. 
Heat is exchanged continuously across the air-sea interface leading to a 
progressively increasing temperature anomaly in convergence zones. The 
buoyancy associated with bubble injections in a divergent zone is largely lost 
by the time the bubble cloud remnants reach the convergent zone, due to 
bubbles rising to tlie surface as well as dissolution effects. In contrast to the 
effects of air-sea heat exchange, the accumulation of bubbles in the 
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Figure 7: Correlation between surface temperature record and time series at 
each depth of measurement. Points show depth of mixing layer inferred from 
the step change in CTD density profiles. The dashed line is an interpolation 
over a period for which sea states were too high to permit shipboard 
operations. 
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convergent zones is primarily due to local injection rather than being due to 
an accumulation of injection effects throughout the surface. The results 
described here must be regarded as preliminary; the behavior of bubble 
clouds and their organization warrants further observation and analysis. 

If we dismiss the buoyancy contribution of bubbles within 
convergence zones as a potentially disrupting influence on the Langmuir 
circulation, we are still left with one variable that might be relevant. During 
the period of low vertical coherence the mixed layer almost doubled in depth. 
During a period of rapid deepening it is possible that the organized behavior 
of Langmuir circulation becomes unstable. 



5 Conclusions 

Bubbles collect in convergence zones which also have anomalous 
temperature structure due to air-sea heat exchange. The temperature 
structure provides a signature of the circulation detectable throughout the 
mixing layer. The buoyancy gradient contribution to the rate of change of 
vorticity due to cooling is exceeded by an opposing effect due to the 
buoyancy of suspended bubble populations, but both the averaged bubble and 
thermal gradient effects are small compared to the wave-shear interaction. A 
two-dimensional model analysis fails to collapse the measured surface 
temperature anomalies, suggesting that three dimensional processes may be 
important. This possibility receives support from observations during the 
latter part of the storm when the mixed layer increased in thickness rapidly at 
the same time as vertical coherence in the temperature field was lost. 

As new observations are obtained, it is to be hoped they will continue to 
provide sufficient fluid dynamical challenges to keep Sid Leibovich thinking 
about these problems for many years to come! 
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Abstract. The dynamics of fluids are often studied through the reduction of partial 
differential equations to systems with only a few degrees of freedom. Analysis of these 
low dimensional vector fields remains diflicult in many examples. The simplest dy- 
namical behaviors are equilibria representing steady flow and periodic orbits. We use 
solutions of initial value problems, computed via numerical integration, as a means of 
finding stable periodic orbits of vector fields. We expect numerical integration algo- 
rithms to be reliable and their output to be consistent with other means of an 2 ilyzing 
the properties of vector fields. These expectations are not always met. This lecture de- 
scribes a new set of boundary value solvers that appear to give significantly improved 
methods for computing “difficult” periodic orbits. 



1 Introduction 

Vector fields in Euclidean space are defined by systems of differential equations 

X = f{x, A), X € i?", X G 

with A a vector of parameters. Periodic orbits are nonequilibrium trajectories 
x{t) that satisfy x{T) = ar(0) for some T > 0. The smallest such T is the period 
of the orbit. The local dynamics near a periodic orbit are typically determined 
by return maps. A cross-section 17 to a periodic orbit is an n — 1 dimensional 
surface that intersects the orbit transversally. The return map is a discrete map 
of E to itself that associates to each point x the first point of intersection of x{t) 
with E. For small enough cross-sections, the return map has a fixed point at its 
intersection with a periodic orbit. If the Jacobian of the return map at this fixed 
point has eigenvalues inside the unit circle, the orbit is asymptotically stable. 
Initial conditions in the basin of attraction of the periodic orbit have trajectories 
whose limit set is the periodic orbit. 

We explore the dynamics of vector fields by computing solutions of the initial 
value problem with numerical integration algorithms. Theory and implementa- 
tion of these algorithms has been highly refined. They have a long history of 
successful use in the study of myriad problems. We expect the computations 
with numerical integration algorithms to produce reliable results over moder- 
ate time intervals, especially when local errors are estimated and step lengths 
are adjusted to control the estimated errors. Our expectations are usually met, 

* Research partially supported by the Air Force Office of Scientific Research, the De- 
partment of Energy and the National Science Foundation. 



J.L. Lumley (Ed.): LNP 566, pp. 107-119, 2001. 
@ Springer- Verlag Berlin Heidelberg 2001 




108 



John Guckenheimer 



but failure is more prevalent than we generally acknowledge. Dynamical systems 
theory challenges the capability of numerical integration algorithms to provide 
comprehensive answers to questions about vector fields and flows. Its emphasis 
upon qualitative properties and bifurcation leads us to places where the prop- 
erties of flows are difficult to resolve numerically. We use three examples as 
illustrations of this phenomenon. 

2 Examples 

2.1 Example 1: A planar cubic vector field 

I studied the following four parameter family of planar vector fields with Gerhard 
Danglemayr over fifteen years ago [4]. 



X = y 

y = —{x^ + rx^ +nx + m) + {b — x^)y 



This system arose in the context of bifurcations of “doubly diffusive” convection 
problems. These are fluid systems in which convection is driven by buoyancy 
due to temperature variations in the fluid and a second force, for example Cori- 
olis forces arising from rotation, magnetic forces arising from moving electrical 
charges within the fluid, or additional buoyancy forces arising from concentration 
variations. At particular balances of the different forces, the system can undergo 
“codimension two” bifurcation in which the linearized system has a two dimen- 
sional invariant subspace with eigenvalue zero. With some boundary conditions 
having modest symmetry, the reduction of the system yields the two dimensional 
vector field above with r = m = 0 [12]. The full system above incorporates the 
effects of imperfect symmetry on the dynamics. 

The analysis of this vector field turned out to be significantly more compli- 
cated than Dangelmayr and I expected it would be when we began our investi- 
gations. Most of our conclusions were based upon perturbation analysis of the 
system as it was rescaled to be nearly integrable. We had difficulty verifying 
numerically some aspects of our asymptotic analysis. One of the most intrigu- 
ing was the conclusion that there were parameter values for which this system 
has a single equilibrium point and four nested limit cycles. Polynomial vector 
fields with many limit cycles are of interest in connection with the still unsolved 
Hilbert’s Sixteenth Problem [15]. 

My attempts to locate the parameter region with four nested limit cycles 
were unsuccessful at the time we did our work. Ten years after we did this 
work, Salvador Malo reexamined this vector field as a project for a course that I 
taught. He discovered the sought for parameter region and estimated its size. As 
the parameter b is varied with {r,m,n) = (0.87, —1, —1.127921667), the width of 
the region is approximately 3 * 10~®. Moreover, the three inner limit cycles are 
very close to one another. Figure 1 shows a plot of the four cycles with an inset 
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Fig. 1. Four nested limit cycles in a cubic planar vector field. The inset shows the left 
ends of the three cycles on a finer scale 



that shows an enlarged view of a region where the three inner cycles cross the 
x-axis. With orbits so close to one another, we are concerned about the accuracy 
of the numerical integration algorithms used to compute the orbits. 



2.2 Example2: Canards in the van der Pol Equation 

The van der Pol equation is a frequently studied system with relaxation oscilla- 
tions, a limit cycle during which the speed of the orbit varies dramatically. The 
system can be transformed to the two dimensional vector field 



X = (y — — x^)/e 

y = -1/3 -a; 
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Introducing a new parameter in place of the constant — 1/3 gives the system 

X = {y — — x^)!t 

y = a — X 



As a varies, the “slow manifold” y = x^ + x^ remains unchanged. On this mani- 
fold, the vector field is vertical and has a speed that remains bounded as e — ^ 0. 
Away from the slow manifold, the speed of the vector field is 0(l/e). There is 
an equilibrium point on the slow manifold at a; = a. When a passes through 0 or 
—2/3, Hopf bifurcation takes place. The equilibrium is a source for —2/3 < a < 0 
and a sink for a < -2/3 or 0 < a. 

The periodic orbits born in the Hopf bifurcations grow in size to become 
the relaxation oscillations found at o = —1/3. The way in which they do so is 
a subtle and fascinating story that has been studied extensively from several 
points of view [5,9,8]. The shape of some of these orbits prompted a group of 
mathematicians from Strasbourg to call them canards [5]. “Canard” has become 
a technical term, referring to trajectory segments in a multiple time scale system 
that follow an unstable portion of a slow manifold. Periodic orbits containing 
canards are often called canards as well. 

Numerical computation of canards with numerical integration is problematic. 
Along an unstable portion of a slow manifold, trajectories diverge from the slow 
manifold at an exponential rate comparable to 1/e. Perturbations due to round- 
off error can be amplified in times that are 0(e) to large deviations from the 
canard. Consequently, even an “exact” numerical integration algorithm is unable 
to compute canards as solutions to the initial value problem when round-off 
errors prevent one from representing initial conditions that lie exactly on the 
slow manifold. Note that the slow manifold depends upon e and is not known 
exactly in typical systems. In particular this is true of the extended van der Pol 
system. All solutions of the initial value problem can be expected to diverge from 
the unstable portion of the slow manifold in a characteristic time that may be 
smaller than the time of canards found in the family of periodic orbits. 

The following numerical experiment illustrates the discussion of the last para- 
graph. Set e = 0.001 in the extended Hopf family. Beginning at the Hopf bifur- 
cation point a = 0, compute periodic orbits for decreasing values of a. All of the 
periodic orbits are stable and are global attractors: their basins of attraction only 
exclude the equilibrium point. At some value of a, the attractor appears to jump 
discontinuously in size. For many numerical integration algorithms, these jumps 
appear in narrow ranges of a for which the numerically computed trajectories 
are chaotic, qualitative behavior that is impossible for the actual trajectories of 
a planar vector field. Figure 2 shows an example of such a trajectory, computed 
with a fourth order Runge-Kutta algorithm. Starting near the local minimum 
of the slow manifold at the origin, this trajectory begins to climb the unsta- 
ble portion of the slow manifold. Unable to do so, sometimes it departs to the 
right and sometimes to the left. When it goes right, it makes a small loop to 
return to a neighborhood of the origin. When it goes left, the trajectory turns 
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Fig. 2. Numerical solutions to the extended van der Pol equation. The numerical so- 
lutions axe chaotic despite the fact that planar vector fields have no chaotic dynamics. 



upward along the stable left branch of the slow manifold until it reaches its local 
maximum. Prom here, the trajectory turns right until it reaches the stable right 
branch of the slow manifold where it proceeds downwards until it returns to a 
neighborhood of the origin. 

This example illustrates the limitations of initial value solvers to compute cor- 
rectly the qualitative behavior of dynamical systems. With varying parameters, 
even planar vector fields which cannot have chaotic solutions present substantial 
numerical difficulties. Note that the ratio of time scales in this example is mild 
compared to typical models of chemical reactors. 



2.3 Example 3: Josephson Junctions 

Equations of fluid dynamics often have spatial symmetries that affect their dy- 
namics. The viewpoint of dynamical systems theory is to study “generic” prop- 
erties, but the presence of symmetry constrains a system to behave in ways that 
are not generic. Understanding the consequences of symmetry has been a fo- 
cal point for the subject for twenty years. A set of tools have been developed 
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to explore this issue, but these tools do not give a comprehensive analysis of 
the dynamics expected in the presence of a particular symmetry. Indeed, there 
are examples [13] that demonstrate that a full range of dynamical behavior, in- 
cluding chaos, can result from bifurcations of equilibria in symmetric systems. 
Numerical methods are needed to examine the dynamics of symmetric systems, 
including the normal forms associated with bifurcations. Here we illustrate the 
problems of examining periodic orbits in symmetric systems with an example of 
coupled oscillators. 

Swift and Watanabe [16] studied the dynamics of arrays of N Josephson 
junction oscillators shunted by a series LRC load, a system symmetric with 
respect to all interchanges of the oscillators. These systems have “splay-phase” 
solutions in which the N oscillators all undergo the same motion but out of phase 
with one another. Denoting the motion of oscillator i in the splay phase state by 
the oscillators can be numbered so that (f>i+i{t) = 4>i{t+2-K / N) . In the limit 
that the Stewart-McCumber parameter of these systems is zero, the splay phase 
state is neutrally stable. Numerical integration of the system with other values 
of this parameter suggested that the splay phase states might be neutrally stable 
for positive values of the Stewart-McCumber parameter as well, with a return 
map possibly having eigenvalue 1 with multiplicity N Swift and Watanabe 
studied the case of four coupled junctions carefully and demonstrated that the 
splay phase states are represented by hyperbolic periodic orbits for generic values 
of the Stewart-McCumber parameter. They did so by computing the splay phase 
states using the program AUT086 [6] and then computing the monodromy of 
the periodic orbit outside of AUTO. (The computation of monodromy matrices 
has been greatly improved in AUT097 compared to AUT086, but AUT097 was 
not available when Swift and Watanabe did their work.) 

The vector field / that represents an array of four junctions is defined by the 
ten dimensional system: 
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Figure 3 is a plot of the splay phase solutions to these equations with parameter 
values I = 2.5 , 1 = 0.75, r = 0, c = 20 and b = 0.2. 
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Fig. 3. The parameter b versus the intersection of limit cycles with the x-axis for the 
family of periodic orbits that connects the limit cycles shown in Figure 1. The inset 
shows an expanded view of the data on the far right of the figure. 



3 Boundary Value Methods 

The examples described above motivate the use of boundary value methods 
to find periodic orbits. However, there is a smaller literature and less software 
devoted to boundary value solvers for periodic orbits [7] than for two point 
boundary value problems [1]. Periodic boundary value problems can be recast as 
larger two point boundary value problems with separated boundary conditions, 
but this is seldom done and there is little evidence that such methods work well. 
Apart from the code AUTO [6] and varied implementations of single shooting 
algorithms, there is a dearth of software for computing periodic orbits. As with 
the solution of initial value problems, I believe that no single method or code 
for solving these problems will be optimal in all situations. Therefore, I have 
undertaken development of a new set of boundary value solvers for finding peri- 
odic orbits. I describe here the philosophy and structure of these algorithms and 
then examine their effectiveness in addressing the issues raised in the examples 
presented above. 

Boundary value methods fall into two main classes: shooting methods and 
global methods. The distinction between the two is the following. Shooting 
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methods compute approximate trajectory segments with an initial value solver, 
matching the ends of these trajectory segments with each other and the boundary 
conditions. One interpretation of shooting methods is that the initial value solver 
produces approximations to the flow map of the vector field, and the boundary 
conditions are expressed in terms of the approximate flow map. Global meth- 
ods project the differential equations onto a finite dimensional space of curves 
that satisfy the boundary conditions. Collocation methods have become the pre- 
dominant global methods for finding periodic orbits, especially through the use 
of the computer code AUTO [6]. In collocation methods, the discretization of 
the differential equations consists in satisfying the differential equations along 
polynomial curves at specific mesh points. 

Both shooting and global methods yield sets of equations that are solved 
with standard algorithms, usually Newton’s method. Newton’s method uses the 
Jacobian J of the set of equations being solved and includes solution of the 
linear system Ju = v. The robustness of Newton’s method depends upon several 
factors, including the condition number and accuracy of J. If J is obtained 
from finite difference calculations with numerical integrations that themselves 
have only moderate precision, the root finding tends to become erratic. Proper 
formulation of the boundary value problems and highly accurate implementation 
of the methods is required to obtain algorithms that perform robustly. The size 
and structure of J depend upon the dimension of the vector field, the number of 
points used in the discretization of the periodic orbit and the algorithm. Since 
the dimension of the vector field is given as part of the problem, we concentrate 
on using coarse meshes for the root finding while maintaining high orders of 
accuracy. 

Finite difference calculations of derivatives have limited accuracy that stems 
from the balance between truncation and round-off errors. Truncation errors in- 
crease with increment size while round-off errors decrease with increment size. To 
circumvent these difficulties, we have employed automatic differentiation in our 
algorithms. Automatic differentiation [2] is a technique for computing derivatives 
of elementary functions that makes use of explicit formulas for the derivatives of 
basic functions. By allocating storage for intermediate expressions, differentia- 
tion rules can be applied to codes without generating symbolic expressions for the 
derivatives. I have used the code ADOL-C [10] to compute Taylor series expan- 
sions of solutions to ordinary differential equations and to compute derivatives 
of the Taylor coefficients with respect to phase space variables and parameters. 
These computations can be carried out to high order without truncation error: 
the results appear to have accuracy close to the floating point precision. This 
enables Taylor series methods to be used effectively in our algorithms. 

Conceptually, our methods are straightforward implementations of simple 
ideas. Here we describe the most direct implementation of multiple shooting. 
Shooting codes layer root finding on top of numerical integration, seeking pe- 
riodic orbits through a set of points xi,...Xn and times si,...sn with the 
property that the flow of the system satisfies ${xi,Si) = Xi+i where xn+i = xi. 
In our codes ^ and its derivatives are approximated by piecewise polynomial 
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functions whose coefficients are computed with automatic differentiation. In the 
simplest methods, the polynomials are the Taylor polynomials of the trajectories. 
The order of accuracy for the numerical integration in these methods depends 
upon the degrees of the Taylor polynomials that are computed. This can be 
chosen to be large, compared to the order of accuracy of prevailing numerical 
methods. Step lengths for the numerical integration of Taylor polynomials are 
determined by the apparent growth rates of the Taylor series coefficients. We 
employ a varying number of integration steps in each mesh interval to maintain 
coarse meshes and limit the size of the systems solved with Newton’s method. 
Mesh sizes are determined by evaluating the norm of the Jacobian for #. We 
do not want the condition number of the system of equations ${xi,Si) = Xi+i 
to become excessively large. Placing a limit on the norm of is a strategy to 
achieve this. The computation of £># and the Jacobian appearing in Newton’s 
method requires almost no additional programming effort beyond that required 
to describe the system itself. 

We have also used Taylor series in the formulation of global methods for 
computing periodic orbits. The global algorithms that worked best with the 
examples we studied were based upon Hermite polynomial interpolation. Hermite 
polynomials were computed as the minimal degree polynomials that matched 
the Taylor series expansions computed at endpoints of each mesh interval. The 
discretized equations that we used in these algorithms stated that the tangent 
vector to the Hermite polynomial was given by the differential equation at the 
midpoint of each mesh interval. These methods work well, but are somewhat 
more complex than the shooting methods, so we emphasize the shooting methods 
here. Details about the implementations are reported elsewhere [14]. 

4 Test Results 

I used our multiple shooting algorithms to track periodic orbits through the 
family of periodic orbits obtained by varying b in the first example above. A 
tangent approximation to the family of periodic orbits is computed at each set 
of parameter values and used to set initial choices for the next orbit in the family. 
Tracking the family smoothly near folds (saddle-node bifurcations of the periodic 
orbits) requires that the parameter b be “free” and allowed to vary during the 
root finding. This is done by restricting updates to the subspace orthogonal to 
the computed tangent vector to the family of periodic orbits. Figure 4 plots 
the value of b versus the left hand intersection of the orbits with the x-axis. 
Since the cross product ( 6 i — 62 ) 2 /^ of the vector fields for two values 5i, 62 of b 
does not change sign, the periodic orbits in the family are all disjoint from one 
another. The inset shows the right hand portion of the curve on a finer scale. This 
computation was quite challenging because the periods of the periodic orbits 
increase to approximately 1000 in the middle of the family. There are a pair 
of complex equilibrium points with very small imaginary parts (approximately 
0.00007) and the vector field slows in the vicinity of these equilibrium points. 
Furthermore, the nearby presence of the equilibrium points limits the radius of 
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Fig. 4. The parameter b versus the intersection of limit cycles with the x-axis for the 
family of periodic orbits that connects the limit cycles shown in Figure 1. The inset 
shows an expanded view of the data on the far right of the figure. 



convergence of the Taylor series for the trajectories, so that a large number of 
time steps are required to compute the periodic orbits that pass through this 
region. Nonetheless, the algorithms appear to do an excellent job of tracking 
the family of periodic orbits. Figure 5 plots the periods of the periodic orbits 
as a function of the left hand intersection of the orbits with the x-axis. The 
large periods have no apparent relationship to the saddle-node bifurcations in 
the family, only to close passage near the complex equilibrium points. 

Figure 6 shows the family of canard solutions to the extended van der Pol 
family computed with our multiple shooting code. The parameter e = 0.001. The 
asymptotic theory for this singularly perturbed system indicates that the canards 
occur over a range of parameter values of length smaller than 10“^°, too small 
to be resolved in our computations with IEEE-754 double precision arithmetic. 
Therefore, we again let the parameter a vary, using the left hand intersection of 
the periodic orbits with the cubic characteristic y = to determine the 

amplitude of the periodic orbit. Without a quantity to measure this amplitude, 
it is hard to consistently choose a direction along the tangent to the family of 
periodic orbits that varies monotonely. At selected places along the family of 
periodic orbits, the convergence of Newton’s method slowed markedly from its 
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Fig. 5. Periods of the limit cycles versus the intersection of limit cycles with the x-axis 
for part of the family of periodic orbits shown in Figure 3. 



normal quadratic convergence. This appeared to be related to the points of the 
computed discrete periodic orbit being out of order, with some time intervals 
going in a negative direction. By monitoring for this behavior and deleting the 
offending points, most difficulties with convergence were avoided. 

Since Swift and Watanabe had difficulty computing the splay phase states of 
the Josephson Junction equations and their stability, we sought to confirm their 
results with an automatic differentiation based solver. We used the Hermite 
interpolation global method to compute the splay phase state, starting with 
linear varying phase for each oscillator. The parameter values were I = 2.5, Z = 
0.75, r = 0, c = 20 and Stewart-McCumber parameter b = 0.2. With twenty mesh 
intervals and degree sixteen Taylor series approximations at the mesh points, the 
algorithm converged in six Newton steps to a an approximate periodic orbit p{t). 
Using the uniform norm in the norm of p'{t) — f{p{t)) appears to be smaller 
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Fig. 6. The family of canard solutions that connect the Hopf bifurcation in the ex- 
tended van-der Pol equation to relaxation oscillations. The symbol “x” denotes mesh 
points of the discrete closed curve produced by the multiple shooting algorithm. 



than 2 x The eigenvalues of the monodromy matrix were computed to be 

1.212564610112479e - 06 ± 5.700237500982539e - 08i 
1.390021921820548e-06 

-1.172334117548194e - 03 ± 4.455213497385255e - 04i 
8.826221531499485e - 01 
1.000000000000006c + 00 
1. 003009060195232c + 00 

1.149723251975266c -b 00 ± 5.356810539765165c - Q2i 

The monodromy matrix of a periodic orbit has an eigenvalue 1. The precision 
with which this eigenvalue is computed is a measure for the accuracy of the 
computation of the periodic orbit and its monodromy matrix. In our calcula- 
tion, the error for this eigenvalue is 6 x 10“^®. We also note that the eigenvalue 
1.003009060195232 is in excellent agreement with the perturbation analysis of 
Swift and Watanabe [16], Figure 8. As a final check on the precision of these 
calculations, we repeated them with a coarser mesh having ten mesh intervals. 
The algorithm converged in seven Newton steps. The monodromy matrix agreed 
with the values in the table above to ten decimal places. The error in the eigen- 
value 1 was approximately 5.5 x 10^^. Thus, these periodic orbit calculations 
seem to be converging quickly and accurately. 
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Taylor series methods have not been widely adopted in solving differential 
equations, despite evidence that they are more accurate than other methods 
and are as fast to compute [3]. Presumably, their slow acceptance has been due 
to the additional programming effort required for their implementation. Robust 
software packages are commonly used for numerical integration, but ones that 
incorporate automatic differentiation and use Taylor series have not existed. 
I hope that the examples in this lecture - and many more similar examples 
- will stimulate wider adoption of Taylor series methods. My experience with 
the examples shown here and others makes me confident that we can compute 
information about periodic orbits of dynamical systems with almost the same 
degree of precision that we compute information about equilibria of such systems. 
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Abstract. The atmosphere and ocean structure consists of horizontal regions with 
characteristic mean flows, waves cind turbulence, separated from each other by semi- 
permement thin layers such as the tropopause or the thermocline. At the same time, 
within these regions, thin layers are continually appearing and dissipating such as 
clouds and fronts, which largely determine the weather. There are also sharp variations 
in the horizontal structure of flow cuid physical processes separated by thin layers 
with sloping or vertical boundaries (e.g. ozone hole and the intertropical convergence 
zone). We review here how the mechanisms of waves, wave-mean flow interactions, 
turbulence distortion, turbulence-wave treinsformation and Coriolis forces, determine 
the formation, location and dynamics of these layers. This review provides perspectives 
on current methods of calculating these criticcd regions in large-scale numerical models 
used for weather and ocean forecasting, cind for climate prediction. 



1 Introduction 

Most geophysical flows consist of a mixture of mean flows, turbulence and waves 
(e.g. Gill [30], Hunt et al. [38]). The mean flows are driven by pressure gradients 
over mesoscale to planetary lengthscales, but they are also driven by the action of 
waves and turbulence as well as being affected by them. Turbulence is generated 
largely by mean flow, by thermal convection and by breaking waves, through the 
local fluid dynamic mechanisms of shear, centrifugal and hydrostatic instabilities, 
vorticity distortion from small disturbances (e.g. Trefethen et al. [75]) and non- 
linear interactions. 

Because the atmosphere and oceans are stably stratified over most of their 
depth, internal gravity waves are widespread, caused by the buoyancy forces 
acting on vertical displacements. They propagate horizontally and vertically and 
in doing so tend to be damped, distorted, reflected and amplified in thin layers, 
i.e. these usually coincide with strong interactions with the mean flow and with 
local turbulence. Because of the Earth’s rotation, the Coriolis forces affect large- 
scale mean flows, deep turbulent convection and wave motions (e.g. Jones [42]). 
However, pure inertial waves are rare ; usually the Coriolis and buoyancy forces 
combine to give rise to the propagation of the so-called inertio-gravity waves, 
or Coriolis-Internal Gravity (GIG) waves (Gill [30]). The propagation of these 
waves and their interaction with layers tend to be substantially different to those 
without rotation ; current research, reviewed in this paper, is aimed at improving 
our understanding of these differences. 
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All these interactions, which affect large-scale atmospheric motions, often 
occur in thin layers (10-100 m) and therefore are usually parameterised (rather 
than calculated explicitly) in large-scale numerical models of the atmosphere 
and ocean. 

In layers whose structure is highly variable as in the thermocline, so that 
parameterisations are not convenient, explicit numerical models are used even 
though the flow is not fully resolved. For the purpose of this review, the “thin 
layers” are defined as layers where gradients of variables (or their statistics) 
parallel to the layer are much less than those normal to the layer, and where 
the lengthscales of the flow outside the layer are significantly greater than those 
inside the layer. Thus, for example, a jet is only a “thin layer” when in a flow 
with large external gradients and fluctuations. 

The overall structure of the atmosphere and the oceans consists of approxi- 
mately horizontal layers, such as the troposphere and stratosphere, and the ocean 
mixed layer. Within the layers, there are characteristic degrees of stable/unstable 
stratification, and therefore characteristic forms of turbulence and waves. These 
thick layers are bounded by much thinner quasi-permanent transition layers, 
such as the tropopause or thermocline, which have a controlling effect on many 
processes above and below them. For instance, these layers strongly affect the 
diffusion of turbulence and the propagation and transmission of waves, thereby 
preventing them from entering some regions of the atmosphere. However, within 
the thick layers, the result of large-scale baroclinic instabilities, turbulent mixing 
and the wave steepening and breaking leads to the formation of intermittent thin 
layers and horizontally varying “fronts” and convective systems, such as clouds 
. The latter mark the boundaries of the “weather” patterns of the atmosphere 
and oceans. 

In this paper, we first review how the wave propagation and wave damping 
properties in a stably stratified flow interact with turbulent fluxes and how 
intermittent horizontal layers tend to be formed, which are characterised by 
regions of roughly homogeneous fluid separated by strong vertical gradients. 
Phillips’ [62] and Posmentier’s [63] explanations for these layers were based on 
physical arguments about the tendency of buoyancy fluxes to be damped in 
strongly-stratified turbulent flows. This problem is revisited here using recent 
numerical simulations and theoretical results that show how the presence of the 
mean shear accentuates the formation of these layers (Galmiche et al. [24]). 
Other mechanisms responsible for the permanent thin layers bounding the thick 
regions of the atmosphere and ocean, reviewed in Section 2.3, mainly involve the 
interaction of inhomogeneous turbulence with density gradients. Their dynamical 
effects on the flow structure and mixing processes are described. 

In these geophysical flows, waves are refracted (or distorted) by the mean 
shear and, in turn, transport momentum and affect the mean flow ; often, this 
induces in the total system a strongly transient behaviour. Non-linear and dis- 
sipative processes are amplified in critical layers where wave breaking occur. In 
assessing the effects of these layers on large-scale geophysical flows, we also need 
to consider how they behave as barriers or “sheltering layers” which split the 
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flow into two well-separated regions and prevent (or reduce) the perturbations, 
whether they are waves or turbulent eddies, generated in one region, from enter- 
ing the other. Some different theoretical approaches to this problem are reviewed 
here (Section 4), including a discussion of rotational effects (Section 5). 

It is a pleasure to contribute this review article to this festshrift volume for 
Prof. Sidney Leibovich of Cornell University who has made several landmark 
contributions to the theory of non-linear waves, mean flow-wave-turbulence in- 
teractions and rotating fluids, especially those involving the Langmuir circulation 
(Craik & Leibovich [12]). 

2 Formation of layers in stratified turbulence 

2.1 Basic concepts and observations 

The formation of layers in stratified flows was first explained in general terms by 
Phillips [62] who asked “Turbulence in a strongly stratified fluid-is it unstable 
?”. Later, Posmentier [63], and independently Puttock [64], proposed a simple 
mechanism for the formation of these layers, which in oceanography are called 
salinity flnestructures. This was essentially based on the decrease of the diffusiv- 
ity of heat and momentum with mean stratification or density gradient when the 
flow is stable enough, i.e. when the Richardson number is large enough. They did 
not distinguish between the mechanisms with and without mean shear and they 
assumed that the turbulence can adjust in a quasi-steady state to changes in the 
stratification in the developing flow. We reproduce their analysis by considering 
the equation for conservation of the mean salinity S{z,t) (where z is the vertical 
coordinate and t is time) in a horizontally homogeneous turbulent flow : 



dtS = -d,F , (1) 

where F is the flux associated with turbulent fluctuations and microscale mixing. 
Because of the buoyancy forces, the Richardson number increases in proportion 
to the gradient of S. Posmentier [63] pointed out that equation (1) may be 
written as: 

dtS = -F*d,,s , (2) 

where F* = dF/(dS/dz) has dimensions of a diffusivity. The sign of F* essen- 
tially determines the stability of the solutions for S (see Fig.l). 

Equation (2) has stable solutions if F* < 0 and unstable solutions if F* > 0. 
In the unstable case, any perturbation in the mean density profile is ampli- 
fied leading to the formation of layers, whose thickness is of the order of the 
wave length of the initial perturbation. However the problem is mathematically 
ill-posed since the growth rate diverges for small-scale perturbations. Further- 
more, this theoretical discussion does not differentiate between stratified tur- 
bulent flows with and without mean shear, nor does it account for interactions 
between the layers and the the turbulence, or for the energy supply to the flow. 
It does not conclude with any natural lengthscale for the thickness of the layers. 
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Fig. 1. Salinity flux F as a function of verticcJ gradient of salinity (or density) 5. This 
plot was discussed by Posmentier [63] to describe the formation of layers in the ocean. 
When F* < 0, any perturbation in the me^in scilinity profile is damped. When F* > 0, 
the perturbation is amplified. 



Several phenomenological models (see for instance Barenblatt et al. [7] and 
Balmforth et al. [6]) have been used to estimate the buoyancy fluxes as a function 
of the mean density gradient in order to simulate layering processes. Various 
physical arguments, such as the existence of a finite mixing length or a finite 
adjustment time of turbulence, have been included in these models in order to 
avoid singularities in the solutions and to predict the layer formation. Here the 
assumptions that the turbulence is in a state that is quasi-steady, and developing 
only as slowly as the mean gradients, is consistent with the conditions in certain 
experiments, such as those of the stirred tank experiment of Park et al. [59]. 

There are other situations where the turbulence is changing rapidly, and 
then the model (2) is not necessarily applicable. In the low-Reynolds number 
(Re ~ 10^) experiments of decaying homogeneous stratified grid turbulence by 
Rottman & Britter [66], no maxima were observed in the plotted curves of the 
buoyancy flux against the mean density gradient and no layering occured. On 
the other hand, through different mechanisms to those proposed by Phillips 
[62], persistent layers were observed in the final stage of decay of turbulence in 
stable stratification by Pearson & Linden [60] - a state graphically described 
by Gibson [29] as “fossil” turbulence (here the Reynolds numbers is much less 
than unity). Their theoretical analysis of this phenomenon was based on the 
balance between viscous rather than turbulent shear stresses, and the buoyancy 
forces. This argument is similar to that of Barenblatt et al. [7]. Because these 
layers have a finite horizontal width, that grows with time, there are similarities 





Dynamics of layers in geophysical flows 1 25 

between their formation and development of “fronts” in large-scale geophysical 
flows. 



2.2 Turbulence in a strongly stratified fluid can be unstable 

In the past few years, direct numerical simulations (e.g. Gerz et al. [28], Kimura 
& Herring [44]) have shown that in freely decaying (or growing) stably-stratified 
turbulence with and without a uniform mean shear, generally the fiuxes of mo- 
mentum and buoyancy do not reach a steady state, and therefore general esti- 
mates of eddy diffusivities cannot be derived. However, certain persistent local 
flux and lengthscale relationships are found (described below), resulting from 
the quantitative physical analysis of vertical displacements of fluid particles and 
their rates of mixing. 

Let ( 01 , 62 , 63 ) be a cartesian frame where 63 is antiparallel to the gravity 
g. The spatial coordinates will be denoted by x = (x,y,z) — {x\,X 2 ,x^), the 
velocity field by u(x,t) = {u,v,w) = (wi,« 2 ,U 3 ) and the density field by p(x,t). 
In order to facilitate the analysis, we shall make the Boussinesq approximation 
and consider the case of periodic boundary conditions in the three directions 
(with periodicity L), such as those imposed in most direct numerical simulations 
(e.g. Galmiche et al. [24]). 

To address the question of layer formation, it is useful to decompose the 
density field into a turbulent field and a (stable) mean density profile p{z,t) 
defined by ; 

P{z,t) = {p{x,t)Y^ = ^ p(x,t) dxdy . (3) 

The Brunt-Vaisala frequency associated with the background linear stratification 
will be denoted by = [~{ 9 l Pr)dpildzY/'^ (where pr is a suitable reference 
density and pi is the linear part of the mean density profile p). Similarly, the 
velocity field may be decomposed into a turbulent field and a horizontal mean 
flow u(z,t) defined as the average of the horizontal velocity component in each 
horizontal plane at height 2 : and time t : 

u{zj) = {u{x,t)Y^ = j J u{x,t) dxdy . (4) 

Note that the mean values are here defined as horizontally averaged quantities 
but may be replaced alternatively by ensemble averages. Further details on the 
turbulent-mean decomposition may be found in Galmiche et al. [24] . 

In models of stratified geophysical flows such as oceanic or atmospheric flows, 
one of the main difficulties is generally to model the effect of turbulence on the 
mean profiles u(z,<) and p{z,t), especially when the energy is transferred from 
small to large scales. Neglecting viscous dissipation, the time evolution equations 
for u{z,t) reads : 



dtu = -dzF^ 



(5) 




126 



J.C.R. Hunt &: M. Galmiche 



where = (uw)^^ is the vertical turbulent momentum flux. Similarly, the 
equation for 'p{z,t) reads : 

dtp = -d,Fp , ( 6 ) 

where Fp = (pw)^^ is the vertical turbulent buoyancy flux. 

In the absence of stratification (i.e. when /? is a passive scalar), the eddy 
fluxes of mass and momentum are generally modelled using the concepts of eddy 
diffusivity and viscosity which depend on local properties such as the mixing 
length and intensity of turbulence. In most cases, these eddy coefficients have 
positive values. When a stable stratification is present, the buoyancy term does 
not appear explicitly in equations (6) and (5), but the stratification affects the 
fluctuations of the flow field and thus the turbulent fluxes. In a stratified fluid, the 
mechanisms affecting the transport of mass and momentum are affected by the 
wavy properties of the medium. This not only distorts internal gravity waves, 
but also reverses the fluxes of momentum and buoyancy {uw^^ and (pw)^^ , 
which of course is not consistent with the usual concepts of eddy viscosity and 
diffusivity. 

A number of numerical simulations (Riley et al. [65], Gerz et al. [28]) and 
results from the Rapid Distortion Theory (Hanazaki & Hunt [33]) show that in 
decaying, stratified turbulent flows with homogeneous and isotropic initial con- 
ditions, the buoyancy fluxes tend to oscillate so as to become counter-gradient 
either intermittently or even persistently in some cases. When a vertical mean 
shear is present, the direct numerical simulations of Gerz et al. [28] show that 
the buoyancy and momentum turbulent fluxes both oscillate and eventually be- 
come counter-gradient. Equations (6) and (5) show that if the mean shear and 
stratification are both exactly constant with height, the fluxes do not depend 
on height z so that the mean profiles p and u would remain unaffected as the 
turbulence evolves. 

However, Phillips [62] and Posmentier [63] argued that for a sufficiently large 
stratification, even with a positive eddy diffusivity, an initial perturbation in 
the mean density profile grows with time, leading to the formation of horizontal 
density layers. Counter-gradient buoyancy and momentum fluxes would further 
amplify this tendency. 

In a stably stratified mean shear profile, the momentum fluxes also cause lay- 
ering to develop as a result of the distortion of the turbulent field. This hypothesis 
has now been confirmed first by using direct numerical simulations (Galmiche et 
al. [21], Galmiche et al. [24]). An initial turbulent velocity field is left to decay 
without any external forcing in the presence of a strong background stratifica- 
tion, and a z-periodic perturbation (~ cos( 27 tz/L)) is introduced initially either 
in the horizontal mean flow profile (Simulation A) or in the mean density profile 
(Simulation B). The mean profiles are then changed by gradients of turbulent 
fluxes of momentum and buoyancy ; the associated eddy viscosity Vg and diffu- 
sivity Kg can be computed in the numerical experiments (see Fig. 2 and 3). 

In these simulations, the initial Froude number is Fr = u' /Nl = 0.12 (where 
I and u' are the integral lengthscale and the r.m.s. velocity of the initial tur- 
bulent field respectively), which is typical of strongly-stratified turbulence. The 




Dynamics of layers in geophysical flows 



127 




Fig. 2. Evolution of the eddy viscosity in the direct numerical simulation of a strongly- 
stratified turbulent shear flow performed by Gedmiche et al. [24] (Simulation A). The 
eddy viscosity is normalized by the molecular viscosity and the timescale is the inverse 
Brunt- Vaisala frequency associated with the background stratification. The result is 
compared with the analytical solution for short times provided by the RDT theory. 



Reynolds number R\ — u'\jv is of order 40 (where A is the Taylor micro-scale 
of the turbulent field and v is the molecular viscosity) . 

On Fig. 2 and 3 it is clear how the eddy diffusivity of momentum and buoy- 
ancy is affected in these strongly-stratified flows. In Simulation A, the eddy 
viscosity becomes negative at 1.7 N~^ and remains persistently negative 
although some oscillations appear. This phenomenon causes the mean flow to 
accelerate and tends to form shear layers. The eddy diffusivity (Fig. 3) reaches 
a maximum at 0.5 in Simulation B and becomes negative at 
This causes the mean density perturbation to grow and enhances the tendency 
of stratified turbulence to form horizontal density layers. 

There are still some uncertainties in the behaviour of the eddy fluxes at large 
time because the turbulent motions are rapidly damped in low- Reynolds number 
simulations. In particular, the behaviour of the eddy diffusivity computed in 
simulation B is mainly periodic with zero mean value, whereas several laboratory 
experiments (e.g. Park et al. [59]) suggest that the turbulent buoyancy fluxes 
lead to the formation of persistent density layers when the flow is forced at high 
Reynold number. 

For short times, i.e. t << r = Iju' where r is the turnover timescale of tur- 
bulence, a theoretical study of the problem can be undertaken since the linear 
processes of distortion dominate over all non-linear energy transfers, which de- 
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Fig, 3. Evolution of the eddy diffusivity in the direct numerical simulation of a strongly- 
stratified turbulent flow performed by Galmiche et al. [24] (Simulation B), The eddy 
diffusivity is normalized by the molecular diffusivity and the timescale is the inverse 
Brunt- Vaisala frequency associated with the background stratification. The result is 
compared with the analytical solution for short times provided by the RDT theory. 



velop over a few turnover timescales (Galmiche & Hunt [25]). The results from 
the Rapid Distortion Theory are shown on Fig. 2 and 3. 

The linear model shows that the perturbations in the mean flow and density 
profiles evolve faster when they have vertical wavelength of order u' /N. This is 
the characteristic displacement scale (sometimes called a Thorpe scale) widely 
observed in geophysical flows (e.g. Gargett [26], Hunt et al. [37]). The new point 
here is that this scale also determines the large-scale dynamics of layers, as 
observed by Park et al. [59] in laboratory experiments of mixing in salt water. 
Other quasi-steady state arguments, such as those invoked by Balmforth et al. 
[6] have also been used to address this question. 

All these results show that the layering processes in strongly-stratified, freely- 
decaying turbulent flows are largely dominated by the approximately linear 
mechanisms involved in the first stage of decay of turbulence. However, fur- 
ther investigations are still needed to take into account non-linear mechanisms. 
In stratified flows at high Reynolds number and with external forcing, non-linear 
turbulent and wave interaction may lead to large variations of vertical gradients 
of the mean velocity and density profiles. These may invalidate the local eddy 
diffusivity and eddy viscosity concepts, especically where wave/wave interactions 
and local critical layers are present (e.g. Galmiche et al. [23]). 
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2.3 Formation of layers in inhomogeneous turbulence 

The generation of turbulence is on average most intense near the ground and in 
the upper layer of the ocean where it is mainly driven by the effect of mean shear 
and convective motions. The degree of inhomogeneity of the turbulent energy 
as it decreases away from these levels depends on the interaction betweeen the 
turbulence (with characteristic velocity «') and profiles of temperature (and 
salinity in the ocean) in the deeper slightly stably stratified layers above the 
surface atmospheric boundary layer (with buoyancy frequency N^'^\ see Fig. 4). 
This corresponds to the region below the mixed layer in the ocean. 




Fig. 4. Characteristic scciles of a horizontcil thin layer with thick stably stratified and 
turbulent layers above and below it. 



Coriolis effects (associated with rotation rate //2) also have to be considered. 
The transition between these near-surface turbulent boundary layers and the 
deeper layers above or below them where the turbulence energy is lower, is 
gradual if the Coriolis effects are strong enough, i.e. if 

/ > iV[2] (7) 

or, if the boundary layer is changing sufficiently rapidly on a timescale r, if 
The resulting boundary layer thickness is of order h ~ (l/5)u'// 
(Ekman [17]) ; but this situation is quite unusual because more often there is 
a significant interaction between the inhomogeneous turbulence and the stable 
stratification. In the limit that the buoyancy forces are very weak, i.e. Ri = 
N'^ /{du/dzY ~ N'^h'^/u'^ ~ N^/(25p) « 1, the density gradient is reduced 
by mixing within the layer to a value much less than that above the layer. Since 
the total heat (or salinity) is preserved, i.e. pdz ~ p{z = 0) 4- dpfdz dz, 
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this means that d'p/dz must be greatly increased at the top of the surface shear 
layer (see for example the simple experiments of Alexopoulos & Keffer [1] and 
the approximate theory of Durbin et al. [16] for the mixing effect of a wake on 
large-scale temperature gradients) . This is why in most atmospheric and oceanic 
flows, the condition (7) is not satisfied. Consequently, the Ekman concept is 
usually not applicable for neutrally-stratified or well-mixed layers (as pointed 
out by Deardorff [14], Townsend [72]). It is notable that the direction of the 
wind vector seldom varies with height according to the theory. Therefore, the 
thickness h of these surface layers is determined largely by the turbulence and the 
external stable stratification, so that h ~ However, as the steepening 

of the density gradients develops, the local value of N is much greater than 
within an inversion layer of thickness hi much less than h (typically 1/10 
or less) . The dynamic role of these layers and the slow growth of h (which is not 
a constant) is reviewed in Section 4. 

When the stable density gradients are very large, even at the surface, it is 
found that Ri ~ > 1. Then, as often occurs in polar regions, the 

vertical displacements of the fluid elements in the boundary layer 
caused by a combination of turbulence and wave breaking, are reduced suf- 
ficiently that they are much less than the thickness h of the layer. The ver- 
tical density profile is determined by the reduced vertical eddy diffusivity (~ 
y/[i]2/jy[i]) increasing h and by Coriolis effects reducing h, so that the thickness 
h ~ (Zilitinkevich [85]). The theoretical turning of the wind is 

observed in this situation provided the terrain is very flat. On sloping terrain, 
the structure in stably /unstably stratified layers is generally dominated by the 
downslope/upslope buoyancy forces, and is often unsteady (Brost & Wyngaard 
[9], Kondo [48]) 

3 Wave-mean flow interaction and location of critical 
layers 

In all geophysical stably stratified shear flows, internal gravity waves are gener- 
ated, leading to wave-mean flow interactions. These are particularly significant 
in critical layers and where large gradients in the mean profiles develop. The case 
of constant shear and stratification profiles is discussed here using ray tracing 
in order to study the topology of the wave trajectories and to locate the critical 
levels (see for example Lighthill [51]). 

When the waves in stable conditions are horizontally as well as vertically 
inhomogeneous, they propagate horizontally into regions of low wave energy. As 
they do so, because of weak non-linearity, the gradients of energy become sharp 
and fronts tend to form with typical slopes of order f/N (Hoskins & Bretherton 
[35]). The analysis reviewed here is valid for such layers layers except very close 
to the fronts. 
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3.1 Ray tracing 

We consider an internal gravity wave field propagating in a horizontal mean 
flow u( 2 ) = M(z)ei, in the presence of stable stratification N{z). As the wave 
field propagates, it is distorted (or “refracted”) by the mean shear and non- 
uniform stratification. Refraction of waves in a non-homogeneous medium is 
a classical problem encountered in a number of other fields of physics, such 
as optics, acoustics or free-surface hydrodynamics. When the properties of the 
medium (here the vertical mean shear) vary only slowly in space compared to the 
fluctuations associated with the wave field, the problem can be greatly simplified 
in the frame of the WKB (Wentzel-Kramers-Brillouin) theory thanks to the 
existence of the small parameter e — 1/ L (where I is the order of magnitude of the 
wavelength and L is the lengthscale of the variations in the mean stratification 
and shear profiles). Expanding the equations of motion with respect to e, leads 
to a series of approximations ; this is the “geometrical optics approximation” 
(at first order) and the “physical optics approximation” (at second order). 

The WKB theory at first order leads to a Doppler-shifted dispersion relation 
linking the local wave number k(x,<) = {ki,k 2 ,ks) and the local frequency 
ui(x,t) of the wave field, defined as the local gradient and local time derivative 
of the wave field phase respectively. In the presence of non-uniform-stratification 
and vertical mean shear, the dispersion relation reads : 

= i?[k(x,<),x] = N{z) ^ + ki u[z) (8) 

where k = [k\ -\- k 2 -\- k'^Y^'^ and kjj = {kj ■+ k^Y^^- This equation can be 
used to reconstruct the phase structure of the wave field using the method of 
characteristics. Alternatively, the problem can be solved using ray tracing in the 
WKB phase space, i.e. the product of the physical space and the spectral space. 
The evolution of the wave field can be described by the trajectories of elementary 
wave packets which reduce to the Hamiltonian system ; 




( 9 ) 



where i? is defined by (8). 

Wave packets propagate along the iso-f? contours of this Hamiltonian system. 
Some general considerations on this Hamiltonian formulation may be found in 
Yang [83]. The study of the phase portraits for a given mean flow u(z) and mean 
stratification N{z) highlights the existence of various trajectories. Notice that 
here A;i =: 0 as there is no horizontal mean shear. 

An example is shown on Fig. 5 where the mean flow and mean stratification 
vary with height as ; 



u{z) = Uo sin{2TTz/Li) , N{z) = No[l A sm{2'Kz/ L 2 )] ■ (10) 

The phase portrait is plotted in the {kz,z) plane for kiUo/No = 0.25, A = 0.2 
and B = L 1 /L 2 = 2. 
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Fig. 5, Phase portrait in the {kz,z) plcine for a wave field propagating in a stratified 
fluid with Brunt-V^sala frequency N{z) cind horizontal mean flow u{z) given by (10). 
The vertical wave numbers are normaUzed by No/Uo and height is normalized by Li. 



On this figure, it is clear how the wave packets trajectories are distorted by 
the mean shear and stratification. Trajectories with small values of ksUo/No 
are closed and refiected periodically in a succession of turning points. They 
are trapped as in a wave guide. Trajectories with intermediate vertical wave 
numbers extend from = — oo to z = +oo. Only the wave packets following these 
trajectories propagate through the medium to infinity. For the smallest scale 
fluctuations (i.e. large ksUo/No), the trajectories have a horizontal asymptote 
and extend to infinite wave numbers at the critical altitude Zc where u{zc) = 
uJsjki (where u>s is the angular frequency of the wave source). The wave packets 
are blocked at the critical level, where lAraj-^oo, and small vertical scales result. 

Thus, ray tracing provides crucial information on the behaviour of a wave 
field propagating in a non- homogeneous medium. In particular, it is sufficient 
to locate the critical levels and turning points. However, the analysis has to be 
extended for a more detailed decription of wave-mean flow interaction at the 
critical levels (see Section 3.3). 

3.2 Transmission of waves through a shear flow 

Ray tracing describes the transmission or blocking of waves by a vertical mean 
shear profile. As an example, we consider the case of a two-dimensional wave 
field propagating in a uniformly stratified fluid (with Brunt-Vaisala frequency 
N) in the presence of a z-periodic horizontal mean flow with velocity ; 
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Fig. 6. Phase portrait in the {ki,z) plane for a wave field propagating in a stratified 
fluid with Brunt- Vaisala frequency N in the presence of a horizontal, z-periodic mean 
flow u{z) with amplitude C/o and periodicity L. The vertical wave numbers are normal- 
ized by N/Uo and height is normalized by L. Here, C = kiU^/N = 1/5 < 1/2. Some 
trajectories pass through the mean flow. 



u{z) = Uo sin(27Tz/L) 



( 11 ) 



Let ki be the horizontal wave number of a wave field emitted at the altitude 
z — 0 (where u = 0). Then, the system (9), which governs the wave trajectory, 
depends on the single control parameter 



_ kiUo 
~ N 



( 12 ) 



One can show that the effect of the mean flow on the wave field depends crucially 
on the value of C. 

When C < 1/2 (see Fig. 6, C = 1/5), the three sets of trajectories previously 
described are present in the phase portrait. In particular, some trajectories ex- 
tend to infinity. In the ceise considered on Fig. 6 (C = 1/5), a wave packet emitted 
at 2 = 0 passes through the mean flow if its vertical wavenumber lies in the range 
[0.2fV/C/o,0.9iV/17o]. 

When C > 1/2 (see Fig. 7, C = 3/4), all the trajectories are bounded in the 
vertical. The mean current acts as a barrier which no trajectory passes through. 
Some trajectories are trapped as in a wave guide, some other are blocked at a 
critical level. We note that the blocking of the wave packets occur for large Uq, 
large k\ or small N . 
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Fig. 7. Phase portrait in the (k 3 ,z) plane for a wave field propagating in a stratified 
fluid with Brunt-Vaisala frequency N in the presence of a horizontal, z-periodic mean 
flow u(«) with amplitude Uo and periodicity L. The vertical wave numbers are normal- 
ized by N/Uo and height is normalized by L. Here, C = kiUofN = 3/4 > 1/2. All the 
trajectories are blocked by the mean flow. 



This change in the phase portrait topology is an illustration of how ray tracing 
accounts for the “sheltering” effect of a shear flow from a “geometrical” point-of- 
view. However, the formation of critical layers and shear sheltering may involve 
some more complicated processes due to the transient interactions between the 
mean flow and the wave field (see Section 3.3). As a first wave packet approaches 
a critical level, strong vertical shear may be generated, inducing large variations 
in the mean flow profile. Obviously, the WKB theory fails when the lengthscale 
of the vertical variations in the mean flow velocity becomes comparable to the 
wavelength of the wave field. When the perturbations are forced by a wave 
source, this change in the mean flow may in turn affect the propagation of other 
disturbances and lead other wave packets to a critical level. At large times, the 
critical layer may spread vertically as the transient wave-mean flow interaction 
develops. All these mechanisms need to be further investigated, as the system 
may evolve to a final balanced state which differs significantly from the solution 
obtained by ray tracing with steady or quasi-steady assumptions. 



3.3 Wave amplitude and critical levels 

As a wave field propagates in the presence of a vertical mean shear and non- 
uniform stratification, each wave packet not only undergoes distortion but also 
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changes in amplitnde according to the propagation laws of wave action A, i.e. 
the wave energy divided by the intrinsic frequency (see Whitham [79] for in- 
stance). In addition to the dynamical system (9), we now have the wave action 
conservation equation : 

. dA ^ dA . 

where summation is done when indices are repeated. The changes in the wave 
amplitude affect the wave energy spectra. By adding one dimension to the WKB 
phase space, given the initial value of A at one level (e.g. top of a mountain or 
convective layer), the wave energy spectra can be defined at each altitude. 

Based on this principle, Warner & McIntyre [78] have recently proposed a 
simple analytical model for the evolution of wave spectrum in realistic mean flow 
and stratification profiles. In their model, the mean flow, the stratification and 
the wave field are all steady, i.e. all quantities are constant at each altitude. These 
quasi-steady assumptions are a feature of most numerical weather prediction 
models, but are likely to cause errors when the atmospheric flows are unsteady. 

For certain specified time-dependent mean flow and mean stratification (from 
observational data), Souprayen et al. ([67] and private communication) have 
used ray tracing to describe the evolution of a wave spectrum as it propagates in 
the atmosphere. These calculations also include the effect of rotation. However, 
they are limited because at each time step, the wave field is supposed to be in 
equilibrium with the mean fields and to have no effect on the mean velocity and 
mean density profiles. 

Near critical layers, the wave packet trajectories in the WKB phase space 
get closer and closer. This induces an accumulation of energy, that ray tracing 
can no longer describe. Therefore, to calculate the significant wave-mean flow 
interactions near these layers, special assumptions have to be made, such as the 
existence of a saturation threshold in the wave energy spectrum. 

Although the mean flow may be steady or quasi-steady (when the mean 
flow varies on a time scale that is large compared to the typical time scale 
associated with waves), the wave field is not coupled to the mean flow in these 
calculations. As a consequence, such predictions do not account for the transient 
situations where the waves have a great effect on the time-evolution of the mean 
fields, in particular at critical levels. Nevertheless, these transient interactions 
have a significant effect in some practical situations, as suggested by Booker & 
Bretherton’s [8] and Townsend’s [73] study of critical layers for a stratified shear 
flow. Their results show that an internal wave, or wave packet, is mainly absorbed 
as it approaches the critical level and induces a strong horizontal momentum 
transfer to the local mean flow. The wave field emitted over a mountain with 
frequency w and horizontal wave number ki interacts with the mean wind and 
where u = Lo/ki reaches a critical level z = Zc at high altitude, e.g. 10km. 
The wave amplitude decreases, but the momentum flux increases rapidly as it 
approaches the critical level. Thus, significant mean winds are induced far above 
the source of the waves. 

Laboratory experiments by Koop [47] confirmed the critical level phenomena. 
The wave field was generated in a stratified shear flow by an horizontal oscillating 
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cylinder or by a periodic mountain. These experiments also show how the wave 
breakdown at the critical level leads to turbulence, causing changes to the mean 
flow profile and the local stratification. 

The more recent works of Winters & D’Asaro [80] and Dornbrack [15] us- 
ing 2D and 3D numerical simulations of an internal gravity wave approaching 
a critical level confirm the basic linear concept that instabilities develop at this 
level. However, these calculations have highlighted some features of the flow 
that were overlooked previously, the first of which being the existence of strong 
three dimensional features. In the simulations of Winters & D’Asaro [80], the 
wave energy is partly tranformed into a reflected wave, partly converted into 
turbulent energy and partly feeds the local mean current. Eventually, the ini- 
tially two-dimensional flow collapses into quasi-horizontal vortical structures. In 
the high-resolution simulations performed by Dornbrack [15], three stages have 
been identified. In the first stage, the wave field remains two-dimensional but 
becomes hydrostatically unstable beneath the critical level. In the second stage, 
this instability leads to turbulent breakdown. In the last stage, shear production 
occurs and balances with the turbulent dissipation. 

Based on the linear theories and concepts, approximate quasi-steady param- 
eterisations have been developed for numerical weather prediction schemes to 
account for the effect of waves generated by mountains and convective activity 
on the mean flows. Usually, the height of the critical layer and its particular 
dynamics are assumed to have typical features rather than being calculated in 
each flow situation. 

Furthermore, these studies do not consider the effect of rotation, even though 
the theoretical conclusions of Jones [42] indicate that rotation has a great influ- 
ence on critical layer mechanisms in some cases (see also Section 5 below). With 
more complete understanding of non-linear effects and computationally fast lin- 
ear calculations, more detailed models of critical layers are likely to be one of the 
next improvement in numerical weather prediction schemes and perhaps ocean 
models. 

4 Thin layer dynamics 

4.1 Defining typical geophysical layer flows 

Interaction between turbulence and waves in stably stratified flows not only gen- 
erate, as we have seen in Sections 2 and 3, permanent and transitory thin layers, 
but also control their dynamics and how they influence the wider environment. 
Their typical thickness hj is less than the length scales {Lx, A) of the turbulence 
and waves that generate them, and much less than the distance zj from the 
ground (or surface or other “permanent” stable layer) (Fig. 4). 

An important practical question is whether idealized quasi-steady parame- 
terisations of these layers or simple computational models can be sufficiently 
general and accurate to be used in global atmospheric and ocean forecasting 
models. Such parameterisations are used for the inversion layer above the con- 
vective boundary layer (e.g. Ayotte et al. [2]). By contrast, the flows in layers 
higher in the atmosphere (such as the tropopause) and ocean layers such as the 
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thermocline, are usually computed explicitly, even though the velocity fields are 
under resolved with coarse grids and eddy diffusivity models that are inappro- 
priate for these thin regions (e.g. Large et al. [49], Fernando et al. [20]). 

If such parameterisations and simple models are erroneous, then can some 
indication be given by detailed study of these layers of the likely ranges of error, 
and what the benefits might be of more accurate computation or real time mea- 
surement ? (e.g. using new satellite-borne instruments or even sondes “flown” 
into sensitive weather systems). 

The notations for this discussion are depicted in Fig. 4. Note that the thickness 
of the layer fluctuates by h'j and its elevation fluctuates by Zj. In some models, 
the gross mean layer thickness hj is calculated, where hi ~ (/ij + h'^ 
even when the physical processes determining these variables are not closely 
coupled. In Fig. 4 the inversion layer lies between a fully turbulent region [1] 
{z < z/) where the integral scale is and rms velocity . There may be a 
weak stable stratification with buoyancy frequency ; it is assumed that the 
turbulent Richardson number is small, i.e. << 1- In th® 

upper region [2], the velocity fluctuations with rms velocity and lengthscale 
are driven by the motions of the interface. In many situations, the stable 
stratification is strong enough that the local value of Ri is large, i.e. r£^ » 1, 
in which case waves propagate upward (and sometimes downwards from higher 
level disturbances). Within the inversion layer [I], the turbulence and breaking 
waves act to maintain a high density gradient and density “jump” . Note 
that the associated buoyancy frequency ~ is limited by 

its stabilising effect on the turbulence. The Richardson number of the inversion 
layer is finite, typically Rilp-,cz ~ (gAp^^'^/p)hi/u'^^'^'^ ~ 0.2. 

Fig. 8 shows how the horizontal velocity u{z,t) is changed in the vertical (or 
horizontal) direction through the layer. In such layers the shear and buoyancy 
forces are close to the critical values for transition to turbulence, i.e. = 
[N/{du/dz)]'^ ~ 0.3 (Turner [76]). 

Recent research (e.g. Mory [56], Fernando & Hunt [18]) has shown how the 
earlier works (reviewed by Turner [76]) on inversion layers could be extended 
to include the effects of interactions with external turbulence which of course is 
itself highly distorted by the layers. 

Since the position of the layer fluctuates on a larger time scale 
than that of its internal dynamics (on a time scale it is possible to 

study the local instantaneous structure by calculating the conditionally sampled 
mean velocity (or density), denoted here by < ui > (C), where C = z — (zj + z'^) . 
Measurements and numerical simulations (e.g. Strang & Fernando [68], Bisset 
et al. [4]) confirmed that across the moving interface there are sharp drops in 
the fluctuating vorticity and scalar concentration and gradual decreases in the 
velocity variances (as theoretical models predict, e.g. Carruthers & Hunt [10]). 
In this case, the mean velocity w(z) in the layer is largely determined by the 
probability distribution of Zj (e.g. Gartshore et al. [27]). But in the turbulent 
layers, u(z) is determined by how the turbulence in region [1] interacts with the 
layer. The large eddies are “blocked” by varying vorticity in the shear layer and 
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Fig. 8. Sketch of mean velocity variations through a thin layer. 



small eddies are energised by the local shear, some^vhat similar to the interactions 
between turbulence and a rigid surface. Consequently, the mean velocity has 
a logarithmic form u(C) ~ ln(<^/Z(,/), where ( = z — zj, and the equivalent 
roughness length Zoi is of the order of the fluctuations of the layer thickness, i.e. 
Zoi — z'l (Csanady [13]). 

The thin layers also occur in geophysical flows where there are relatively sharp 
changes in the horizontal direction of the mean velocity component parallel to 
the layer, such as in fronts on the boundaries of large-scale weather systems and 
at the inter-tropical convergence zone. 




Fig. 9. Sketch of the interaction in the horizontal plane {x, y) between large-scale 
atmospheric vortices and a thin layer 
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In all these cases, there are significant flow variations in the vertical direc- 
tion, but investigations have found that some of their large-scale dynamics can 
be understood by analysing them as example of two-dimensional flow in the 
horizontal plane (Fig. 9). 

4.2 Method of description and analysis 

When the layers are as complex as those being considerd here, especially since 
the external interactions are so significant, it is not generally valid to assume that 
they are in an equilibrium state. This would imply that Rij) or are constant 
and that the “entrainment” rate (to be defined later) is simply a function of the 
integral properties of the layer. Since models and simulations for these complex 
flows need to focus on different aspects, they are usually based on different 
simplifyng assumptions. 

In linearized hydrodynamic stability calculations of the disturbances on the 
mean velocity and density profiles it is assumed that the velocity fluctuations (for 
all components and throughout the flow) are proportional to exp[((7-|-fw)f-|-«k.x], 
where a, ui and k are real. For example, if the mean velocity profile has the form 
shown on Fig. 9, the theory leads to the frequencies and wavelengths of the most 
rapidly growing fluctuations. But in general the particular form assumed in the 
theory leads to no information about how external disturbances interact with 
the velocity and density profiles in the layer. If there are external disturbances 
moving with the flow in region [1] (but not growing, i.e. cr = 0), the analysis 
shows how these do not penetrate into thin layer if they move with the local wind 
speed, i.e. c = ui/k = (Grosch &; Salwen [32]). However, the form of these 
eigen solutions is too restrictive and the actual flow perturbations correspond 
to more general linearised solutions which do not necessarily grow (or decay) 
exponentially. Using the method of inhomogeneous rapid distortion theory in 
regions [1], [I] and [2], the solutions are found such that the normal velocities and 
pressure field of the turbulence (and/or waves) in regions [1] and [I], and waves 
in region [2] match each other. In the solutions of these initial value problems, 
the variables grow algebraically with time, and certain components can increase 
while others decrease. They are valid formally, until non-linear effects dominate, 
when t ~ Tx, < 

Where a thin inversion layer is being perturbed, it is found that forced 
high-frequency motions in [I] correspond closely to the linear solution for all 
time. However, as in other forced non-linear systems at lower frequencies, finite- 
amplitude waves build up on the layer. Their energy is derived from the higher 
frequency fluctuations, but they are statistically unrelated (Fernando & Hunt 
[19]). The dominant characteristic form and repeatable behaviour of these low- 
frequency structures suggest that the eddy identification and non-linear phase 
plane methods of Holmes et al. [34] would be an appropriate method to describe 
some of their global properties. Spectral and fractal measurements define their 
fine scales (McGrath et al. [53]). 

To estimate the molecular and dissipative processes, such as the rate of trans- 
fer of salt or heat by the inhomogeneous turbulence across the layer in terms 
of the energy of the tnrbulence and other integral properties, some assumptions 
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are necessary. Note that because these processes are on a small scale, they have 
some approximately universal features, and therefore, approximations developed 
in other stratified shear flows can be applied here. This approach is necessary 
both for statistical models (Fernando & Hunt [19]) and for the sub-grid scale 
models used in large-eddy simulations (e.g. Sullivan et al. [69]). 

In these strongly stratified flows not only are there large differences between 
the vertical rates of vertical diffusion of momentum and scalars (e.g. Townsend 
[74]), but there are also less well-known differences in the diffusivities of different 
types of scalars. Scalars that affect the buoyancy forces such as temperature and 
salinity tend to diffuse more slowly than dynamically passive scalars that do not, 
such as weak concentration of gases or particles. Some experiments and numerical 
evidence suggest that the differences might be as much as 50 % (Komori & 
Nagata [46]). 

In most environmental and large-scale forecasting models, the dynamics and 
mixing in these layers are approximated by using eddy diffusivity for momen- 
tum (i/e) a,nd for all type of scalars («e). The effects of stratification on these 
paramaters is usually expressed in terms of the local gradient Richardson num- 
ber Ri = /{dti/dz)^ (e.g. Large et al. [49]). This does not account for the 
distortion of turbulence by strong inversion layers, which act over a distance 
of order (as shown by experiments and linear theory). This kind of non- 
local effect is included in some ocean models (Therry & Lacarrere [71]). The 
fundamental problem of all diffusivity (and more complex one-point closures) 
parameterisations of turbulent transport is that they cannot, in a strict math- 
ematical sense, represent the spreading of a region of turbulence into a region 
without turbulence, since j/e— tOand tO at the boundary of turbulent region 

where (z — z,)/h/— ^oo. In fact, in such models it is necessary to introduce some 
“numerical diffusion” for the boundary to move (i.e. for dz]/dt ■= Eb > 0). 
Consequently models with different numerical schemes can significantly differ 
in their predictions (e.g. of Eb) for these layers (Large et al. [49]). The size 
of numerical grids Az also affects the results of numerical simulations of thin 
layers ; for example, if Az is comparable with the actual thickness hj, this can 
lead to the simulation of internal waves within an invesrion layer that are too 
energetic. This could lead to serious errors in Eb, because experiments show 
that for given total Richardson number across the layer, Rilp , with the thicker 
layers and stronger internal waves Eb can be reduced by as much as a factor of 
10 (Perera et al. [61]). 

4.3 External effects of thin layers 

Stably-stratified thin horizontal layers and also thin shear layers can transform 
waves passing through them, leading to significant mean motions and turbulence 
at these levels. The transmission or blocking of waves by a shear flow has been 
discussed in Section 3.2. We consider here the overall effects of the distortion 
of turbulence, waves and large-scale vorticies adjacent to these layers. They 
tend to produce the strongest effects when the potential energy required to 
displace them (e.g. Linden [52]) or the vorticity fluctuations included in them 
(Hunt & Durbin [40]) act to reduce or “block” the normal component of velocity 
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fluctuations near the layer and “shelters” the flow on the other side. As a result 
pressure fluctuations are induced that can generate motions across the layer. 
The magnitude depends on the velocity c at which the eddies are convected 
over the surfaces, as well as on the magnitude of the velocity fluctuations u' . In 
the absence of any significant mean shear, for example with strong convection, 
c^u and there are first order pressure fluctuations proportional to |m — c\u' jL^ 
where Lx is the integral scale. But where turbulence is generated by a mean 
shear flow the eddies are advected by the mean flow, so that c = u. Then first 
order pressure fluctuations are zero and ~ u'^. 

The former case corresponds to small turbulent eddies with energy 
(where e is the rate of energy dissipation), being swept past an inversion layer 
[I] at high Richardson number by energy containing eddies with velocity 

c ~ so that their energy with frequency w is of order (Ten- 

nekes [70]). Therefore the fluctuations at the interface which resonate with the 

internal gravity waves in the stable layer above it are of order ^ . 

An example of the case of weak pressure fluctuations occurs when “free-stream” 
turbulence in region [2] passes over a boundary layer in region [Ij. The additional 
velocity fluctuations induced within the layer are much less than those outside 

and, initially, are of order /iP^. This explains why weak external tur- 

bulence is “blocked” and induces horizontal fluctations outside the layer, which 
may slowly penetrate down ito it (Wu et al. [81]). If the freee stream fluctuations 
are very strong, which for example occurs above the atmospheric boundary layer 
with deep convection and strong down drafts, then external eddies can penetrate 
the boundary layer directly (Nakamura et al. [57]) and cause damaging gusts at 
ground level. 

When the thin layers lie between horizontal two-dimensional motions, they 
are mobile and control the interaction between the flow fields either side of them 
through the dynamics of the vorticity in the layers. Because their slopes are 
generally not vertical, buoyancy effects influence these layers ; however, their 
effects are relatively weak further away. 

In some geophysical flows, there are “synoptic” scale analogies to the small- 
scale phenomenon of turbulent eddies moving parallel to a shear layer. Zehnder et 
al. [84] showed that tropical cyclones whose inner cores are about 50km diameter, 
but influence the flow out an outer diameter of about 1000km, interact with the 
intertropical convergence zone much as a vortex interacts with a shear layer ; 
the “blocking” or “sheltering” leads to some changes in the speed and direction 
of the cyclones trajectory. Other types of atmospheric vortex are defined by a 
continuous or rolled up thin layers on a scale A ; then, a similar question arises 
about how the external flow field affects the whole vortex structure (see 
Fig. 9). It is found that the distortion of the vorticity in the outer layers tends 
to shelter the inner turns of the structure from the random effects of external 
strain. 

This helps to explain the persistence and independence of “rolled up” self- 
similar vortical structures found in the atmosphere at the tropopause height in 
the numerical simulations of Methven & Hoskins [54] . 
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For a continuous closed vortex, the external strain with magnitude S = 
\\dui/dxj + duj/dxi\\ removes any vorticity (ui^) weaker than S so that the 
vortex boundary becomes a thin layer with high gradient of vorticity - a process 
of “vortex stripping” (Legras & Dritschel [50]). This then ensures, by the shear 
sheltering mechanism, that any small-scale external fluctuations tend to be swept 
past without much distortion of the interface. Such phenomena demonstrated 
in numerical simulations are consistent with the sharp gradient and slow rate of 
erosion of the ozone “hole” in the stratosphere and with the persistence of the 
spiral forms of the observed high concentration in high vorticity regions (Jukes 
L McIntyre [43]). 

Whether the turbulence in a thin layer is generated by impacting eddies, or 
waves induced by travelling pressure patterns, or shear instabilities, it largely 
determines how the layer affects the environment and large-scale flow either side 
of it. In numerical models, where the layer is not calculated explicitly, these ex- 
ternal effects may be parameterised as “entrainment” velocities which need to 
be distinguished from each other (Turner [77]). Wherever turbulent eddies exist, 
they tend to spread into regions where there is no turbulence. The thickness hj 
of a turbulent layer increases at a rate Eb defined as the “boundary entrain- 
ment velocity”. Since a mean normal velocity Wj may be present in the flow, 
for example a sinking motion in a cyclonic depression, Eb needs to be defined 
relative to the mean flow. The rate of change of the inversion height zj is given 
by the combined effects of the turbulence and the mean flow, i.e. 

^ = Eb + Wi (14) 

The small-scale mixing and turbulent diffusion mechanisms driven by local 
and external turbulence that determine Eb were outlined in Section 4.2 (see also 
Carruthers & Hunt [10]). 

In more dynamically active layers, such as vertically directed narrow jets or 
plumes, the thickness h of the “layer” (e.g. region [1]) grows rapidly (note that 
there is a thin interface layer hj on the boundary of this layer, Bisset et al. [4]). 
The total momentum flux produced by the mean and turbulent velocities is 

M = M + Mt (15) 

(where M = and Mt = The value of M is constant or may in- 

crease as a result of buoyancy forces. If the rms turbulence is proportional to 
the mean velocity (as occurs without external influences), the volume flux in 
the layer Q, which is of order increases with height (z). Therefore, by 

continnity, external fluid is entrained into the jet or plume with a velocity Ev 
(proportional to dQ/dz), so that Ev is of the order of and typically is about 
0.1 (Note that the direction of Ev is inwards, opposite to that of Eb out- 
wards and, in the case of a round jet, about 1/2 the magnitude). However, if the 
turbulence within the jet or plume is changing rapidly, for example by becoming 
very turbnlent, as occurs when condensation in a cloud amplifies vertical mo- 
tions, then Mt increases over a short distance. If M is approximately constant, 
(15) implies that M decreases along the jet or plume. This leads to a significant 
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decrease in dQ/dz, and decreases to nearly zero. Either this mechanism 

(Hunt [39]) or one based on the turbulence structure (Baht & Narasimha [3]) 
may explain the observation (and empirical model assumptions) that in deep 
clouds and tropical cyclones Ey can be taken as approximately zero. It also 
explains why when the level of external turbulence exceeds the mean velocity 
in a jet or plume, i.e. it overwhelms the tendency of the jet shear 

layer to “shelter” its internal dynamics, which is observed at lower values of 
(Ching et al. [11], Hunt & Durbin [40]). Then, the jet is diffused and entrainment 
ceases - a widely-used empirical rule used in environmental dispersion calulation 
; no explanation has previously been advanced ! 

In many environmental and geophysical flows, there are differences in the 
concentrations and of scalars either side of an interface. The turbu- 
lence across it causes mean fluxes Ft across the layer, for example of salt or 
heat. In the ocean, some scenarios for development of this flow were analysed in 
Section 2. The magnitude of Ft is determined by similar small-scale mixing and 
diffusion processes as determine the spreading of turbulent eddies and the move- 
ment of the boundary Eb- Consequently, it is usual to define a flux entrainment 
velocity Ef — Ft/\C^^^ — Note that the total scalar flux across the layer 

F is contributed by the mean normal velocity W{zi), and the movement of the 
boundary Eb, i.e. F = + CM)/2] -|- Eb{C^^'^ - C^^l) +Ft.Ef is of the 

order of or but may be much smaller than these rms velocities when 
the stable stratification is large, i.e. » 1. In general, Ep is not equal to 
Eb, though this is often assumed. 

5 Effect of rotation 

5.1 Basic concepts 

When rotation is present, the fluid particles are subject to the Coriolis forces 
and the particle trajectories associated with waves become ellipses. The new dis- 
persion relation with stratification N(z), horizontal mean flow u[z) and rotation 
rate //2 is : 



= f?[k(x,t),x] 



2 / \ r2 

-if + f IF 









1/2 



+ ki u{z) 



(16) 



As pointed by Gill [30], one can deduce some basic concepts on rotating 
stratified flows simply from this dispersion relation. When a flow is strongly 
affected by the buoyancy effects, i.e. when the buoyancy frequency is large, the 
fluid motions are mainly horizontal and the wave modes have small horizontal 
wave numbers. In these typical “pancake” eddies, kjjjk « 1 and k^jk ~ 1 if 
the Burgers number Bu — Nkn/ fkz ~ 1 (where kn = (^i -f-A;!)^^^). Then there 
is a balance between the buoyancy and Coriolis terms in the dispersion relation. 
This is why in most geophysical mesoscale mean flows and eddy motions, Coriolis 
effects are found to be significant despite that the fact that / is generally 1/100 
of the magnitude of N . 
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This effect is particularly significant in wave fields where a vertical mean 
shear is present. The results of Section 3 show that the distortion of waves by 
the mean shear causes the vertical component of the local wave vector to increase, 
especially near critical levels. There are two main consequences of Coriolis effects 
being enhanced in these and other thin shear layers where Ri » 1 and Bu ~ 1. 

In strong stable stratification, the primary motions tend to be horizontal 
within horizontal layers, as experiments with forced oscillations and wakes of 
mountains demonstrate when >> 1 (Lighthill [51]). Then the wave vector is 
vertical ; the associated gravity wave modes have zero frequency and therefore 
do not propagate. Note that these marginal modes with vertical wave vector 
and zero frequency play a crucial role in the dynamics of layers as they may be 
identified as part of the mean horizontal motions instead of turbulent motions 
(e.g. Godeferd & Gambon [31], Galmiche [22]). 

However, when rotation is present, these motions spread vertically as a result 
of pure inertial modes with frequency /. Then, the thickness h of the wakes 
of mountains grow slowly as they are carried downwind, so that h ~ xf/N 
(Newley et al. [58]) where x is distance downwind the mountain. Then, vertical 
gradients of turbulent or wavy layers are generally reduced by the action of 
rotation, because there is greater vertical propagation associated with rotation. 
But it may still take a large distance (or time) for these waves to reach critical 
levels. On the other hand, in certain well-mixed oceanic flows where f > N, 
as over seamonts or over disturbances, Coriolis effects can be dominant, i.e. 
Bu « 1. This leads to horizontal wave vectors and vertical Taylor columns 
extending vertically above and below the disturbances. However, any slight stable 
stratification causes strong vertical propagation along these fronts which are then 
significantly distorted. 

The second main influence of the Coriolis effects is on wave-mean flow in- 
teraction. For example, where there is a weak mean shear profile in a stable 
flow forced by external disturbances, the transient wave-mean flow interaction 
steadily increases the shear as wave energy is supplied. After this transient in- 
teraction (which may develop over a long period of time) , the flow may reach a 
balanced state characterized by the presence of shear layers and some residual 
wave motions. Since the Coriolis effects thicken the layers, they tend in general 
to reduce the peak amplitude of these interactions, but they may spread their 
effects vertically. 



5.2 Critical levels 

Rotation has also an important effect on the critical levels. In the early theoret- 
ical works of Jones [42], it is shown that the Coriolis effects have some crucial 
consequences on the critical level when the Doppler-shifted frequency of the 
wave is comparable to the Coriolis frequency. The “Jones’s critical levels” have 
been further investigated theoretically by Miyahara [55], Kitchen & McIntyre 
[45] and Yamanaka & Tanaka [82]. To address the question of absorption and/or 
reflection waves at these levels. Kitchen & McIntyre [45] have shown that as a 
the frequency of a CIG wave packet is Doppler-shifted towards /, it is always 
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absorbed. This tendency may be modified over planatary scales when variations 
of the Coriolis parameter become significant. 

For global atmospheric and ocean numerical models, it is essential to know 
whether the energy transfers between the mean flows and waves are greater or 
lower in the rotating case than in the non-rotating case, especially in critical 
layers. In general terms, by comparing the dispersion relations for CIG waves 
and IG waves respectively we note that as a pure gravity wave reaches a criti- 
cal level, its intrinsic frequency tends to zero. By considering that wave action 
(the energy divided by the intrinsic frequency) is roughly conserved, the energy 
must also decrease and be transferred to the mean flow. On the other hand, the 
intrinsic frequency of a CIG wave does not tend to zero at the critical level but 
tends towards the Coriolis frequency. Thus, wave action conservation does not 
require that the wave energy tends to zero and the energy transfer to the mean 
flow should be weaker than in the non-rotating case. This is consistent with 
moderating effects of the Coriolis forces on finite disturbances and thin layers 
discussed in the previous section. 

6 Conclusion 

Recent research has shown a wide variety of phenomena in the thin layers that 
characterise stratified rotating flows of the atmosphere and oceans. Which of 
these phenomena is most significant depends on the parameters, the external 
perturbations and the history of their development. Also their prediction in 
models varies according to the parameterisation models and to the numerical 
approximations involved in any discretisation models. So, although such models 
have had some successes, especially when tuned to particular conditions, it is 
sometimes found that they may be erroneous in other situations (e.g. mixed layer 
parameterisation developed for modelling upper layers of the Pacific Ocean are 
found to be incorrect for the Atlantic ; the entrainment rate of cloudy layers can 
even be found to have the wrong sign, leading to some really bad forecasts !). 

Nevertheless, parameterisation and simplified local models for different types 
of layers continue to be developed in research and applied large operations mod- 
els. 

The range of new fluid phenomena that have emerged in the study of these 
layers are leading to some useful new concepts about inhomogeneous turbulence, 
waves and wave-mean flow interactions that should help in modelling and in 
solving practical environmental problems and in forecasting, such as 

(i) linear and weakly or strongly non-linear mechanisms (e.g. the formation 
of layers in shear flows is weakly non-linear, but without shear is strongly 
non-linear and quite sensitive to the type of forcing), 

(ii) processes that increase the gradients of thin layers through inhomoge- 
neous turbulence and external large scale straining, 

(iii) decoupling and sheltering of flows either side of shear layers (a concept 
that has improved the interpolation of meteorological fields on one sign of a 
front by ignoring data on the other side, so that the discontinuities appear 
in the plotted results as observed in reality !) 
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(iv) the formation, location and generation of thin layers, determined by 
a combination of particular linear and non-linear mechanisms, which can 
usually be parameterised or economically modelled. The computation of fully 
resolved models is not generally necessary, 

(v) Coriolis effects on wave dynamics of thin layers, especially critical layers. 
These effects are greatest in stably stratified flows where the Burgers num- 
ber is of order unity. This state is an “attractor” for many unconstrained 
geophysical flows (Babin et al. [5]). 

In considering these complexities of thin layers, it is as well as to note that 
there are only a limited number of types of characteristic behaviour in such lay- 
ers. Therefore, their study is mainly likely to lead to improved understanding 
and modelling rather than new phenomena. One recalls Luke Howard’s [36] in- 
sight in 1803 that the motions in the atmosphere (and ocean too) are not “the 
sport of winds” but continually reform into characteristic patterns, which was 
reflected in his cloud classification scheme. As we have seen here, research is 
making progress in understanding not only these different forms but also into 
their dynamical properties and how they develop. But there is much interesting 
work still to be done. 
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Abstract. Simulation of radiative transport in Participating Media (PM) is a 
difficult problem if the medium is fully anisotropic. Such anisotropy is created, for 
example, when small-scale interacting elements within the medium are non- 
spherical and are consistently oriented. The difficulty is expressed in the more 
general formulation of the Radiative Transfer Equation (RTE), with full 
dependence on the directions of both incident and outgoing radiation; and in the 
measurement and definition of a fully anisotropic medium’s optical properties. 
We present a set of numerical approximation tools that enable the solution of fully 
anisotropic problems, and the analysis of experimental data leading to the 
volumetric optical properties. An example of a medium containing small-scale 
anisotropic elements (a cylinder array) is presented as a benchmark. The 
equivalence of an experiment and a continuous PM model is demonstrated. 



1 Introduction 

The propagation of radiation through a Participating Medium (PM) is an 
important problem in many fields, such as: atmospheric sciences, oceanography, 
remote sensing, laser diagnostics, nuclear reactors, and radiation heat transfer. 
Treatment of radiation transport through PM is usually modeled by the Radiative 
Transfer Equation (RTE). Solution of the RTE is mathematically difficult due to 
several inherent complexities. The intensity field depends not only on location, 
but also on direction. The presence of scattering couples intensities at different 
directions, adding an integral term to the differential equation. When the 
medium’s optical properties are anisotropic, the RTE coefficients become non- 
constant. Finally, in many realistic cases the radiation problem is coupled to 
conduction and convection modes of heat transfer, making the combined problem 
highly non-linear. Solution of radiative transport problems is therefore done with 
numerical approximation methods, and development of general, accurate and 
robust methods is a major challenge in this field. 

A popular approach to the numerical solution of the RTE in recent years is the 
Discrete Ordinates Method (DOM), together with its close sibling Finite Volume 
method (FVM). These are analogous to finite-volume discretization in directional 
space [1, 2]. A considerable amount of recent work has generalized the DOM 
approach, for example [3-6]. However, these contributions stay within the limits 
of semi-anisotropic media, i.e., volumetric absorption and scattering coefficients 
that are independent of direction, and a degenerate scattering phase function 
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depending only on the angle between the incident and outgoing radiation. In a 
fully anisotropic medium, the volumetric absorption and scattering coefficients 
depend on the direction of incident radiation, and the scattering phase function 
depends separately on both the incident and outgoing directions. Examples of such 
fully anisotropic problems are fibrous insulation [7, 8], finned heat sinks [9], plant 
canopies [10, 11], and solar absorbers [12, 13]. We have recently presented a 
formulation and numerical solution procedure that includes full treatment of 
anisotropic media [14]. The Discrete Ordinates with Time Stepping (DOTS) 
procedure includes both treatment of general optical properties, and the 
application of an iterative procedure commonly used in flow problems to the RTE. 
In this work, we use the DOTS formulation as a framework for the RTE solution. 



Nomenclature 

A Area (m^) 

I Radiation intensity (W m^^ sr'') 

J Radiation flux within an ordinate (W m'^) 
q Emission source (W m'^) 

s Distance along the direction of the radiation (m) 
t Pseudo-time (s) 

Greek 

P Extinction coefficient (m‘‘) 

O Scattering phase function 

0 Scattering coefficient (m"‘) 

(0 Solid angle (sr) 

Superscripts and subscripts 

in, out Incident and outgoing 

{tr), (sc) Transmitted and scattered parts of the radiation 



A second element in the simulation of radiative transport is the knowledge of 
the bulk optical properties of the medium; the volumetric absorption and 
scattering coefficients and the scattering phase function. In some cases, it is 
possible to construct an analytic description of the medium, if the interacting 
elements in the medium (e.g., atoms, particles, or fibers) are known, are relatively 
simple, and are organized in a specific way. In many cases, however, this 
information is not available and the optical properties need to be derived from 
experimental data. This problem is an inverse problem [15, 16], where the results 
(experimentally measured data) are known, and parameters within the problem 
definition are sought. In most cases analyzed in the literature, the medium is semi- 
anisotropic and can be described by a relatively small number of properties: the 
absorption and scattering coefficients, and a few additional coefficients for the 
degenerate phase function model. However, fully anisotropic media require a 
much larger number of parameters to adequately describe the optical properties. 
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In this contribution, we briefly describe the DOTS solution procedure for the 
RTE with general anisotropic media as presented in [14]. We then present the 
derivation procedure of general properties from experimental measurement, as 
recently proposed in [17], Finally, we apply the continuum PM model to an array 
of cylinders as an example of a medium containing small-scale anisotropic 
elements that absorb and scatter radiation. First, we validate the numerical tools 
by comparison against a physical experiment with a cylinder array. Next, we 
present the effective optical properties of this medium, and then evaluate the 
adequacy of the continuum treatment for such media by comparing exact and 
model results. 

2 Solution of the Radiative Transfer Equation 

Radiative energy transport through a PM is modeled by the RTE [18, 19]: 

— = ~l3{s,(o)I{s,o)) + — (<T{s,a)')l(s,a)')0{s,o},o)')da)' + q{s,co) ( 1 ) 

os 4n • 

Alt 

where I is the radiation intensity; s and (o are position along the path of the 
radiation and direction, respectively; /5 is the extinction coefficient, ]3=x+a, and K 
and cr are the volumetric absorption and scattering coefficients; d> is the scattering 
Phase Function; and q is the source due to thermal emission. In Equation (1) we 
allow for fully anisotropic media, where the absorption and scattering coefficients 
and the phase function depend on the direction of the incident radiation. We do 
not show explicitly wavelength dependence in Equation (1), and the treatment in 
this paper is appropriate either for a given wavelength (monochromatic radiation) 
or for a gray medium. 

The Finite Volume method (FVM) divides directional space into discrete solid 
angle intervals, representing the radiation intensity by a single value in each 
interval. We follow the formulation of [14], and replace the integral term by a 
finite sum, producing a coupled set of ordinary differential equations: 

^ = -Pn(s)/n(s) + ^Xo„,(s)/„(s)d>„„(s) + C]„{s) (2) 

where 0 )„ is the solid angle range corresponding to ordinate n; is the radiative 
flux within ordinate n, 7„=/„0)„; ]3„, a^, and d>„,„ are the averaged optical properties 
within the ordinate; and is the emission source of ordinate n. Equations (2) are 
solved using a suitable spatial differencing procedure and an iterative algorithm. 

The iterative solution procedure used by most researchers involves sweeping 
each ordinate over grid cells in a sequence conforming to the ordinate direction 
[20]. It takes advantage of the characteristic-like nature of Equation (2), where 
information from the ‘upstream’ boundary of an ordinate propagates all the way 
‘downstream’ during each sweep. This procedure is semi-implicit since previously 
updated ordinates contribute ‘new’ values, but ordinates to be updated later 
contribute ‘old’ values. This could slow convergence when strong scattering is 
present. Another disadvantage of this procedure is evident in attempts of 
parallelization via domain decomposition [21]. The DOTS iteration [14], on the 
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other hand, transforms the original boundary value problem to an initial value 
problem by adding derivatives of the dependent variables by a time-like parameter 
to the equations. Coupling among ordinates is improved since all ordinates are 
updated simultaneously in each time step. The time-iterative method is well 
developed and widely used for solving CFD problems. Its application to the radia- 
tion transport problem should therefore provide access to the wealth of knowledge 
and enhancements that have accumulated through CFD experience. For example, 
the DOTS algorithm is localized, dealing only with nearest neighbor cells in each 
iteration, and therefore should permit a much more effective domain 
decomposition parallelization. 

The iterative update equation for the DOTS procedure is [14]: 

~ 7^1 Che/mE + C^iy/bW (3) 

\ m*n J 

where the subscripts E, W,... refer to the cell’s nearest neighbors, C are geometric 
coefficients related to the spatial discretization, J* is the new value. At is the 
pseudo time step, and is a weight function. The time-step and the weight are 
chosen to provide numerical stability according to the Courant-Friedrichs-Lewy 
condition; 

At <1 

w„=Pb + c„ 

Convergence of the algorithm is guaranteed under this condition for any 
geometry, boundary conditions and material properties [14]. This stability 
property does not place any restrictions on the spatial grid, unlike [22]. 

3 Measurement of the optical properties 

The optical properties of a PM are derived from an experiment. A sample of the 
medium is exposed to a known incident radiation, and outgoing radiation fluxes in 
several directions are measured. The analysis of the results usually proceeds as 
follows: guess initial values for the optical properties; solve the direct problem 
numerically by some approximation of the RTF within the sample; and compare 
the outgoing flux results to the experimental measurement. The optical properties 
are then adjusted and the computation is repeated within an optimization process, 
until reasonable agreement is reached [15, 23]. This can be a resource-consuming 
process both due to the need to solve the RTF and the need for sophisticated 
iterative optimization procedures. For the fully anisotropic case, the number of 
parameters to be optimized is much larger than for the semi-anisotropic cases 
commonly treated in the literature, and numerical issues such as stability and 
convergence of the optimization may present significant problems. 

In a recent contribution [17] we presented a simplified method to derive the 
optical properties of a fully anisotropic medium, using a direct procedure that does 
not require numerical optimization or a detailed solution of the RTF. A major 
approximation needed to achieve this relative simplicity is treating the entire 
sample as a single control volume. If the optical thickness of the sample is high, 
this may cause a significant error since the intensity does vary considerably within 
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the sample. We found that this approximation works well up to optical thickness 
of order 1, which is a reasonable range for practical measurements. The actual size 
of the sample depends, of course, on its extinction coefficient, as the optical depth 
is the product of the physical depth and the extinction coefficient. 

We base the analysis on the DOTS discretization of directional space. The 
number of unknowns is related to the number of ordinate directions chosen; 
therefore the directional resolution of the optical properties found by this method 
can be chosen as desired. The number of measurement points is the same as the 
number of unknowns; we need to measure the outgoing flux in each of the 
ordinate directions. If the optical properties are intended for use in a subsequent 
numerical simulation, then it may be convenient to choose the directional grid 
used in the measurement in some relation to the grid that is eventually used in the 
simulation. 

The energy balance equations for the sample are expressed in terms of the 
measured properties, the incident and outgoing radiation fluxes. We also separate 
the transmitted and the scattered components of the outgoing radiation to decouple 
the extinction coefficient from the scattering process. The transmitted intensity 
field will decay exponentially from the upstream boundary along the direction of 
the radiation. We approximate the exponent with a quadratic polynomial [24], and 
obtain an expression for the outgoing transmitted flux as a function of the 
geometry and the extinction coefficient; 

}(Jr)oui ^ ^ ^ J 



where c,, Cj and are derived from the geometry of the sample and the direction 
of the definition of the angular domain to„ [17]. This equation approaches the 
standard Taylor series expansion for small optical thickness, where and the first 
two coefficients become Co=l and c,=-l. Equation (5) is quadratic in Pj, and can 
be solved given the measured incident and outgoing transmitted flux. This is 
repeated for all ordinate directions to find all extinction coefficients; we perform 
independent experiments, where in each experiment the radiation is incident from 
only one ordinate direction. 

The next step is to solve for the scattering coefficients. We sum all equations 
(2) for the scattered component, eliminating the phase function terms using its 
energy conservation property, average over the volume of the sample, and use the 
divergence theorem to obtain; 







-ajr = o 



( 6 ) 



The derivative term is now resolved in terms for measured fluxes. The volume 
average of the transmitted flux can be derived from the approximate exponential 
solution. Deriving the volume averaged value of the scattered component in 

terms of the measured fluxes, the sample geometry and the extinction coefficients 
Pi is more complicated; the details are given in [17]. This is repeated for each 
independent experiment. When the average fluxes are available for all 
experiments, we can solve equation (5) for the scattering coefficients Oj. Finally, 
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reluming to the equation (2) for the phase function, all the averaged flux values 
and all other optical properties are available, and we can solve for the phase 
function 4>„. 

4 Validation for an anisotropic medium 

As a case of a geometrically complex and strongly anisotropic PM. we consider 
a medium containing an array of cylinders as the interacting elements. This is a 
relevant model for several applications |9, 10, 13]. We have performed both 
numerical and physical experiments to validate the analysis method. The physical 
experiment was performed in a nephelometer (Figure 1) with four rotational 
degrees of freedom. The radiation source was a He-Ne laser (632 nm) with a beam 
expander, and the outgoing radiation was measured with a photodiode detector. 
The sample is a staggered 10x10 cylinder array with aspect ratio (cylinder length 
to diameter) of 10, row spacing of 3 diameters. The white-painted metal cylinders 
are mounted on a transparent Perspex disk (Figure 2). The intrinsic surface 
reflectivity was set to 0.6 in the ray tracing, and diffuse reflection was assumed. 

We divided directional space into 32 ordinates or angular ranges, with the polar 
angle divided into four equal segments, and the azimuthal direction divided into 
eight equal segments (Figure 3). This is a coarse directional mesh but is sufficient 
to demonstrate the analysis method. The numerical experiments were performed 
using statistical ray tracing (Monte-Carlo). The number of numerical rays in each 
experiment was 10‘. 




Figure 1 . Nephelometer for measurement of transmitted and scattered radiation 
from the PM sample. The nephelometer permits four rotation degrees of freedom 
for orientation of the sample relative to the incident radiation, and orientation of 
the detector relative to the sample. 
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Figure 2. Sample of PM composed from an array of cylinders. The sample is 
installed on a transparent circular base plate. 




Figure 3. (a) Incident and outgoing transmitted radiation {solid lines) and 
scattered radiation {dashed lines), (b) Division of directional space into finite solid 
angle volumes in sample problems. 6 is the polar angle and 0 is the azimuthal 
angle. Each solid angle range is numbered consecutively between 1 and 32 
(boldface numbers). 

As a first step, we validated our ray tracing procedure by comparing the 
outgoing fluxes from physical measurement to the computed values. Figure 4 
presents the distribution of radiation scattered from the sample when the incident 
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radiation is at polar and azimuth angles of 0=45°, (j)=45°, respectively, and the 
detector is moved along the plane of (|)=315°. Three simulations are shown. The 
first included the sample only, ignoring the effect of the transparent base plate. 
Some local effects at polar angles above 90° are missing from the simulation. We 
next included the reflections from the plate and recovered one of these local 
features. Adding a small (2%) specular component to the reflectivity of the 
cylinders (fixed reflectivity independent of direction) finally produced a good 
match to the behavior of the experimental results. The ray tracing simulation is 
then capable of approaching the physical experiment with reasonable accuracy. 




Figure 4. Experimental (circles) and simulated (lines) directional fluxes for the 
cylinder array sample. Best match shown with accounting for the base plate and 
some specular contribution in the cylinder reflectivity. 

The next step was to use our approximate analysis of Section 3 to derive the 
averaged optical properties of the sample. The results are shown in Figure 5. In 
this case, we do not have exact values for comparison, since the medium is not a 
continuum of known properties. As a final check on the validity of the procedure, 
we compute again the transmission and scattering through the sample, using a 
continuum PM model with the derived optical properties. We then compare the 
distribution of the outgoing flux between the first set of values (direct simulation 
with all the geometric detail of the cylinder array) and the second set (an 
equivalent continuous PM). The former set of results is labeled ‘experiment’ 
(albeit a numerical experiment), and the latter is labeled as ‘model’. The 
comparison is shown in Figure 6 for the transmitted and scattered components of 
the outgoing fluxes. The comparison shows a very good match, indicating that the 
approximation of the cylinder array by a continuous PM is acceptable. 
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Figure 5. Effective properties of the cylinder array, (a) Extinction and scattering 
coefficients, (b) Phase function for incident ordinates 1 and 1 1 . 

5 Discussion 

A method for the analysis of fully anisotropic participating media was 
presented. Two steps are required: measurement and extraction of the optical 
properties of the medium, and a consistent numerical solution procedure of the 
RTE in a general setting. The DOTS procedure was presented as a framework for 
the numerical solution, since it is formulated for fully anisotropic problems, and 
places no restrictions on the resolution of either the spatial or the directional grids. 
The solution procedure requires the availability of averaged optical properties for 
each ordinate direction. 

The optical properties are derived from experimental measurements, using a 
direct solution of algebraic equations, without the need for detailed solutions of 
the RTE and repeated optimization cycles. A set of geometric coefficients is 
needed for the procedure, which are found from the geometry of the sample and 
the division of directional space into a finite number of angular domains. This 
derivation of the optical properties is consistent with the DOM methodology as 
used in the DOTS and other published algorithms. This can be convenient if the 
eventual use of the optical properties data is within a DOM code, and the 
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measurement points have been laid out in some relation to the ordinate grid used 
in the simulation. If needed, interpolation can be used to provide data for different 
directional grids. It is also possible, of course, to match an analytic curve fit to the 
measured properties, similar to the Legendre polynomial representation that is 
commonly used for semi-anisotropic problems. However, for a fully anisotropic 
medium where the phase function is defined over a four-dimensional directional 
space this may not be a trivial task, and the tabulated property data may be easier 
to handle. 



(a) 

OOOOOOO 








) 




oooooooo 

y 










— Exper 
o Mode 


ment 









0 8 16 24 32 




0 8 16 24 32 

Outgoing Ordinate Number 



Figure 6. Comparison of outgoing fluxes in the detailed numerical experiment 
(lines), and the model using continuum optical properties (symbols). Flux is in 
arbitrary units, (a) Transmitted flux, (b) Scattered flux from incident ordinates 1 
and 11. 

We validated our approach with an anisotropic medium containing elongated 
elements that interact with the radiation. The results showed a good match 
between experimental measurement and prediction based on a continuum PM 
model. This shows the feasibility of modeling complex systems with anisotropic 
small-scale structures as continua, and solving the radiative transport problem 
with standard PM numerical tools. 
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Abstract 

The vortex-wake of an airplane contains a system of one or more pairs of 
trailing vortices. The vortex- wake interacts with the surroimding atmosphere 
and decays due to instabilities such as the Crow instability. The downwash 
associated with the wake constitutes a hazard to other airplanes since it may 
cause an appreciable loss of lift and/or induce a roUing-moment. This can be 
dangereous if the second airplane is near the ground such as during take-oSs and 
landings. In this paper we begin by drawing parallels between this problem of 
air-space pollution near airports due to vortex-wakes and other environmental 
pollution problems. Attention is focussed on how fluid mechanical processes 
influence different elements of this problem and on fluid mechanical means with 
potential of alleviating the wake hazard. 

1 Introduction 

A lift-generating body leaves behind a trailing vortex-wake. The vorticity shed 
into the wake rolls up and organizes itself into a system of one or more pairs 
of counter-rotating vortices. Significant cross-plane velocity components are in- 
duced by the trailing wake. The photograph in figure 1 shows a typical aircraft 
vortex wake. To get a sense of the physical magnitude of the ‘disturbance’ 
associated with the wake consider a large airplane weighing 2 x 10® AT with a 
wingspan, b, of 60 meters and approach speed Uoo = 70m/s (approx. 260 
kmph). Assuming elliptical loading on the wing we may deduce (see e.g. Milne- 
Thomson [38], Chapter 11 ) that a vortex wake with a circulation T = 505m^/s, 
and effective span bo = 47m is shed. The size of the vortex cores in the wake, 
To, turns out to be more difficult to estimate. Following Spreiter and Sacks 
[53] 2ro/b = 0.171 (for a Rankine vortex core) gives tq as 5.1 m. With these 
parameters the induced velocities are; the descent velocity of the vortex pair 
Uq = 2 ^ of 1-7 m/s, the maximum tangential velocity Ue,max of 15.8 m/s 
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(for a Rankinc core), and the downwash velocity at the wing of 8.4 m/s. The 
latter two magnitudes are a considerable fraction of the approach speed, which 
highlights the hazard associated with a vortex-wake cncoimter. If another air- 
plane encounters this wake its aerodynamic characteristics change significantly. 
Depending on the details of the wake-cncountcr the lift may change abruptly 
and significant rolling moment may be induced. When this occurs unexpectedly, 
and particularly if the following airplane is near ground such as during takeoffs 
and landings, the wake encounter can be hazardous. Federal Aviation Adminis- 
tration (FAA) has set guidelines for separation distances between airplanes near 
an airport to ensure safety. As commercial air traffic grows around the world 
the air-space near the already busy airports will be stressed. Maintaining safety 
of air transportation in busy air-spaccs will remain critical. This is particularly 
important when visibility is limited. 




Figure 1: Vortex wake of a commercial airplane. Smoke is introduced near the 
wing and flap tips to visualize the vortices. Image from NASA Dryden Image 
Gallery. 

It is common in the vortex wake literature to adopt the time scale tq = 

bn 

^ = — 1^1 the time taken by the vortex-pair to descend a distance 6q, as the 
normalizing timescale. The ‘age’ of the wake as it forms and later decays can be 
represented by the dimensionless time r = </tq . Typically under clear weather 
conditions a strong wake may persists for r = 10 [56]. Persistent wake vortices 
have been reported to last for more than 3 minutes midcr calm conditions, but 
typically under light turbulence the vortex wake dissipates within a minute [56]. 
For the airplane parameters given earlier Tq ss 27 seconds, and one unit of non- 
dimensional time T corresponds to a distance of 1.9 Km behind the airplane 
which gives a downward inclination of approx. 1.4 degree to the vortex-wake 
relative to the flight path. 
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2 Vortex- wake Pollution 



The vortex wake hazard problem has several elements in common with other 
more familiar environmental pollution problems. To stress these common el- 
ements the phrase ‘vortex-wake pollution’ was chosen for the present paper. 
Firstly, the impact of the vortex-wake of a given airplane depends a great deal 
on the dynamic interaction of the wake with the local atmosphere. The atmo- 
spheric turbulence, stratification, wind shear, cross winds and ground proximity 
are some of the variables influencing the dynamic evolution of the vortex wake. 
Spalart [52] in his recent review provides a compilation of the wake decay time 

T against the atmospheric turbulence parameter rj = where e is the 

turbulent kinetic energy dissipation rate. The parameter 77 is just the ratio 
of the velocity scale associated with atmospheric turbulence at a length scale 
60, estimated using the inertial range spectrum [54], to the descent speed Ug. 
Spalart notes that wake decay times vary by at least an order of magnitude even 
for nominally constant Tj. This is attributed to the intermittency of turbulence. 
In an atmosphere with strong thermal convection the wake dissipates rapidly. 
Stable stratification also strongly impacts the wake instability [56], [49], [22]. 
More complex interactions occur with shear, cross wind and ground proximity 
[56], [22]. The wake may roll over, and one of the wake- vortices may be prefer- 
entially destroyed. Strong impact of the atmospheric variables on the potential 
hazard due to the wake is reminiscent of environmental air pollution problems. 

Another element with such a parallel is the difficulty in evaluating the level 
of risk or hazard. The aerodynamic interaction between a vortex- wake and a 
following airplane is a well defined fluid mechanics/ aerodynamics problem given 
the velocity field in the wake and the geometry of the encounter. For an un- 
expected wake encoimter both are unknown, so a worst case scenario could 
be adopted. But this may be overly conservative given the variability of the 
wake due to the atmospheric variables. The risk/hazard depends also on the 
characteristics of the aircraft encountering the wake and the control authority 
available, and human factors must also be included. The current FAA rules 
requires specific minimum separation distances between airplanes according to 
their maximum gross take-off weight class. For example, the minimum separa- 
tion for a small airplane following a heavy airplane is 6 nmiles but for a heavy 
airplane following another of the same class is 4 nmiles. Under instrument flight 
rules the minimum separation distances take effect but are overruled when good 
visibility allows the visual flight rules. The projected development of airplanes 
larger than the Boeing 747 will require the FAA safety rules to be re-evaluated. 
Similarly, wake encormters patterns may also change with the emergence of 
‘free-flight’. Progress in avionics can improve the utilization of airport nmways 
provided that the vortex-wake hazard can be satisfactorily addressed. 

The vortex-wake problem is also different from other environmental pollution 
problems. No penalties or tariffs are imposed on airplanes based on the potential 
hazard of their wakes. There are no specific regulations or guidelines phrased 
directly in terms of the vortex-wake generated by the airplane. And unlike air- 




166 



S.K. Lele 



craft noise pollution the vortex-wakes for the most part do not impact the local 
communities near busy airports. The exception to this is the ‘roof-damage’ at- 
tributed to strong suction pressures in vortex ‘hoops’ from heavy airplanes [29]. 
The National Transportation Safety Board (NTSB) website maintains reports 
on aviation accidents including those in which vortex wake was considered to 
be as a factor. Vortex wakes have a significant impact on the dispersal of en- 
gine exhaust pollutants [23], but this is more important for cruise flight in the 
troposphere and is not considered here. 

3 Vortex-wEike development 

The vorticity shed by an airplane reorganizes itself due to the non-uniformities in 
the induced velocity. The first phase of this reorganization involves a relatively 
rapid roll up of the sheet-like wake vorticity. Typically in a distance of a few 
wingspans the wake vorticity rolls up to form one or more pairs of vortices. 
Close to the wing the vortex wake involves several vortex pairs. Vortices roU up 
from wing- tips, tips of flaps (in-board and out-board), engine pylons, wing-body 
jimction, and horizontal tails (see [15] for an example). Modeling the roll up 
process is a classical fluid mechanics problem. See Saffman [48], Donaldson and 
Bilanin [19], Krasny [27] for various aspects of this problem. Detailed velocity 
and turbulence mesurements in the neax-wake are rare, particularly for wakes of 
high-lift systems [9], [15]. Devenport et. al. [16] emphasize that ‘wandering’ of 
the vortex core dominates the fluctuating velocity and must be carefully removed 
to reveal the turbulence which is found to decay. In subsequent studies [17]- 
[18], they report measmements downstream of a pair of half- wings arranged to 
generate a counter-rotating or co-rotating vortex-pair. Wandering of vortex- 
cores remained important, but a reorganization of the turbulence by the large- 
scale motions could be followed. 

The total circulation on each side of the wing must account for the total 
lift, regardless of whether one or more vortex pairs form or whether some of the 
shed vorticity remains uncollapsed. Cancellation of opposite-signed vorticity via 
viscous or turbulent diffusion across the mid-plane occurs on a slower timescale 
and is important in later development of the wake. Model scale data and flight 
tests (e.g. see [40]) have shown that wakes with one or two dominant vortex 
pairs persist for a long distance. Measmements of the velocity in the cross-plane 
as a function of the ‘radial’ distance from a nearby vortex core indicate a region 
of near solid-body rotation followed by a peak in the azimuthal velocity and 
finally a progressive change towards the ‘field’ associated with other vortices. 
Comparison of flight test data (e.g. [19]) with idealized models of the vortex 
core shows that the Rankine/Lamb-Oseen/Q- vortex models are insufficient and 
the Betz-model[3] is closest to the data. On the other hand laboratory data (at 
lower Reynolds numbers) is well fitted by the Lamb-Oseen vortex model (see [6] 
for a recent study). Spalart [52] stresses that a two-scale model of the vortex 
with a distinct outer scale corresponding to the vorticity in the region exterior 
to the location peak swirl velocity (inner scale) is more representative of the 
high Reynolds number wakes of aircraft. 




Vortex- Wake Pollution: A Problem in Fluid Mechanics 



167 



Spanwise distribution of lift and the non-planarity of the lifting-surfaces are 
two primary factors influencing whether the wake-rollup leads to one or more 
vortex pairs. Whether two or more vortex-pairs persist is a matter of signif- 
icant interest. Vortex-merger process has been studied using two-dimensional 
vortex-dynamics (Zabusky and collaborators [8], [37], Dritschel [20], [21], and 
[47] for early work in the airplane wake context) and conditions for rapid merger 
have been obtained in terms of a minimum separation distance between a pair 
of vortices relative to their core size. For a given circulation ratio 7 = ^ a 
rapid merger does not occur when the distance between the cores exceeds a 
critical value (see schematic in figure 2). Effects of viscous diffusion and turbu- 
lence determine the duration of a slowly-changing quasi-equilibrium stage which 
precedes the eventual rapid merger ([21], [5]). Similarly, three-dimensionality of 
the wake can influence the time required for vortex merger [4], [6]. If multiple 
vortex pairs persist for a significant distance, as with 30-0 flap settings on B747, 
the rolling moment on a following airplane is significantly reduced. However, 
deploying the landing gear affected the the wake roll-up process [9], [47] and the 
beneficial effect disappeared. Non-planar lifting surface wakes (see [59], [10] for 
the basic aerodynamic theory) have been exploited in the design of wings and 
winglets to reduce the induced-drag [28]. This may also offer an opportunity 
for a simultaneous wake-hazard reduction [36]. 



F2 r 1 




Figure 2; A schematic of vortex wake with two rolled-up vortex pairs. 



4 Vortex Wake Instabilities 

The vortex- wake of an aircraft does not persist for ever. Its breakdown is affected 
by the conditions prevailing in the local atmosphere. Under windy conditions 
with significant shear turbulence in the atmosphere or when strong convec- 
tive turbulence is present, the wake dissipates rapidly. This is signaled by a 
rapid disappearance of the contrails. However one must be cautious in inter- 
preting contrail data; its disappearance only signals that the wake conditions 
are thermodynamically unfavorable for maintaining condensed water vapor- its 
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relationship to vortex intensity is very indirect. In calm weather persistent con- 
trails can be observed for long distances behind the airplane. Tliree types of 
instabilities have been found on vortex pairs. The largest scale instability is the 
so-called Crow instability [12]. Typically its most luistable wavelength is 7-10 
times the vortex-pair separation distance. Crow instability grows on a time scale 
To and takes the form of a ‘symmetric’ perturbation on the vortex pair sketched 
in figiu^ 3. The origin of this type of instability can be understood as follows. 
It is well-known that concentrated vortices support wave-like disturbance, i.e. 
‘vibrations of columnar vortex’ (Kelvin [25]). Such displacement pertimbations 
are dispersive. The long-wave bending-wave perturbations rotate slowly around 
the vortex core while the short waves rotate rapidly. See WidnaU [61] and Lei- 
bovich et. al. [30] or Saffman [48] for details. The presence of a second vortex 
has two effects: its non-uniform induced velocity strains the neighboring vortex- 
core, the induced strain rate is 5 = 55 ^ » displacement perturbations on 

one vortex influence the rotation rate of the bending-perturbations on its neigh- 
bor as well. Since long-wavelength bending waves rotate slowly the straining 
effect causes the perturbations to grow. Long wavelength perturbations which 
displace the vortex core in planes oriented at approximately ±45 degree to the 
horizontal arc destabilized. The growth rate of the nmst unstable mode scales 
with the strain rate S. 




Figure 3: A schematic illustration of the Crow instability on a vortex pair. 
Figure adapted from Rennich [42]. 

As the instability grows a portion of one vortex core is progressively brought 
close to a corresponding portion of the vortex core of opposite strength. Eventu- 
ally viscous effects come into play and the vortex cores connect and pinch off to 
form vortex-loops (see [26] for a review). Crow instability is readily observed on 
aircraft contrails. The vortex pair breaks down into an array of distorted vortex 
loops/rings which undergo further breakdown. Significant wavy distortions at 
shorter wavelengths arc also noticeable near the regions of linking [58] . Atmo- 
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spheric conditions create variations in the patterns of contrail break up. Some 
of these variations can be observed in the photograph reproduced in figure 4. 




Figure 4: A photograph of aircraft contrails showing some of the atmospheric 
effects on wake evolution. 

Crouch [11] has extended the long- wave stability analysis to a system of 
two vortex pairs, see the sketch in figure 2. In absence of perturbations the 
two vortices in each half-plane co-rotate around their vorticity centroid while 
the centroid itself descends at a speed Uq = where F = Fi -|- Fj and 

bo = Since the co-rotation time scale is ~ (^)^ro, where d= b\—b 2 , 

this re^ts in a helical vortex system with a long pitch relative to an insta- 
bility wavelength, A = 2ir/k, provided that ^kbo{-^)^ » 1 [11]. Long-wave 
disturbances, kb[} ~ 0(1), of this vortex-system reduce to a coupled system 8 
ordinary differential equations with periodic coefficients. A Floquet-stability 
analysis is used to determine the long time evolution. For airplane relevant 
parameter ranges Crouch showed that the ‘symmetric’ Crow instability mode 
can be further destabilized by the time-varying strain rate. New modes of in- 
stability were also found and significant transient-growth of ‘symmetric’ mode 
was emphasized. 

Vortex pairs also support shorter wave instabilities [33], [55], l48]. Leweke 
and Williamson [33] have studied short-wave instability of the vortex pair. They 
show that each vortex core develops perturbations with a wavelength of approx. 
2 core diameters and has the additional property that the radial velocity vanishes 
on an ‘invariant stream tube’ lying within the vortex core. The destabilization 
of the vortex core is again traced back to the strain induced by the neighboring 
vortex. Leweke and Williamson [33] show that this instability can described 
as an elliptical instability in a bounded domain [60]. It grows on the time 
scale To and coexists with the longer wavelength Crow instability. Interestingly, 
this elliptical instability is most strongly evident in regions where the vortex 
pairs approach each other. This instability has so far not been identified in 
flight tests, but it is possible that shorter wavelength oscillations in regions of 
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linking [58] are related to it. Leweke and Williamson also show that the short- 
wave localized elliptical-instability is compatible with another theoretical model 
of strain-induced short-wave co-operative instability, e.g. Tsai and Widnall 
[57]. Models of the short-wave instability [48] are based on higher-order Kelvin 
modes of a Rankine vortex. The role of vortex-core profiles on the short-wave 
instability, and the role of other stiU smaller-scale instabilities called ‘ultra short- 
wave co-operative instability’ [48] are topics for further work. 

In addition to these instabilities, trailing vortices exhibit a type of core- 
birrsting involving a sudden expansion of the vortex core and presumed gen- 
eration of small-scale turbulence. The burst vortex core may locally be more 
disorganized but its circulation is preserved and the overall vertical motion of 
the trailing vortex pair is not affected by bursting [49]. Core bursting is ob- 
served in both laboratory experiments [49], [35] as well as in flight tests (e.g. 
[7], [56]) and is reported to be the dominant mechanism for the disintegration 
of the wake when atmospheric turbulence is strong. Although core-bursting has 
some features in common with the vortex-breakdown phenomena (e.g. [31]) 
many researchers regard it as a separate phenomena. A theoretical model of 
core-brnsting is not yet avciilable. 



5 Numerical Simulation of Crow Instability 

An efficient numerical scheme for simulating vortical flows in unbotmded do- 
mains was developed by Rennich and Lele [43]. This method is based on solv- 
ing the vorticity tranport equation. As shown in the schematic of figure 5 the 
vorticity-bearing region of the flow is contained within a rectangular box. Axial 
periodicity is assumed. The vorticity outside the box is assumed to be zero. 
This allows the use of a Fourier-spectral method to efficiently represent the 
vorticity. To advance the vorticity equation in time 

^ ^ X {1? X (1) 

the nonlinear term ^ x {t? x u?} must be evaluated using the non-periodic 
velocity 1? required to represent the tmbounded flow. This is achieved by con- 
sidering the analytical representation the unsteady potential flow in the region 
exterior and interior to a cylindrical surface (of radius a) inscribing the ‘box’ as 
follows: 



_ J itv + for r < a; 

^ ^ V0e for r >a. 

where r = yj'ip- -\- is the distance from the axis of the cylinder (the x axis) 
and ity is the periodic velocity field due to the periodic representation of the 
vorticity a? implicit in a Fourier-spectral method used to advance of. The ve- 
locity potentials (pi and <pe are completely determined by the specification of 
on the cylindrical surface r — a and that Tt be continuous across r = a. The 
analytical forms of the velocity potentials <pi and 0e hi terms of the appropriate 
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Bessel functions follow once the velocity l?„(r = a) is decomposed into a sum 
of axial and azimuthal Fourier components. Details of the method, tests of ac- 
cmacy and convergence on different test problems including the impact of small 
residual vorticity at the cylindrical boimdary were given in [43]. Application of 
this method to simulate the vortex-wake behind an airplane requires one sim- 
plifying assumption. The evolution of the wake in the flight direction (or —x) 
must be slow compared to the evolution in the cross-plane y — z. The spatial- 
development in X can then be simulated using a temporal- development obtained 
with axially periodic boimdary conditions. In the region containing the wing and 
its immediate vicinity the wake- development is rapid. However approximately 
one or two chords downstream from the trailing-edge the temporal-development 
is expected to closely approximate the true development of the wake. 




Figure 5: Schematic of the computational domain. 

Initial conditions for a study of the Crow instability were generated by taking 
a pair of compact vortices of circulation d-F and — F with a Gaussian vorticity 
distribution and placed apart with a separation 6o- The core size, defined as the 
location of maximum swirl velocity, was approx. 0.0816 q. This base state was 
perturbed using disturbances modelled after Crow’s analysis of pertmbed vortex 
filaments. Eigenmode disturbances corrraponding to the m = ±1 bending waves 
of wavenumber /3 = kbo = 0.736 {k is dimensional wavenumber) were superposed 
on each vortex so that each core was perturbed in a plane inclined at ±45 
degree from the horizontal. The amplitude of the perturbation was chosen so 
that the maximum displacement (peak to trough) of each vortex was approx. 
4 X 10~^6o- This maximum initial displacement is approx. 5% of the vortex 
core size and was judged to be small enough to yield a well-defined duration of 
linear instability, and also large enough that the nonlinear phase of the Crow 
instability could be studied without excessive computer time. Calculations were 
carried out at a Reynolds number of F/i/ = 10® and used up to 160 x 160 x 64 
grid points in the ‘box’ containing the wake. Time advancement was carried 
out using a fourth-order Runge-Kutta scheme. The growth of Crow instability 
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was measured using several diagnostics. These included the kinetic energy in 
the cross-plane at the fundamental wavenumber /?, vorticity perturbations at 
the fundamental wavenumber and the displacement measure measuring the 
maximum displacement of the vorticity centroid in the (y, z) plane. Details of 
the initialization and disturbance measures can be found in Rennich [42]. 

Figure 6 shows the evolution of the displacement measme against the 
normalized time r. A prolonged period of exponential growth can be observed 
and dming this period the growth is well predicted by Crow’s inviscid model 
(the theoretical growth rate is 0.8274). Since Crow’s predictions axe based 
on a vortex-filament model they require a cut-off length scale (see [32] for a 
general discussion of vortex-filament methods). In the present application the 
cut-off length is based on the core size of an equivalent Rankine vortex. This 
is determined by requiring that the phase speed of the m = +1 bending wave 
disturbance at the fundamental wavenumber k match for the Gaussian/ Lamb- 
Oseen vortex and its Rankine equivalent. A similar method is advocated by 
Widnall [61] using the long wave analytic dispersion relation. Figure 7 shows the 
evolution of other disturbance measures. While all measures grow exponentially 
the displacement measure compares most favorably with Crow’s predictions. 



10’ 
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T 

Figure 6: Growth of vortex centroid displacement dming Crow instability. Solid 
line: simulation; dashed line Crow’s linear theory. Figure from Rennich [42]. 

Visualizations of the vortex core at different stages of evolution are shown in 
figure 8. In this and subsequent figures vorticity is normalized by Uo/bo. The 
initial perturbation cannot be observed at the contour levels plotted. At r = 5.4 
the displacement measure has grown to approx. 30% of bo and the vortex core 
displacements characteristic of Crow instability are readily visualized. After this 
time nonlinear effects become important and 5 a grows more rapidly than the 
linearized theory, and within the next imit of r segments of vortices of opposite 
circulation touch and the vortex-reconnection process sets in. A detailed study 
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r 

Figure 7: Growth of normalized perturbations during Crow instability. Solid 
line: linear theory; dashed line: ujy\ dashed-dots: u>z; dashed-double dots: u>x; 
small dashes: cross-plane kinetic energy. Figure from Rennich [42]. 



of the Crow instability was carried out by Rennich [42] . This included a study 
of the effect of Reynolds number which showed that S/\ was least affected by 
Reynolds number. The effect of core size to span ratio ro/bo, wavenumber /3, and 
vorticity profile in the vortex core on the Crow instability were also considered. 
These studies showed that the growth of Sa compared well with Crow’s model 
when the core-size of the equivalent Rankine vortex was adopted. For larger 
ro/bo the observed growth rate was some what smaller than Crow’s predictions. 



6 Initiation of Crow instability 

It is natural to ask how Crow instability gets initiated in a natural environment. 
The turbulence of the atmosphere contains a broad range of scales. The most 
energetic scales are typically much longer than the most unstable wavelength 
of the Crow instability. The magnitude of the atmospheric motions which most 
effectively ‘force’ the instability can be expressed using inertial range scaling: i.e. 
the dissipation rate e and effeetive span bo are the two parameters determining 
this level. This is the basis of the Crow and Bate [14] analysis. Recently several 
group have studied this problem using numerical simulations. Spalart and Wray 
[51], and Risso et. al. [45] carried out direct numerical simulations of Crow 
instability initiated by forced isotropic turbulence. Their results are consistent 
with flight observations and the Crow-Bate model. Others [34], [46], [23] have 
used large-eddy simulations to include the effect of wind shear, engine exhaust 
buoyancy and stratification on the development of the wake. These results are 
generally consistent with laboratory and field observations and are now being 
used to explain/resolve conflicting viewpoints on the evolution of the wake and 
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r = 6.39 
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Figure 8: Evolution of Crow instability. Iso-surfaces of vortidty magnitude are 
plotted at different stages of the instability. Figure from Rcnnich [42]. 




its destruction. For example Risso et. al. [45] analyze the decay of the vortex 
circulation due to interaction with the background turbulence, and Robins and 
Dclisi [46] show the importance of three-dimensionality in explaining the effects 
of stratification. It can be hoped that in future such studies will lead to a better 
physical picture of the wake evolution. However, as Spalart [52] has stressed, the 
natmal variation in the time-to-link or the wake-lifetime is so large that even 
an ideal wake-prediction capability will only have a limited use for devising new 
air-traffic control nilcs. 

The question which arises then is whether the breakdown of the vortex- 
wake can be made more predictable by imparting some controlled disturbances 
to the flow. Since controlled disturbances can only be imparted to the wake at 
the lifting surfaces, the problem reduces to that of finding disturbances which 
are most effective in promoting an early breakdown of the wake, and of finding 
effective aerodynamic means for imparting the desired disturbances to the wake. 
Crow [13] proposed a scheme using combined motion of ailerons and spoilers for 
‘sloshing’ the spanwisc lift distribution. Flight tests on B747 [1] indeed verified 
that such a scheme caused a rapid breakdown of the wake, a chase plane found 
that at a distance of 3 nmt the 747 wake was completely devoid of any coherent 
rotory motions. However, these methods involve large changes to the basic lift- 
distribution and would not be practical. Many other methods for alleviating 
the wake hazard were also explored in the 70’s [40], and it remains to find 
whether carefully chosen but small amplitude changes applied at the wing can 
result in major effects in the rolled up wEike. This is recognized as a problem of 
receptivity once it is accepted that the objective of the controlled forcing is to 
excite Crow-instability or some other robust process relevant to the destruction 
of a multiple-pair vortex system. This is also an optimal flow control problem. 
Since roll-up is generally unsteady and nonlinear it is difficult to make analytical 
progress on this receptivity/flow control problem. However, with the availability 
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of three-dimensional numerical simulations of the wake roll up, it is possible to 
directly calculate the system sensitivity to controlled forcing. Such formulations 
have been successfully used in the context of transition delay and turbulence 
control [39], [24] and presently being developed for the vortex- wake problem. 

Rennich [42] took the direct approach of evaluating the wake response to 
idealized small amplitude forcing applied on the wing. The wing loading was 
taken to be elliptical, or a combination of two elliptical loadings with different 
spans was used to construct a model of a high-lift configuration. The root- 
circulation and span were imparted small-amplitude sinusoidal perturbations 
as a function of x the flight- direction, while the total lift was held constant. 
Wing loading was symmetrical so that the rolling moment was maintained to 
be zero. The spatial firequency was chosen so that it would be close to the 
most imstable Crow-instability wavenumber for the rolled up wake. One illus- 
trative case with span-perturbation amplitude ^ = 10“^ and the Reynolds 
nmnber Tju = 10^ is reproduced here. The roll up of this wake is displayed 
via the contours of streamwise vorticity Wi at one streamwise location at differ- 
ent times T in figure 9. Evidently the wake roU-up is rapid and completed by 
r = 0.25. The growth of three-dimensional pertmbations on this evolving wake 
are highlighted in figure 10. The growth rate of the displacement measme <Ja 
compares reasonably well with the prediction based on Crow’s analysis applied 
to the roUed-up wake. Also notable is the fact that a small amplitude change to 
the lift-distribution (maximum change to the local lift coefficient is 0.6 x 10“^) 
results in a displacement perturbation S^^/bo of 3 x 10“'* at r = 1. Other base- 
line lift-distributions leading to multiple vortex pairs were also considered by 
Rennich but we don’t discuss them here for brevity. 



r = 0.0 
r = 0.0275 



T = 0.150 



r = 0.248 



T = 0.377 





Figure 9: Wake roll up fi'om an elliptically loaded wing shown via contoms of 
ijJx- Figme adapted from Rennich [42]. 
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Figure 10: Growth of vortex centroid displacement in wake roll-up from an 
elliptically loaded wing. Figure from Rcnnich [42]. 




Figure 11: Contours of vorticity magnitude for the regime producing accelerated 
growth of vortex displacements. Figure taken from Rcnnich [42]. 

7 Accelerated destruction of vortex-wakes 

Wakes with multiple vortex pairs present opportunities for exploiting the inter- 
actions between these vortices towards a more rapid wake destruction. Crouch 
[11] studied the vortex-system of two pairs of vortices of same sign. Such a 
system may represent a wake where the vortex associated with the out-board 
flap-edge remains distinct from the vortex rolling up from the wing tip. He 
showed that during each cycle of co-rotation of the two vortices, the sinusoidal 
perturbation akin to Crow’s symmetric mode is transiently amplified. This ef- 
fect accumulates and enhances Crow instability. A different mechanism was 
identified by Rennich and Lele [44] . They consider the interactions arising from 
vortices of opposite sign in the half-plane. Vortices of circulation opposite to 
the wing-tip vortex are generated at the inboard edge of the flap and at the 
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Figure 12: Accelerated growth of vortex displaeement. Thick line: viscous 
simulation for br = 0.151; thick dashed line: viscous simulation for br = 0.161. 
Other lines show results of vortex filament simulations in the range hr = 0.126 — 
0.166. In all cases shown 7 = —0.4, and Vjv = 10^ for the viscous cases. The 
straight-line showing exponential growth is based on Crow’s theory. Figure from 
Rennich [42]. 



wing-body jimction. Efficient dynamic coupling between the two-vortex pairs 
of opposite sign can occur if all vorticra descend together. For the four-vortex 
system of figure 2 the system translates rigidly if the circulation ratio 7 = r 2 /Fi 
(note that 7 is negative) and span ratio hr = ^ 2/^1 satisfy: 

bl + 37h^ -F 3hr -I- 7 = 0. (2) 

Rennich and Lele [44] estimate the range of hr and 7 for existing commercicil 
airplanes. Interestingly this range includes a small portion of the relationship 
(2). Suppose that this condition for a rigid translation is nearly satisfied for a 
given wake. Now, if the irmer vortex pair is slightly perturbed so that over some 
region the distance between them is slightly redueed this pertmbation grows 
rapidly on a time scale T 2 = 27rh|/r2. Strong dynamical coupling between the 
two vortex pairs imparts a significant three-dimensional disturbance to the outer 
pair on the fast timescale T 2 . Vortex-filament based calculation showed that 
this mechanism successfully excited Crow instability on the outer vortex pair. 
After exploring the qualitative mechanism using the vortex filament method, 
high-resolution DNS studies were undertaken for two particular cases. Results 
from one of the DNS study are plotted in figures 11-12. The rapid growth of 
distortion on the inner vortex pair and its effect on the outer pair is evident in 
the vorticity magnitude contours. Figure 12 shows that for conditions chosen 
the vortex-dynamic mechanism creates a displament perturbation on the outer 
vortex pair with amplitude (Sa/^Jo = 0.2 in a time t = -^ = 0.6. This is a major 
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reduction in the total time to linking or breakdown. Due to constraints on the 
available computer time it was not feasible to continue the calculations shown 
in figures 11, 12 to the stage of vortex-linking. However, the conclusions drawn 
about the substantial reduction in the time to link are considered to be reliable. 

Wakes with three-pairs of vortices were also studied using vortex-filament 
method and DNS. In this case a strict rigid translation of the entire wake is 
not possible. We chose to concentrate on the subset where the two outer like- 
signed vortex-pairs, say from the wing-tip and outboard flap edge, co-rotate 
and the third pair, say from the inboard flap edge, descends together with the 
‘centroid’ of the outer two vortices. Once again we foimd that significant Crow 
instability perturbation results from the coupling between the iimer and outer 
vortex systems. Details of these cases were reported by Rennich [42]. 
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Abstract. A new mathematical model for turbulent bursts in the three-dimensional 
flow between concentric, rotating cylinders (Couette-Taylor flow) is presented. Within 
a certain flow regime, if the parameters are held fixed, the flow oscillates in time between 
a spatially laminar phase (temporally chaotic Interpenetrating Spiral Vortex flow) and 
a turbulent phase. Our mathematical model is based on our previously published [1] 
fully-resolved, direct numerical simulation (i.e., using the Navier-Stokes equation with 
no turbulence modeling). Prom these simulations we developed a physical model [2] 
that breaks up the cycle into four physical processes: (1) the flow sets up a laminar 
equilibrium of vortices (Interpenetrating Spiral Vortex flow); (2) the equilibrium be- 
comes unstable to a linear Floquet mode which grows exponentially from random, small 
initial conditions; (3) this mode acts as a finite-amplitude trigger for a shear-driven 
instability which results in large-amplitude, space-filling turbulence; and (4) after the 
turbulence exhausts the energy stored in the mean azimuthal component of the flow, 
dissipation causes it to collapse and the cycle repeats. Here, we derive a mathematical 
model from the Navier-Stokes equations using approximations based on the physical 
model. We show how well the model agrees with the numerically computed velocities, 
how it explains correlations and other properties of the numerically computed fields, 
and how it makes predictions that could be tested in future experiments. 



1 Introduction 

We present a new mathematical model for cyclic turbulent bursts in a fluid flow. 
Our mathematical model is based on direct numerical simulations of Couette- 
Taylor flows, i.e., those between two independently rotating, concentric cylinders, 
and a physical model we developed for these flows [1, 2]. In Couette-Taylor flow 
there is a regime in which, while holding all of the parameters fixed, the flow oscil- 
lates in time between a laminar, spatially coherent phase and a turbulent one. A 
single cycle of transition from laminar flow to turbulence and re-laminarization is 
called a ‘burst cycle’. The laminar flow has coherent structures with long length 
scales (of order the system size) and long time scales; whereas the turbulence 
has no easily recognizable structure and has short length and time scales (~ 0.1 
the laminar scales). 

Turbulent bursts in Couette-Taylor flow were experimentally observed by 
Swinney and co-workers [2] who found persistent burst cycles that were ap- 
proximately periodic in time. Numerical simulations of this flow and a physical 
model for it were presented by Coughlin & Marcus [1] and Coughlin et al. [2]. 
The latter paper also contains a description of the laboratory experiments and 
their comparison with the numerical simulations and our physical model. 
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This paper is organized as follows: first we review the phenomenology and 
observations of the burst cycles. We then summarize the simulations and physical 
model, including the model’s verification and its predictions. We then introduce 
our new mathematical model, describe its characteristics and its predictions that 
are testable by laboratory experiments and numerical simulation. 



2 Review of Turbulent Burst Cycles in the 
Couette— Taylor System 

The radius and aspect ratios of the Couette-Taylor system are t] = a/ h and 
r = H' /{b — a), where H', a, and b are the height and inner and outer radii 
of the cylinders. The control parameters are the ratio of the angular velocities 
of the outer and inner cylinders fj, = Obl^a and the Reynolds number R = 
(6 — a)\bf2h — al?a|/i/ where i/ is the kinematic viscosity. We choose the unit of 
density to be the constant density of the fluid, length to be {b—a), and velocity to 
be a|l?o|- For R < Rc the base flow of the system is Circular Couette flow, Vcc(r) 
which in the limit of infinite T is only in the azimuthal direction. The laboratory 
experiments in which bursts were observed had F > 26, rj = 0.799, and fx = 
—2.797, and we use the latter two values throughout this paper. For T -> oo, 
Vcc is linearly, inviscidly, and centrifugally unstable to the formation of Taylor 
vortices in regions where < 0, where L{r) is the angular momentum per 

unit mass of the fluid. When // < 0, the nodal surface r* is defined such that 
V 4 ,{r = r* = 0 where v^, is the azimuthal velocity. When r < r* (defined 
as the ‘inner region’), dL"^/dr < 0, and the flow is centrifugally unstable; when 
r > r* (the ‘outer region’), dL^/dr > 0, and the flow is stable. The primary 
bifurcation in this system is from Vcc to a flow that contains spiral Taylor 
vortices that are confined to r < r*. 

In the numerical simulations when R is increased above the critical value Rc, 
Vcc goes unstable to eigenmodes of the form f(7-)gd27r2/A+m(0-ct)) ^ ^ ^ where 
A > 0 and c.c. means ‘complex conjugate’. For fx < 0, the critical value for m 
for the bifurcation has me 7 ^ 0 and Real{c] 7 ^ 0. Thus the primary unstable 
eigenmode is a uniformly rotating spiral. Modes with m > 0 (m < 0) are left- 
(right-) handed. Left and right-handed spiral eigenmodes are degenerate with 
the same f(r), growth rates and critical values Rc, Ac and |md. For the /r and rj of 
the laboratory experiments, Rc = 2116.6, Ac = 1.0856, |md = 4, and Real{c} = 
0.334l7(j. For R > Rc, the most unstable eigenmodes have Real{c] ~ 0.3J7q, 
and Real{c} is approximately independent of m, A, fx and R. The eigenmode 
has its peak value at < r* with |Vcc(»'^)/rl| ~ Real{c}. This implies that the 
modes rotate with the approximate speed of the local azimuthal flow, which for 
<r* , is always in the same direction as the inner cylinder. Spiral eigenmodes 
are supercritical bifurcations of Vcc- For R slightly greater than Rc, they evolve 
to fully nonlinear Spiral Vortex flows Vsv with form 

00 

Vsv (r, 2’Kz/X + m(<f> - ct)) = ^ 

n=oo 




Turbulent Bursts in Couette-Taylor Flow 



185 



The sign of the helicity of the equilibrium flow depends on initial conditions, and, 
once established, a spiral of one helicity is stable to perturbations of the opposite 
helicity. At i? = 1.04iic the eigenmodes of Vcc with |m| 7 ^ 4 are stable, but all 
eigenmodes with 1.34 > A > 0.820 and |m| = 4 are unstable. The degeneracy in 
A does not lead to mode competition; numerical experiments (which are forced 
to have axial periodicity H = 4Ac) initialized with a sum of left- and right- 
handed eigenmodes with axial wavelengths of if/2, if/3, if/4 and if/5 converge 
to Spiral Vortex flow with a single helicity as in equation (1). The final Spiral 
Vortex flow has m = 4 (or m — —4, but not both) and A = if/4. Spiral Vortex 
flow consists of a pair of counter-rotating vortices localized in the centrifugally 
unstable inner region. The circulation due to the vortices mixes the fluid in the 
inner region and reduces the gradient of the mean velocity V (r) 

1 pH p27T 

Jo 

In the outer region, the flow remains almost two-dimensional and similar to 
Vcc(r). In the numerical experiments at R> 1.04i?c, Vgv becomes unstable to a 
flow with turbulent burst cycles. During the laminar phase of the cycle the flow 
strongly resembles Interpenetrating Spiral Vortex flow Visv A pure Vjsv flow is 
a chaotic equilibrium first observed in a different parameter regime by Andereck 
et al. [3]. It contains multiple spiral vortices with different helicities, (i.e., in 
numerical calculations Vjsv flow has multiple values of m and A in equation ( 1 )), 
making it temporally chaotic but spatially laminar. During the turbulent phase 
of the burst cycle the turbulence is space-filling, and the flow has no recognizable 
structure. 

Although our numerical simulations resolve the flow and are direct (i.e., they 
are solutions to the Navier-Stokes equation with no turbulence modeling terms), 
they do use an important approximation. The no-slip boundary conditions of 
the axial end plates are replaced by an assumption of axial periodicity H. This 
leads to some differences, which we argued [1, 2] are unimportant for the study 
of turbulent bursts, but which we now describe for completeness. In the labo- 
ratory flow with finite F, the primary bifurcation from Vcc is different than it 
is in the numerical simulations. The flow goes unstable directly to a flow with 
turbulent bursts rather than to Vsv The laminar phase of the cycle is similar 
to the Interpenetrating Spiral Vortex flow of the numerical simulations, but the 
turbulent phase of the cycle has its turbulence spatially confined to localized 
‘spots’. As R increases the turbulent ‘spots’ become larger, and at R> Rc" , the 
turbulent phase of the burst cycle is space-filling as in the numerical simulations. 
The burst cycles are almost periodic in time with mean duration T. Both T and 
its standard deviation decrease with increasing R. Coughlin & Marcus [1] and 
Coughlin et al. [2] discuss in detail the consequences of the differences, but con- 
clude that the flows with space-filling turbulent burst cycles in the simulations 
and in the laboratory experiments are essentially the same. There is good quan- 
titative agreement between the two (e.g., the periods and standard deviations of 
the burst cycles at selected values of R). Moreover, two predictions made from 




186 



P. Marcus 



the numerical simulations (described in the next section) were subsequently ver- 
ified in the laboratory experiments. Not only did these strongly suggest that the 
numerical simulations capture the underlying physics of the laboratory flow, but 
also the predictions provide the basis for our physical model of the burst cycle. 



3 Physical Model 

The main ideas and assumptions underlying our physical model are outlined in 
this section. In particular, Couette-Taylor flow with counter-rotating cylinders 
acts as if it contains two coupled dynamical systems. One, the ‘inner region’ with 
a < r < r*, is centrifugally unstable, and its dynamics are well-understood by 
linear theory. The second system, or ‘outer region’, is centrifugally stable but 
finite-amplitude unstable to shear instabilities, which are nonlinear and create 
the turbulence in the burst cycle. The second main idea of the model is that the 
flow would remain indefinitely in its laminar phase as an Interpenetrating Spiral 
Vortex flow concentrated in the inner region if Vjsv were not linearly unstable. 
Its instability is a linear eigenmode, which acts as a weah ‘trigger’ that sets off 
the finite-amplitude instability in the outer region, which in turn creates the 
space-filling turbulent burst. 

The analysis of the laminar phase is complicated due to the fact that In- 
terpenetrating Spiral Vortex flow is chaotic. Hence in Coughlin & Marcus and 
Coughlin et al. [1, 2] we asked whether the chaos was essential to the burst cycle, 
or an extraneous complication. We concluded the latter, based on several nu- 
merical experiments (though it is easy to imagine different scenarios of turbulent 
burst cycles that require the laminar phase to be chaotic). Therefore to simplify 
our presentation here, we proceed as if the laminar phase were a Vsv flow rather 
than an Interpenetrating Spiral Vortex flow. This is reasonable because Inter- 
penetrating Spiral Vortex flow is always energetically dominated by a flow with 
only one helicity and at any instant in time always looks similar to a Vsv flow. 

The linear instabilities of Vsv occur at R> Re and are Floquet eigenmodes 
of the form 

gim'(0-c't)gi2,rz/A'g^j.^ 27T.Z/A -h m(0 - Ct)j . (3) 

Numerically, we find their azimuthal phase speeds c' are 0.4i7a, approxi- 
mately independent of the parameters m, m', H, A and A'. The critical R for 
onset of this Floquet mode is less than 1.04i?c. The bifurcation is supercritical. 
(This is determined numerically by imposing a symmetry on the calculation that 
allows the Floquet modes to come to their nonlinear equilibria but disallows the 
flow to go unstable to turbulent bursts). The Floquet mode generically leads to 
a quasi-periodic, nonlinear, equilibrium flow (which could be stable or unstable) 
with form 

Vqp(r,0,^,f) = Va„,fc(r)e™[2WA+m(0-ct)]gifc[27rz/V+m'(0-ch)]_ (4) 
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Comparing equations (1) and (4), it is seen that the unstable Vgv which super- 
critically bifurcates to the Vqp in equation (4) is 



Vsv - y^a„^o(r)< 



,in[2T^z/X-\-m{<p—ct)] 



(5) 



The difference (Vqp — Vgv), defined as the modulation of Vsv by Vqp, is domi- 
nated by 

gjm'(ci>~c'i)gi27rz/A' ^ ^ ^^'j^in[2-Kz/X+m(<p-ct)] 

n 

which is approximately the Floquet mode in (3). Although the a„,o(7), i.e., the 
Vgv component of Vqp, are radially localized in the ‘inner region’, (as are the 
Interpenetrating Spiral vortices); the Floquet eigenmode a„p(r), and associated 
modulation have large amplitudes near r ~ r* and are thus able to act as 
finite-amplitude perturbations to the flow in the ‘outer region’. Based on this 
observation we argued in [1, 2] that this modulation was the trigger for the 
turbulent burst. We proposed that this modulation would always be present in 
the laboratory experiments and numerical simulations just prior to each burst 
(and at no other times.) This was easy to verify because the frequencies of the 
modulations and the radial locations of their amplitude maxima were computed 
numerically and looked for in the laboratory power spectra. Not only did the 
laboratory spectra display these frequencies, but they appeared just prior to 
each burst and at no other times. Direct numerical simulation shows that the 
flow never settles into a stable Vqp state for R> R", where R” is only slightly 
greater than i?(,. The Vqp flow whose amplitude is small and proportional to 
{R — R'cY^^ triggers the burst. We know this because if its amplitude near the 
outer region is kept artificially suppressed in the numerical calculations, then 
bursts do not occur, and the flow remains a laminar Vqp flow. 

Once triggered, the onset of the turbulent burst is abrupt and causes 0(1) 
changes in the velocity. Plots show the flow bursts everywhere into turbulence 
almost simultaneously. Large fluctuations occur on scales much smaller than the 
radii of the Interpenetrating Spiral Vortices and on time scales much less than 
the inner cylinder period. Figure 1 shows the numerically computed rates of 
the viscous dissipation of energy per unit mass .Fdiss and the energy input rates 
into the flow per unit mass from the motors at the inner and outer cylinders 
Ea, = Fafia and E\^ = —FbOi,. In dimensionless variables 

= -2(/x - - ri^)-^R~^d{Vlr)ldr (7) 

and 

Eb = 2/ir,-3(/i - nf{l - ri‘^)-^R-^diV/r)/dr (8) 

where V (r, t) is the azimuthally and axially averaged value of the azimuthal 
velocity, Fa and Ff, are the torques per unit mass on the fluid due to the walls, 
and where the derivatives in equations (7) and (8) are evaluated at the respective 
boundaries. 
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The small scales of the turbulent burst are efficient at viscously dissipating 
energy, and the contributions to Eaissit) dominated by them; thus, E^iss is 
a good signature of the turbulent phase of the burst cycle. In figure 1 it rises 
at onset, peaks when the turbulence is near its maximum, and drops when the 
turbulence collapses. One measure of the intensity of the turbulence is the ratio 
of the average value of E^iss during the turbulent phase of the burst cycle to 
the rate during the laminar phase. At i? = 1.18i?c, the ratio is 1.35, and at 
R = 1.38i?c it is 1.60. Although the small spatial scales dissipate most of the 
energy, all of the energy into the flow comes from the torques at the cylinders 
and goes into the mean velocity V. The component of energy due to V is always 
much greater than that due to the fluctuation v = (v — y). The v derives its 
energies from nonlinear interactions with V. The total rate of change of energy 
of the flow is {Ea, + Et, - Ediss)- Figure 1 shows that E\, and E^ lag Ediss- The 
rate of energy into the flow does not begin to rise significantly until after the 
turbulent burst collapses. During the turbulent phase, {E^ + Eb) < Ediss, so the 
flow loses energy. During the turbulent phase, the energy of v grows by a factor 
of 20 by drawing energy from V . After the collapse of the turbulence, the total 
flow increases its energy by decreasing EdUs and increasing Ea and Eb. 

We had previously argued that the flow in the ‘outer region’ was finite- 
amplitude unstable [1, 2], and this argument is bolstered by the fact that when 
our initial-value calculations begin with a pure Vgv flow superposed with small 
amplitude noise, the flow immediately produces a turbulent burst. (Except for 
this experiment, noise was never introduced into our numerical simulations of the 
Navier-Stokes equation; the computed bursts are turbulent, but deterministic.) 
Moreover, because 7? ~ 1 the flow in the ‘outer region’ looks similar to a plane- 
parallel shear flow. Kim et al. [4] argued that any type of plane-parallel shear 
flow is finite-amplitude unstable when its local Reynolds number (based on the 
flow’s cross-stream width, v and shear at outer wall) is greater than ~100. The 
flow in the ‘outer region’ meets this criterion. 

Although it empirically appears that the ‘outer region’ is sub-critically unsta- 
ble and that a finite-amplitude perturbation drives the flow to a turbulent state, 
we freely admit our model provides no physical explanation for finite-amplitude 
instability. However there appears to be no universally accepted physical ex- 
planation for finite-amplitude instabilities in shear flows, including the classic 
channel and pipe flows. (Models based on non-normal eigenmodes can explain 
why a low-dimensional transient can obtain a large amplitude before it decays, 
but they do not explain how the transient excites high-dimensional turbulence 
[5]. It should also be noted that the eigenmodes of Vcc are normal and complete. 
Models of finite-amplitude instability based on placing trip wires in a flow to 
create streamwise vortices, or on numerically freezing certain modes or coherent 
structures are also controversial.) 

In our model the reason why the turbulence decays, and the cycle begins 
anew is the following. The small scales excited during the turbulent phase of the 
burst cycle increase Ediss, but the energy input rate into the flow remains low, 
so the total flow loses energy. During the turbulent burst part of the cycle, the 
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turbulent component of the flow draws its energy from V (r) which acts as an 
energy reservoir. To see how this happens, note that during the laminar phase of 
the cycle V{r,t) ~ Vcc (r) , and V (r, t) has a large amount of differential rotation . 
Turbulence tends to mix and homogenize angular momentum, driving the mean 
flow V{r,t) towards a state with \dL/dr\ 0 (far from the radial boundaries) 
and therefore towards one with much less differential rotation and therefore with 
much less energy than Vcc(r) [2], The energy difference between these two mean 
flows is the reservoir from which the turbulent burst draws its energy. Once the 
turbulence has extracted the available energy from V, dissipation takes over, 
the turbulence collapses, and the flow re~laminarizes. Then the flow returns to 
a state similar to Vcc, |dT/dr| increases, £lb and E^. increase, and the cycle 
repeats. 

Quantitative laboratory support for our physical model comes from the fact 
that it predicts how the burst cycles scale with R in our direct numerical simula- 
tions of Navier-Stokes equations and in the laboratory experiments. The model 
predicts the mean lengths of the laminar Tli and turbulent Tq phases of the burst 
cycle scale independently. According to our physical model, if the turbulent burst 
is triggered when the Floquet mode reaches a critical amplitude Oc, and if the 
Floquet mode has growth rate then Tj, = l/,3((logac/ao}), where the initial 
amplitude of the eigenmode qq is assumed to be a random variable independent 
of where R'^ is the critical R for onset of the Floquet mode. Double angle 
brackets indicate ensemble averaging over ao. Generically P ^ {R — R'P) and 
is independent of (i? — i?cO> Tl ~ (i? — RP')^^ . On the other hand, there is 
no reason why the time it takes for the turbulence of the burst to exhaust the 
energy stored in V should depend on {R — Rc), so Tb should be independent of 
{R — Rc')- Both of these predictions have been confirmed in the laboratory [1, 
2 ]- 

4 The Mathematical Model 

In summary, the physical model ascribes four parts to the burst cycle: (1) the 
flow sets up a laminar equilibrium of vortices (either Vgv or Interpenetrating 
Spiral Vortex flow); (2) the equilibrium becomes unstable to a linear Floquet 
mode which grows exponentially from random, small initial conditions; (3) via 
unknown (at least, to us) physics the Floquet mode triggers a finite-amplitude 
instability in the shear flow in the ‘outer region’, resulting in space-filling tur- 
bulence; and (4) after exhausting the energy stored in V, small-scale dissipation 
causes the turbulence to collapse and the cycle repeats. 

To make further progress and new predictions, it is useful to translate the 
physical model into a mathematical one. Our model will have three, coupled 
ordinary-differential equations. This appears to violate our underlying belief that 
the third step of the cycle, the finite-amplitude instability, is not understood. 
It also appears to violate our belief that turbulent bursts are inherently high 
dimensional and cannot be described by low-order mathematics. These points 
are reconciled below. 
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4.1 Derivation of Model Equations 

The dynamical variables of our model are E, £ and e which are, respectively, the 
energies per unit mass of the mean flow V{r,t), the turbulent component of the 
flow (which consists of many Fourier modes) and the energy of the Floquet trigger 
mode. By multiplying the Navier-Stokes equation by V (r, t) and integrating over 
the spatial domain we obtain (for clarity we revert to using dimensional variables 
unless specified otherwise): 

dE/ dt = ~x + {Ea + — D, (9) 

where 

/■^ 

E= V^rdr/{b^ -a^), (10) 

J a 

D is the rate at which energy is viscously dissipated from E: 

D = 2u \V X V rdr /(b^ — a^), (11) 

J a 

(j) is the unit vector in the azimuthal direction, (Ea + Eh) is the energy input rate 
from the motors given by equations (7)-(8), and x is the rate at which energy 
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(13) 



Note that the motors only drive energy into the mean flow; all other modes 
obtain their energy from the mean flow via the x term. The velocity that makes 
up the turbulent phase is almost equal to v. (The modes that make up the 
Interpenetrating Spiral Vortices and the Floquet mode are part of neither V (r, t) 
nor the turbulent phase.) However during the turbulent phase, £ is much greater 
than the energy of the spiral modes and trigger, so d£ /dt is well-approximated 
by multiplying the Navier-Stokes equation by v and integrating over the spatial 
domain: 

d£/dt = x-T^ (14) 

where T> is the rate at which energy is viscously dissipated from £, 

pb p2n pH 

T> = V j rdr / d(f> j dz\V x — a^). (15) 

Ja Jo Jo 

Note that in figure 1 we plotted the rate of energy dissipation. This obeys Ediss = 
D + V. 

We now approximate the terms in equations (9)-(15). We want to write 
them in terms of E, £ R, ^ and •>]. In dimensionless form equations (11) and (15) 
become 



D = CiE/R 



(16) 
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■D = C2£/R (17) 

where Ci = (77 — n)lrjL\ and C 2 = (rf — /i)It}L 2 , and where the definitions of the 
dimensionless lengths Li and L 2 are defined: 

Ll (V X V(j)frdr = E rdr (18) 

Jr]/{l-n) Jri/(l-ri) 



and 

rl/(l-v) /■ 27 T fH/(b-a) rl/{l-n) 

L\ I rdr / d(j) j dz(V x v)^ = £2w{H / (b — a)) / rdr. 

Jr}/{l — ri) Jo Jo Jv/i^—n) 

(19) 

That is, L\ and L 2 are the characteristic lengths over which V and v change. 
From plots of V (r) as functions of r [1], it appears that Li ~ 0.36 (~l/3 the gap 
width) which gives Ci = 34. A better value, determined from the full numerical 
simulations of the Navier-Stokes equation, agrees with this value of C\ to within 
10% (see §4.4). A reasonable estimate for L 2 based on the observed size of the 
small scales during the turbulent phase is L 2 — 0.1. A better value inferred from 
the full numerical simulations is L 2 — 0.078, which gives C 2 = 745. (See § 4.4.) 
None of the qualitative features of the model depends strongly on the exact 
values of C\ or C 2 and neither appear to be strongly dependent on R, E 01 £. 
(Note, the turbulent burst is not of sufficient duration for the turbulence to be 
fully developed such that V oc £^1"^.) 

A casual examination of equation (13) suggests that x should scale as 
but instead we argue (in dimensionless form) 

X = C2E£^/^. (20) 



(We show below that if x E^^^£, then the dynamics predicted by the model 
are qualitatively dissimilar to those found from the direct numerical simulations 
of the Navier-Stokes equations. Furthermore the direct simulations qualitatively 
confirm equation (20).) We heuristically ‘derive’ equation (20) from angular mo- 
mentum conservation where the angular momentum per unit volume in a shell 
at radius r is J = prV, and its radial flux is F: 

dJ(r,t)iat=-\^^rF. ( 21 ) 

The component of F due to advection is 

FA{r,t) = {vr){prv^)c ( 22 ) 



where c is the correlation between Vr and v^. Angle brackets indicate an rms- 
average over (j> and z. There is a second contribution to F from diffusion which 
is 0{v). Multiplying equation (21) by J/p^r^, integrating over the volume, and 
dividing by the volume, we obtain 



dE/dt = 




-a^) + 0{v) 



(23) 
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where we identify the right-hand side of equation (23) (excluding the contri- 
bution from the 0 {i') terms which represent the energy input from the motors 
and the dissipation terms) as the change in E due to the advective term or ~x- 
Integrating equation (23) by parts we obtain 




where we use the fact that Fyi = 0 at the radial boundaries. We now define the 
mixing length A-. 

Fa = -A {vr) dJ/dr. (25) 

To this point in the derivation of equation (20) we have made no approximations 
other than define the mixing length. 

We now approximate J (r, t) as a Taylor expansion about r* and use the fact 
that J{r\t) ~ 0: 

J{r,t) ~ ps{t){r -r*). (26) 

Equation (26) fits the numerical simulations reasonably well except near the 
radial boundaries [1]. Due to the fact that the radial gap is small, equation (26) 
implies 

d(J/r^)/dr ~ ps{t)/r^ (27) 

Equations (24) - (27) yield 

X<x {vr)As^{t) (28) 

where the proportionality constant is positive and depends only on the geometry 
of the Couette apparatus (and not on R or other flow parameters if we assume 
that r* is approximately constant). The value of E is determined by integrating 
J/r over the domain, so using equation (26) it is easy to show that s'^ oc E 
(the errors due to the poor approximation of J at the boundaries is negligible) , 
and the proportionality constant is positive and depends only on the Couette 
apparatus geometry. The full numerical simulations also show that there is a 
nearly equi-partition of energy among the components of v and therefore that 
(vr) oc £^1"^ . Using oc E and {vr) oc £^^^ in equation (28) yields equation (20). 
For the parameter values of p and rj used in this paper and the value of r* from 
Vcc we can calculate the geometric factors and obtain 

(73 -9^/(5 -a). (29) 

Basing A on the lengths of the energy-bearing modes during the turbulent phase 
(and assuming they are nearly constant during that phase) we set C 3 = 0.03. 

To approximate (Ea+Et) from equations (7) and (8) we need to approximate 
d(V lr)dr at the boundaries. Assuming that equation (26) is valid in the interior 
of the flow and that there are boundary layers with thicknesses La and Lj, 
implies at r — a: 



d{V/r)dr = [s(t)(o + La - r*)/{a -t- Laf - Oa]IL. 



(30) 
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with a similar expression at r = 6. Assuming that La/ a 1, using equations (7), 

(8), and (30), and approximating r* with its value in Vcc, gives (in dimensionless 
form) 

+ £5 = (Cs - CiVE)/R (31) 

where C4 and C5 are dimensionless constants that depend on the values of La and 
Lfc. It is more useful to define a new constant Eq such that Ci^/^+CiEQ = C5 
and use Eq rather than C5 as a parameter in our model, 

Ea + Et, = [Ci{y/WQ-s/E)+CiEQ\lR. (32) 

Based on the numerical simulations [1], we expect La — Lb — 0.16(6 — a) (which 
we treat as constants, independent of i?, E and E). A better estimate of their 
values and direct measurements of the values of Eq and C4 can be made using 
the methods described in §4.4. However those estimates and measurements are 
consistent with our choices for and Lj, and give values Eq ~ 1.67 and Ca ~ 
211. Combining equations (9), (14), (16), (17) (20) and (32) we obtain our model: 

dEldt = -C^EE^/'^ + [C4( - V£) + Cl (Co - £)/]i? (33) 

dE/dt = CzEE^>^ - C 2 EIR. (34) 



4.2 Finite— Amplitude Effects 

Clearly, one of the two fixed points of these two equations is C = Co and £" = 0. 
The parameter Co is the value of E during the laminar phase, which is easily 
determined from simulations (see §4.4). This fixed point in equations (33) - (34) 
is linearly unstable. The other fixed point has values of Ef and Ef, is a solution 
of a fourth-order equation, and (even without knowing the solution in closed 
form) it can be shown that it is linearly stable and has Ef < Co. It can also be 
shown that Ef decreases with increasing R, while Ef increases. 

Equations (33) and (34) are not yet complete because they fail to incorporate 
the unknown physics of the finite-amplitude instability of the shear flow. Our 
main assumption about the finite-amplitude instability is that when e or E 
exceed their critical values £c and £c, the nonlinear energy transfer term x is 
‘on’, otherwise it is ‘off’ (i.e., x = 0)- This is consistent with the numerical 
simulations which show that the term is only ‘on’ during part of the turbulent 
burst phase. This idea can be incorporated into equations (33) and (34) by 
replacing C3 with multiplied by % 

dEldt = -CsREE^f^ + [C4 ( - Ve) + Ci (Co - E)/]R (35) 

dE/dt = CzUEE^I"^ - CiE/R (36) 

where = 1 if either E > fc or if e > £c; otherwise = 0. We write an equation 
for e{t) by noting that when the flow is close to V^v flow, the Floquet mode is 
unstable and e grows exponentially with e-folding time 1/2/3. When the flow 
is turbulent and far from Vsv flow, the growth should stop, and the Floquet 
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mode should decay with its viscous time scale which is approximately R/Ci- 
(We used Ci because the characteristic length scales of the Floquet mode and 
V are similar.) If we assume that the flow is far from Vsv when E < 'jEq, where 
0 < 7 < 1 , then 



de/dt = [{2l3 + Cl /R)h(E- jEo) - Ci /R]e (37) 

where h{E — ^Eq) is the Heaviside function equal to 0 for negative arguments 
and 1 for positive arguments. Note that in our model E is never greater than 
Eq - see below. We have found that our model is fairly insensitive to the value 
of 7 , and 7 = 0.9 works well. Also note that we add a small, positive, random 
amplitude Qq £c to e at the beginning of each burst cycle (i.e., everytime 
the Heaviside function h switches from 0 to 1). This has the effect of making 
the ‘initial condition’ of the trigger stochastic for each burst cycle; otherwise, all 
burst cycles would be identical. 

When R = 0, equations (35) and (36) have only one fixed point: E = Eq 
and f = 0. It is linearly stable (and, in fact, globally attracting). Note that if 
£f > Ec, the turbulence is self-sustaining and the burst cycles stop. 

Although the use of R in equations (35) - (36) is a crude way of parame- 
terizing our ignorance of the physics of the finite-amplitude instability, we now 
show that the equations are nonetheless useful in explaining a large number of 
the properties of the burst cycles. 



4.3 Properties of the Model 

A single burst cycle computed with equations (35) - (37) with 7 = 0.999 and 
no noise in equation (37) is shown in figure 2 for parameter values similar to 
those discussed above. The cycle begins with x ‘off’ or "H = 0 near the stable 
laminar fixed point with E = Eq and E = 0 labeled a in figures 1 and 2. This 
point corresponds to Vsv flow which has an unstable Floquet trigger mode whose 
energy £ grows from its initial value as While the flow is near this fixed 
point (or any fixed point) Ediss — (Ea + E^), which is illustrated in figure 1 as 
locations where the dashed and solid curves cross. 

Henceforth we shall define and label as a all points that correspond to a 
crossing of the two curves in figure 1 that occur with low values of .Ediss and 
label with c those crossings that occur with high values of Ediss- 

When e > Ec, X switches ‘on’, the fixed point at a becomes unstable and the 
solution in figure 2 moves from a to b, increasing E and decreasing E. During 
this time Ediss and E increase rapidly while (Ea -f Eb) (which depends only on 
the square root of E) increases only slowly, so Ediss > {Ea. + -Eb) in figure 1. 
At some point along the path from a to b, the flow becomes sufficiently far 
from E = Eo that it no longer looks like a Vsv flow. Thus the base flow for 
the Floquet trigger no longer exists and e decays to zero. The x term remains 
‘on’ because E > Ec- Ediss reaches its maximum value E^^g’^ at b. Henceforth 
points b are defined as the locations of the maxima of Ediss - For large values of 
E, Ediss — C 2 EIR and is independent of E; thus b is very close to the point in 
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FIGURE 1 - Energy dissipation Bdiss (shown with a solid curve) by viscosity and 
the energy input rate from the torques at the two radial boundaries (Eb + E^) 
(broken curve) as functions of time. The values are computed for the parameter 
values discussed in the text using the direct numerical simulation not the model 
equations. For each cycle the meixima and minima of the solid curve are defined 
as b and d respectively. The locations where the two curves cross with low values 
of Ediss are defined as a and where they cross at large values of Ediss are defined 
as c. These locations are shown for two contiguous cycles. 



figure 2 where £ reaches its maximum value. (The model predicts that £ reaches 
its maximum value just after b.) FVom this point to c, both £ and E decrease. 
The latter causes {E^ + Eh) (which from equation (32) is a function only of E) 
to continue to increase. During this time not only is Eai&s > {E^ + E^), but 
also £ dissipates energy faster than it receives it from E, i.e., C 2 F/R > x- The 
solution approaches the fixed point {Ef,£f) labeled c in figure 2, but in this 
calculation we have set £c to be slightly greater than £f. Thus x turns ‘off’ just 
before the solution reaches c. It is then attracted back to the other fixed point 
at a. Note that the fixed point c in figure 2 is where E has its minimum value 
and therefore where {Ea + Ei^) has its maximum. This explains (if our model is 
correct) why the numerical simulations in figure 1 show that during each burst 
cycle the points labeled c correspond to both the locations where the broken and 
solid curves cross (indicative of a fixed point if ~ F/) and the (approximate) 
locations where {Es. + Eb) have maxima. 

After X turns off, £ rapidly decays along the path c — > d with time scale 
Ga/i?. The time scale for E to return to its value of Eq is longer. The reason 
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FIGURE 2 - A burst cycle computed with the model equations with the locations 
a, b, c and d labeled as in figure 1. The maximum value of E occurs on the part 
of the cycle b c, close to b. The arrows in the figure indicate the direction of 
the cycle. The solid curve is computed with x ‘on’ nnd the broken curve with x 
‘off’. In this cycle the £c is almost equal to (but slightly larger than) £f. 



that Ediss has a minimum value (labeled and defined as d) prior to reaching the 
fixed point at a is due to the fact that f ~ 0 at both d and a, but E at d is less 
than Eo; thus Ediss (which is approximately equal to CiE for small values of £) 
is lower at d than at a. As the solution travels along the path from d to a, the 
flow reaches its maximum value of E and minimum value of (Ea + E^) near the 
fixed point at Eq. Thus the crossing of the curves in figure 1 at a corresponds 
to a minimum of {Ea + .^b). As the flow gets close to a, it begins to again look 
like Vsv, the trigger grows exponentially, and the cycle begins anew. 

Notice that if we had not used equation (20) to determine X) but instead 
used X = C^E^^^E where is a constant, figure 2 (and our model) change 
qualitatively. Then, equation (34) would be replaced with 

d£ldt = C'^E^/‘^£ -C-iE/R (38) 

which has the property that d£/dt = 0 whenever E = (C 2 /RC^)^. This would 
make the value of E at the fixed point c equal to the value of E that occurs 
when £ has its maximum value, since in both cases d£/dt = 0. This is certainly 
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not observed in our direct numerical simulations of the Navier-Stokes equation 
and lends credence to our use of equation (34). 



4.4 Choice of Parameters 

The reason that all of the burst cycles in figure 1 are not identical (and that 
the points labeled as a in figure 1 do not exactly correspond to the crossing 
of the two curves and the minimum of the broken curve) is that the turbulence 
introduces stochasticity in the initial amplitude ao of the Floquet mode (see §3). 
For cycles with small ao, the solution in figure 2 moving from d to a along the 
broken curve gets close to a before x turns ‘on’ and the turbulent phase begins. 
When ao is large, x turns ‘on’ before the solution reaches a. When that happens 
the solution traverses a closed path near, but completely inside, the path shown 
in figure 2. This implies that in figure 1, when ao is large, the intersection of the 
Ediss and {Eg, + Eb) curves (at low Ediss and labeled a) occur at values larger 
than their nominal ones. (We define a cycle to be ‘nominal’ when ao — 0 and 
the cycle in figure 2 where the cycle gets very close to the fixed points a.t E = Eq 
and £ = 0 and at E = Ef, £ = £f.) The same logic shows that when ao is large, 
the intersection of the solid and broken curves in figure 1 at high Ediss labeled c 
occurs at a smaller value than its nominal one with ao — 0. Similarly for large 
ao the maximum values of .Ediss in figure 1 and £ in figure 2 are smaller than 
their nominal values, and the minimum values of Ediss in figure 1 and £ in figure 
2 are larger than their nominal values. 

There is also stochasticity in the values of La and Ej, (during the turbulent 
phase of the cycle). That stochasticity could adjust the values of E and f at b 
and c up or down, but not affect the values at a or d. Thus Eo corresponds to the 
minimum value of all of the points labeled a in figure 1 (which corresponds to the 
cycle with the minimum value of oq), and this is how we empirically set the value 
of Eq in our model. The values of Ci and C 2 are best set by evaluating the viscous 
dissipation of E and £ from the numerical simulations and multiplying them by 
R/E and R/£ respectively. We set the values of C3 (which by stochasticity 
can have slightly different values for each burst cycle and, in fact, vary slightly 
between the turbulent and laminar phases of the same cycle) by first determining 
the values of Ef and £f at c (assuming £c ~ £/)■ Then C3 during the turbulent 
phase of the burst cycle is determined from equation (36) at c with d£/dt = 0. 
This value of C3 agrees well with computing x from the numerical simulations 
via equation (12) and then solving for C3 from equation (20). The value of Ca 
is determined (using the values of C\, C2 and C3) from equation (35) at c with 
dE/dt = 0. The values of Ca can also be computed by calculating (Ea + Eb) 
directly from the numerical simulations using equations (7) and (8) and then 
using equation (32) to find E4. This value of Ca agrees within 10% of the value 
found by the former method. We note that during the burst cycle Ca (as found 
by the latter method) changes by less than 15% during a cycle. 
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4.5 Tests of the Model 

Several features predicted by the model agree remarkably well with the numerical 
simulations. Most of the model’s qualitative features are insensitive to the values 
of the parameters and are not due to ‘parameter fitting’. 

The following properties of our model are independent of order-unity changes 
in the parameter values (if they change by several orders of magnitude, the cycle 
in figure 2 will change qualitatively, i.e., £ will not obtain a local maximum 
value on the path a — )■ c) . In the absence of stochasticity, (and if the model were 
accurate), the full numerical simulations of the Navier-Stokes equation would 
also have these properties. As far as we know the full set of the properties below 
is not shared by other mathematical models of bursts, though, of course, some 
of the other models have some of the properties, [5], [6], [7]. 

• Our mathematical model retains two properties predicted by our physical 
model: the time in the laminar phase scales as {R - R'c)~^ and the time in 
the turbulent phase scales independently of {R — R'^). The full simulations 
(and laboratory observations) always have these properties. The reason that 
our model has these properties is that all of the coefficients of the model in 
equations (35) -(36) are independent of (i? — i?(.) except R which is nearly 
independent of it. Only equation (37) depends on {R — R'^) because (3 is 
proportional to it. Thus all time scales of the cycle in figure 2 are independent 
of (i? — /?(,) except when the flow is in its laminar phase. 

• At points labeled a (defined to be the crossing of the {E^, + Eh) and Ediss 
curves that have low values of Bdiss), the {Eg, + E-t,) curve has local minima. 
The full simulations in figure 1 show that this is a very good approximation. 

• At Si, E is (only approximately if ccq is large) at its local maximum and 
£ = 0. The full simulations agree well with this. 

• As the flow starts a turbulent burst, Ediss increases faster than {Eg + Eb), 
and E decreases faster than £ increases. This results in .Ediss reaching its 
maximum value E^,sg before {Eg + Eb) reaches its maximum. £ reaches 
its maximum value just after Ediss reaches its maximum (which is 
defined as the location b) and well before E reaches its minimum. The full 
simulations always agree with this temporal ordering. 

• At c (defined as the location where {Eg + Eb) and Ediss cross with high 

values of Ediss), E has a local minimum, and (Ea + Eb) has a local maximum, 
but neither £ nor Ediss are at there maximum values. This agrees well with 
full simulations. If equation (20) for x were not used and replaced with 
X = then £ would have its maximum value at the fixed point c 

which is in contradiction to what is observed in the full simulations. 

• The value of {E/V£) is the same at b and c. The value is equal to C 2 /C 3 ; 
although C 3 was determined from the numerical simulations data at c, no fit 
of parameters is used at b, so this is an independent test. This agrees very 
well with full simulations. 

• After the turbulence collapses, Ediss does not monotonically decrease from 
c a but has a local minimum (labeled d). This is always true in the 
simulations. 
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• At d, £ ~ 0. This is always true in the simulations. 

• The time from c — > d is set by the time scale RjCi- This is always true in 

the simulations. 

Additional confirmation of the model is quantitative. For each cycle, once 
the parameters C 3 and C 4 are determined, not only do the model’s predictions 
of £^diss(i) and + E\){t)) agree well with those of the numerical simulations 

over the full cycle, but so do E{t) and £{t). This is a non-trivial result that is 
not pre-determined by parameter fitting. 

The values of C 3 and C 4 do not have stochastic noise during the laminar 
phase (e.g., points a and d), therefore cycles differ during the laminar phase 
only due to the stochasticity in ao- For cycles with large values of ao, Ediss (and 
{Eg, + Eb)) and f at a and d are larger than their nominal values, while E is 
smaller. This is seen in figure 1: Consider any set of two contiguous cycles. Think 
of the cycles beginning at d rather than a. In temporal order the points of the 
two cycles are: (di, ai, bi, ci, d 2 , a 2 , b 2 , C 2 ). If Ediss at di is larger (smaller) 
than it is at d 2 , then from the model we infer that qq is larger (smaller) for 
the first cycle than it is for the second. We would then predict that Ediss at ai 
is larger (smaller) than it is at a 2 . This is confirmed in figure 1 for all cycles. 
Similarly (if there were no stochasticity in C 4 and C 3 ), the Ediss at bi would be 
smaller (larger) than at b 2 . While this latter relation is not always true in figure 
1, it often is. For example in figure 1 we infer from the model that the flow at 
0 < t < 300 and 600 < t < 900 where the differences between the maxima at b 
and minima at d in the solid Ediss curve are large is characterized by low cco; the 
flow at 300 < t < 600 where the differences between the maxima and minima 
are small is characterized by large ccq. 

Our model makes several new predictions that can be tested by laboratory 
experiments. The most striking prediction is this: when R increases, so does £/. 
We would not expect £c to depend on R. Define i?turb to be the critical value 
at which £f = £c- We would expect that for R > Eturbj the cycles stop and the 
flow remains in a permanently turbulent state. Laboratory observations confirm 
the existence of Eturbi but the observations are not quantitative. Intuitively, one 
might think that the permanently turbulent state forms because its turbulence 
does not decay. Therefore one might think that for R just greater than i?turb, the 
£ of the permanently turbulent state is equal to (the value at b). Instead, 
our model predicts that £ would have the much smaller value of £/. This would 
be a useful laboratory test. 

Another test is provided by measuring Tl and Tb as functions of E as i? -> 
Eturb- There are three ways in which the flow can make the transition from burst 
cycles to a state of permanent turbulence: (i) Tl — t 0 and Tb remains finite and 
nearly independent of (Eturb — E); (ii) Tl — t 0 and Tb — >■ 00; or (iii) Tl remains 
finite and nearly independent of (Eturb ~ R) £^nd Tb — t 00. Our model predicts 
(iii), which could be easily verified in the laboratory. In addition, our model 
predicts that Tb scales as In (Eturb — E) as E — > Eturb- This scaling would be 
difficult to verify if there were much stochasticity in C 3 , C\ or ao- 
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Abstract. Surface gravity waves strongly deform the air-sea interface over wave- 
lengths as large as ~ 100 m, comparable in size to energetic components of winds 
and currents in the adjacent marine boundary layers. These near-surface flows are 
altered in several important ways due to the presence of the waves. Through a gen- 
eralization of the perturbation theory of Craik Leibovich [7], we understand how 
wave-averaged “vortex forces” in the ocean induce Langmuir circulations and other- 
wise alter the velocity and tracer distributions. In both air and water, “wave pumping” 
excites wave-correlated rotational motions that carry the vertical momentum and en- 
ergy fluxes through a near-surface layer with a thickness comparable to the dominant 
surface wavelength. Finally, in the ocean, “wave breaking” enhances the near-surface 
mixing and dissipation above the levels predicted by Monin-Obukhov similarity forms. 
The theory and representation of these effects are reviewed, and supporting Large- Eddy 
Simulations are shown. 



1 Introduction 

As appropriate for the ceremonial occasion of honoring the work of Sidney Lei- 
bovich, let me begin by erecting a straw man about phenomenological and sci- 
entific disciplinary boundaries: 

• Oceanographers have usually acted as if surface gravity waves and currents 
are unconnected except near the shore line. Currents respond to momentum, 
heat, and material fluxes that somehow pass through the wave-distorted sur- 
face, whose effects are empirically represented in bulk transfer coefficients 
relating fluxes +o near-surface winds, temperature, and material concentra- 
tions; e.g., the drag coefficient, Co, is related to surface stress, t, atmospheric 
and oceanic friction velocities, m*, densities, p, and near-surface wind, Ua, 
by 

T = PoC'r>|Ua|Ua = PoW*,a = Po«^,o- (1) 

• Those who study surface waves understand the importance of wind effects, 
but they often resort to empirical fits for wave generation and dissipation 
rates. The occurrence of a Lagrangian-mean Stokes drift current, u^, and of 
wave-steepening by adverse currents are well known in the wave community, 
but modern wave forecast models (e.g., at ECMWF) in practice usually 
ignore ocean currents. 
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• Marine meteorologists have a firm tradition of the “law of the wall” or 
the near-surface region of the Atmospheric Boundary Layer (ABL). The 
effects of the heaving, splattering wavy boundary are represented in the 
solid-boundary language of Monin-Obukhov similarity through a roughness 
length, Zoi and Cd, hence e.g., for neutral density stratification, the 
near-surface mean wind profile is 



|Ua|(^) = ^In 
K 



( 2 ) 



where /c ss 0.4 is the von Karman constant. This relation has been confirmed 
in the ABL at heights well above the surface [11]. Note that if (1) and 

(2) are both valid, then Cj/^(za) In = k, so that Cn and Zo are 

interchangeable as characterizations of the wavy surface. There are empirical 
prescriptions for the dependence of Co on sea state ([5]), although in practice 
this dependence is often replaced by one on wind speed implicitly assuming 
a mean wind-wave relation. 



These boundaries have endured, in part, because of severe methodological 
difficulties in crossing them. Accurate measurements near the moving air-sea in- 
terface are extremely challenging to make; winds, waves, and currents all require 
different instruments; and the complexity of the physical fields imposes daunt- 
ing sampling requirements. This complexity also challenges theoreticians and 
modelers. In particular, no present or foreseeable computer simulation is able to 
encompass a broad spectrum of waves and turbulence using the Navier-Stokes 
equations as its first principle. 

So, what is the truth? Are the dynamics of waves, winds, and currents coupled 
only through aggregate statistical relations, or is the coupling more intimate? 
Does this straw man have some sensible validity, or does it merely prove the 
adage, “out of sight, out of mind”? 

Sidney Leibovich threw a burning torch at this straw man with his highly 
original theory with Alex Craik for the wave-averaged “vortex force” per unit 
volume, u® X C (where C = V x u is the wave-averaged vorticity), acting on 
currents in the presence of gravity waves [7]. Among its consequences is the 
marginal instability mode for wind-driven currents, which has the shape of lon- 
gitudinal roll cells (i.e., aligned with the surface stress and wavevector). This 
instability still provides the prevailing qualitative explanation for frequently ob- 
served Langmuir Circulations at the ocean surface, via the mechanism provided 
by the vortex force for tilting and stretching vortex lines and thereby amplifying 
longitudinal vorticity in the Oceanic Boundary Layer, OBL [17]. 

With further ignition of the straw man in mind, our concern in this essay 
is with the effects of surface waves on lower-frequency (and sometimes larger- 
scale) winds and currents near the air-sea interface. The methodology we use is 
Large-Eddy Simulation (LES) of the ABL and OBL with various surface wave 
effects specified, using both theory and observations for guidance in posing the 
calculations. In our opinion this is a necessary prelude to addressing even more 
fundamental issues of the mutual evolution of waves, winds, and currents. 
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We have been investigating this subject for several years, and our purpose 
here is to tell an as yet unfinished story about the quest from a mid-course 
perspective. Thus, this essay is intended neither as a primary publication of 
particular research results nor as a general review. It is a timely story, both 
because substantial progress has been made in recent years on observations of 
waves and turbulence near the surface and because LES now being extended 
to include various wave effects, including by means of Craik-Leibovich wave- 
averaged dynamical equations is increasingly capable of providing plausible 
synthetical data for further interrogation. 



2 Phenomenology of Surface Waves 

Despite the evident complexity of the sea surface, a useful description of it 
can be constructed from elemental, unforced, inviscid, irrotational, leading-order 
solutions for a perturbation expansion in small wave slope, ak (where a is the 
amplitude of the sea surface elevation relative to the mean sea level aX z = 0, 
and k is the magnitude of the horizontal wavevector, k/,): 

y,t) = a cos[kfc • x/, - at] 

U||'(a:, y, z, t) = acre** cos[k/j • x/i - at] 
u^{x,y,z,t) = 0 

w^(x,y, z,t) = acre** sin[k/, • - at], (3) 

where -n and j. refer to horizontal directions relative to k^, (z,w) are upward 
vertical components (i.e., parallel to gravity), and a is the wave frequency (= 
±\/^ in deep water). The subscript •/» refers to a horizontal vector, and the 
superscript •“ refers to a wave component. The Eulerian mean velocity in (3) 
vanishes, (u*") = 0, but the Lagrangian mean, the Stokes drift, is nonzero: 

u*(^) « ^y’*u“'(x,s)ds-Vu’"^, 

My(^) = a^crfce^**, = in* = 0. (4) 

Surface waves occur in nature with a broad spectrum in k/j. Except in the 
vicinity of breaking events, the waves usually have small values of ak across 
the spectrum, so that many properties of (3) are relevant. For example, u® is 
often computed as an integral over the spectrum of the individual wavevector 
contributions from (4). From (3) we see that wave motions penetrate into the 
marine boundary layers over a distance 0{k~^) ~ 10 m; this is a small fraction 
of the ABL thickness but may be a substantial fraction of the OBL thickness. 
It seems plausible that wave influences on boundary-layer motions, if significant 
at all, will be greatest within this near-surface layer, though their effects may 
penetrate much deeper (e.g., equilibrium Langmuir Circulations are seen in LES 
to extend throughout a weakly stratified OBL [21]). 
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Under the action of wind at the surface, waves are generated, initially by 
viscous stress on the surface but increasingly by the form stress, 

where pa is the atmospheric surface pressure. With time or fetch (offshore dis- 
tance), the wave energy increases; the spectrum broadens; the wavenumber, kp, 
of the spectrum peak decreases; and the wave age. 




increases from initially small values (here c = a{kp)lkp is the wave phase speed 
at the spectrum peak). This continues until an equilibrium balance is achieved 
between wave generation and dissipation, with a particular spectrum shape 
(e.g., [26]) and ss 1. Through their form drag, the waves support almost 
all of the momentum flux from the winds into the ocean ([2]). Nevertheless, 
throughout the wave development phase, the great majority (i.e., > 96%) of the 
surface stress, r, is transmitted to ocean currents, with only a small fraction 
accelerating the wave field, and at wind-wave equilibrium the transmission ef- 
ficiency is nearly perfect [10]. There is also kinetic energy input to the ocean 
by the wind, partly into the waves but mostly into the currents, and the wave 
energy is further converted into that of ocean currents and turbulence during 
wave breaking events. When the winds abate, the wave field also decays, but the 
large-scale components near the spectrum peak do so very slowly, so that they 
can propagate great distances and arrive as remotely generated swell with no 
particular relation to the local winds. 



3 Wave- Averaged Dynamical Equations and Boundary 
Conditions 

Craik & Leibovich [7] showed how a particular perturbation theory yields the 
vortex force. This quantity appears as an additional term in the momentum 
equation for the wave-averaged current. It has a highly non-intuitive mathemat- 
ical form that can formally be identified with the convergence of the Reynolds 
stress due to fluctuating motions, which arises as a consequence of how the wave 
motions are deformed by the currents. This theory yields governing equations 
for how the currents, in turn, are deformed by the existence of the waves. It is an 
essentially conservative theory, even though real waves and turbulence are highly 
dissipative. McWilliams & Restrepo [22] generalize this type of wave-averaged 
theory for a rotating, stratified, nearly incompressible (i.e., Boussinesq) fluid and 
its associated surface boundary conditions (but also see its references for steps 
taken by others along the path of this generalization). 

At leading order in ak, the perturbation theory has the superposable, free- 
wave solutions in (3). It is a multi-scale theory in t and/or x/,, where both the 
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wave properties (i.e., a and k/j) and the smaller-amplitude, wave-averaged cur- 
rents have slowly varying dependences relative to the wave oscillations. At higher 
order in ak, the wave dynamics includes nonlinear interactions, generation, and 
dissipation, but these processes need not be examined if one is interested only 
in the effects of the waves on wave-averaged currents and is willing to specify 
a given wave spectrum without inquiring into how it arises and is maintained. 
The wave-averaged dynamical equations that arise in this perturbation expan- 
sion can be written with the terms that are familiar in the absence of waves on 
the left side and the wave-added terms on the right side: 



^ X u -I- + zg— + n.c.t. = u® x (2/2 -I- Q 

Dt p. 



Da 

V u 



= -u® - Vs 

= 0 . 



(7) 



Here the dependent variables (u, C *) are wave-averaged fields; ^ is the 
substantial derivative with advection by u; (j) is the geopotential function (i.e., 
pressure divided by a reference density, p*); fi is the Earth’s rotation vector; g 
is the gravitational acceleration; z is a unit vertical vector; n.c.t. denotes non- 
conservative molecular or eddy diffusion terms; and s is any scalar concentration 
(e.g., temperature). In (7) we can see the vortex force in the momentum equation 
along with an analogous Coriolis vortex force involving the Earth’s rotation. In 
addition, scalar concentrations are adverted by the Stokes drift, as well as by 
the wave-averaged Eulerian velocity, and thus move with the total Lagrangian 
velocity. Note that the wave-added terms are linear in the dependent variables; 
thus, they are not forcing terms but rather act to reshape the flow and scalar 
fields. These dynamics are thought to be more relevant to the ocean than the 
atmosphere: since Uq ~ u® Ua typically, the wave-added terms are comparable 
in magnitude to the left-side terms in the former case but not the latter. 

The system (7) is closed by an equation of state, p[(j>,s], and appropriate 
boundary conditions. The usual oceanic boundary conditions are no slip and no 
scalar flux at the solid sides and bottom; specified momentum and scalar fluxes 
at the top surface; and surface kinematic and pressure-continuity conditions. The 
latter have significant wave-averaged contributions due to an expansion about 
the mean sea level; viz.. 



w — 



Dr} 



= V M 



Dt 

(t>-gv- PalPo = -P 

a,t z = T], where 

M = ^u"'(x/i,Tj,t)?j"’(xfc,t)^ = j u^dz 



= (C(xft,»?,t)»7"'(xfe,t)) = ((%-)^) = 



(8) 



P 



(9) 
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Thus, the kinematic condition for slow variations of the free surface (often sim- 
plified to m = 0 in the “rigid-lid” approximation) is altered by the divergence 
of the depth-integrated, Stokes-drift mass transport, M, and the commonly ex- 
pected balances either of the surface dynamic pressure and the surface elevation 
as a “pressure head” (</> = gr]) or of the elevation as an “inverse barometer” 
response to atmospheric pressure {rj = —Pa/gpo) are modified by the variance of 
sea-level velocity, P. 

3.1 Langmuir Turbulence in the Ocean 

Let us distinguish between laminar and turbulent Langmuir Circulations. The 
former arise as bifurcations of a steady, wind-driven flow when the viscous Lang- 
muir number. 




falls below an 0{\) critical value, as Sidney Leibovich has done so much to 
demonstrate. In the OBL the Reynolds number (e.g., the inverse of the second 
factor in La„) is very large, hence La^ is much smaller than the critical value, 
and the flow is a form of fully developed turbulence. In this situation, the relevant 
control parameter is a turbulent Langmuir number. 




which measures the relative influences of wind and waves independently from 
the viscosity. 

Fully developed turbulence can be investigated with LES in which the fluid 
dynamics of the larger scale, more energetic motions are resolved in the calcu- 
lation and the effects of subgrid scale (SGS) motions are modeled, e.g., with 
single-point, second-moment closure theory. LES has a long history for atmo- 
spheric and oceanic flows, beginning with Deardorff [8], and our own LES re- 
search has evolved from his original model (see [23] for an overview) . We therefore 
can use LES to simulate turbulent LangmuiiCCirculations in the OBL by posing 
the model with the wave-averaged dynamical equations (7) for a specified surface 
wave field. Such solutions are presented in [21] for a monochromatic wave field 
(which makes the wave effects moot in the surface boundary conditions (8)) and 
without yet including any modifications to the conventional subgrid-scale closure 
model (but see Secs. 4-5). The solutions are horizontally homogeneous and in a 
temporal quasi-equilibrium with the specified stress and waves. Skyllingstad & 
Denbo [28] showed similar solutions but without including the Coriolis vortex 
force. 

Langmuir Circulations are commonly detected from surfactant patterns. Fig. 
1 shows the distribution of surface particles that develops out of an equilib- 
rium LES velocity field in a solution with Latur = 0.3 (typical of equilibrium 
wind- waves). One sees clearly the trapping of particles into longitudinal surface 
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convergence lines with substantial irregularity in their transverse spacing and 
longitudinal correlations, as well as in time. There are even examples of “Y- 
junctions” with the base of the Y usually pointing downwave and downwind (as 
observed), where adjacent convergence lines join at a point while in the pro- 
cess of merging into a single line. The degree of irregularity in the line patterns 
increases with increasing Latur- 




x/h 

Fig. 1. Surface material distributions for a Langmuir Turbulence LES solution with 
Latur = 0.3: the positions of lO'* buoyant particles at a time 1044 s after being randomly 
placed within the model domain, h = 33 m is the mean OBL thickness. (After [21].) 



In addition to the formation of coherent Langmuir Circulations, the statisti- 
cal structure of the OBL is substantially altered by the wave-averaged dynamics 
in (7). Compared to waveless solutions (i.e., with Latur = oo) with the same 
surface stress and initial density stratification, the mean velocity profile exhibits 
less shear within the boundary layer (because of enhanced turbulence; see Fig. 
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2) and is rotated significantly more in the anti-cyclonic direction relative to the 
surface stress (because of the Coriolis vortex force; see also Sec. 3.2). Profiles 
of turbulent kinetic energy and dissipation (Fig. 2) are substantially elevated 
approaching the surface, in association with the surface intensified flow in Lang- 
muir Circulations. Elevated dissipation within the OBL under waves is observed 
(e.g., see [30] and Fig. 10 below); this is usually interpreted as caused by wave 
breaking (Sec. 5), but here we see that this is not a unique explanation. The 
wave-induced enhancements in Fig. 2, however, extend throughout the OBL be- 
cause the Langmuir Circulations do. 





Fig. 2. Turbulent kinetic energy and dissipation profiles from LES OBL solutions with 
Latur = 0.3 (solid lines) and oo (i.e., no wave effects; dotted lines). (After [21].) 



In Fig. 3 we see an indication that this way of posing LES with wave influ- 
ences may be singular: as the grid scale of the calculation decreases, the vertical 
velocity and longitudinal vorticity variances increase in magnitude within a de- 
creasingly thin layer near the surface, seemingly without bound. We believe this 
is because some important additional wave effects are absent, specifically those 
due to wave pumping and breaking (Secs. 4-5) which are likely to further in- 
crease mixing near the surface and thus limit current shear there. Among the 
important open issues for the OBL are the profile shape of near-surface currents; 
the transient regimes of developing and decaying winds and waves (hence depen- 
dences upon the value of Latur) ^ disequilibrium; and the influences of mesoscale 
and inertial current shears inhomogeneity. 
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Fig. 3. Near-surface longitudinal vorticity variance profiles from LES OBL solutions. 
The Langmuir Turbulence solutions have Latur = 0.3 and vertical grid sizes of 0.6 m 
(dot-dash) and 0.3 m (solid). A solution without wave effects (i.e., LatuT = oo) and 
gird size of 0.6 m (dotted) is shown for comparison. (After [21].) 



3.2 Influences on the Oceanic General Circulation 

The wave-averaged dynamics in (7)-(8) has important implications for the large- 
scale ocean circulation as well. To illustrate this we revisit the classical theory 
for wind-driven circulation by Ekman and Sverdrup, focusing on the depth- 
integrated transport to finesse some difficult issues about how boundary-layer 
and mesoscale turbulent fluxes control the vertical distribution of currents. 

Consider the steady, large-scale circulation driven by steady winds in the 
presence of a steady wave field. We decompose the horizontal velocity into 
geostrophic and surface boundary-layer (i.e., Ekman-layer) components: 

Uh = u^ + uf, (12) 

where u® = yz x V<^ and / = 2i2 • z. We assume that the Ekman layer is thin, 
and u^* = 0 in the interior layer below. We define horizontal transports by 

T = / Uhdz, (13) 

J-D 

where z = —D(x, y) is the ocean bottom depth. By making the customary “rigid- 
lid” approximation (i.e., neglecting DrfjDt in the kinematic boundary condition 
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in (8)) and vertically integrating the continuity equation in (7), we obtain 

Vft-T = (14) 

Thus, there exists a transport streamfunction, !? , for the total Lagrangian flow, 

T + T* = z X (15) 

We next form a depth-integrated vertical vorticity equation from (7), neglecting 
terms involving the relative vorticity and the vortex force (because the horizontal 
scale is very large) and deep velocities (because the currents are much stronger 
in the upper ocean); 

+ J_curl[r], (16) 

Po 

where /3 = ^ is the gradient of the Coriolis frequency. Combining (15) and (16), 
we obtain an easily integrated differential equation for 'P, 

= curl — r , (17) 

-po . 

with an eastern-boundary condition of no normal transport, 

<? = 0 at a: = Xgastiv)- (18) 

Thus, the famous Sverdrup relation (17) applies to the total Lagrangian mass 
transport, and the Eulerian transport has a component opposite to T® in addi- 
tion to the more familiar one proportional to the wind curl. 

Within the Ekman layer - after subtracting out the geostrophic balance - 
the vertical integral of the horizontal momentum equation (to a depth where the 
turbulent Reynolds stress is negligible) is 

T"* = -z X ^T-T^ (19) 

fpo 

Thus, the Ekman transport has a component opposite to T® in addition to the 
more familiar one perpendicular to the surface stress. Next we calculate the 
associated vertical velocity by integrating the continuity equation down from 
the surface, 

w^'°{z-^-oo) = Vft • T®* -f w;(t/) 

= curl -^T -bVft (M-T") 

Jpo . 

= curl -^T , (20) 

JPo J 




Surface- Wave Effects on Winds and Currents 



211 



where w'^{z -> — oo) is the Ekman pumping velocity at the base of the surface 
Ekman layer. The boundary-layer thickness is assumed small, and the interior 
vorticity equation (i.e., below the depth of significant u*, turbulent momentum 
flux, and uj*) is 

0v» = Jw„ ( 21 ) 

and this is customarily analyzed for v^{z) by the matciiing condition w(z 
0~) = -¥ — oo). Hence, neither the Ekman pumping nor the ititerior 

geostrophic flow have any unfamiliar wave-added components. 



u) 




b) 




Fig. 4. 1979-1995 climatological estimates of annual-mean, Northern-Hemisphere 
fields: (a) rio(O^) |m s~'], (b) -z X [m* s~‘), (c) T' (m* s~'J, and (d) the 
absolute value of the ratio of (c) and (b). (After [22].) 
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How significant are these wave effects for the oceanic general cirailation? 
Since u' is not well observetl, and the surface wave climatologies are not yet 
common, it is most straightforward to make the assumption of equilibrium wind 
waves and use a surface wind climatology. This is done in [22] using the Pierson 
& Moskowitz [26] equilibrium spectrum to relate the wave quantities of interest 
to the wind and the reanalysis wuid climatology of Kalnay et al. [14]. This proce- 
dure, of course, neglects the additional wave effects of remotely gemuated swell, 
and it is inaccurate more generally for situations of wind-wave disequilibrium. 

Fig. 4 shows estimates related to the boundary-layer transport balance (19). 
The contribution proportional to the wind strras - the traditional Ekman trans- 
port - is orthogonal to the Stokes transport, and it is larger on average every- 
where. However, as can be shown from the wind-wave equilibrium estimation 
formulae, its dominance diminishc's for stronger winds and at higher latitudes; 
in middle and high latitudes, the wave-added transport is more than 40% of the 
traditional Ekman transport. Thus, we predict that the waves will sometimes 
significantly alter the boundary currents, which in turn will alter near-surface 
temperature and material distributions where their spatial gradients are large. 




Fig. 5. 1979-1995 climatological estimates of annual-mean, Northern-Hemisphere 
fields: (a) ((q“)*) [m*] and (b) jP [0.1 m] from (9). (After [22].) 



Fig. 5 shows analogous estimates for the wave height variance and the wave- 
addcsl term, P, in the surface-pres-sure boundary condition (8). The latter is 
germane in the context of rarlar-altimetric observations of sea level, rj, whicli 
after correction for atmospheric pressure loading, p„, is used to calculate surface 
dynamic pressure, 0(0), and the associated geostrophic currents, u^(0), as in 
(12). Values of P can be larger than 0.1 m, which is quite significant compared 
to altimetric signals that oceanographers are analyzing for (i.e., even as small 
as 0.01 m) and not insignificant compared to the largest oceanic signals such as 
the Gulf Stream or other major currents (i.e., ~ 1 m). 
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These predicted wave effects on the general circulation will exhibit a broad- 
band, large-scale variability, which is inherited from the variability of the winds. 
The theoretical predictions have yet to be adequately tested by observations, 
which certainly is a necessary step before they may become widely accepted. 
This is in contrast to the situation with widespread observations of Langmuir 
Circulations, where the vortex-force predictions are widely accepted faute de 
mieux. 

4 Wave Pumping 

One can take a different approach to investigating the effects of specified sur- 
face waves than the perturbation and averaging theory of Sec. 3; viz., specifying 
the motion of the sea surface using surface wave solutions and then calculat- 
ing the interior fluid dynamics with this as an imposed boundary condition. In 
the absence of winds and currents, the interior motion will mimic that of the 
irrotational wave solutions (e.g., u”" in (3)), but in their presence their interac- 
tion with wave motions is calculated without any assumptions a priori about 
the relative amplitudes. The essential assumption is that the sea surface motion 
is well described by a specified superposition of (3) at 2 ; = ??"', with negligible 
modification by the adjacent winds and currents. Of course, for numerical mod- 
els these remarks apply only to wave components large enough to be resolved 
on the computational grid, and an issue that must be addressed in posing the 
calculation is the representation of the effects of subgrid-scale surface waves. 

We call the dynamics that occur in this approximation “wave pumping”. It 
consists of wave-agitated winds and currents and wind- and current-deformed 
wave motions. In the case of the ABL, where u® <C and the wave-averaged 
effects in (7)-(8) are negligible (as well as their underlying perturbation expan- 
sion being invalid), then wave pumping provides the dominant mechanism for 
wave effects on winds. In the case of the OBL, where u® ~ u<, u“ and the 
perturbation-expansion assumptions are valid, then a wave-pumping calculation 
should yield the same current behaviors as the wave-averaged dynamical equa- 
tions, unless the interior wave-correlated motions are appreciably deformed by 
the mean and turbulent currents so as to contribute to the currents’ dynamical 
balances. The latter is not expected by the perturbation theory. Of course, this 
expectation is well worth checking (see Sec. 5.1), but we have not yet done so. 



4.1 Couette Flow over a Wavy Boundary 

A canonical problem for wavy pumping is non-rotating, unstratified shear flow 
over a boundary whose position, shape, and movement matches the wave fields in 
(3) evaluated at 2 : = 0 for a monochromatic wave with slope oA: = 0.1 (see [29]). 
We pose this as a horizontal Couette flow with the top flat boundary moving 
with speed U xy and the bottom boundary at rest but for the wave motion. We 
pose the problem as a Direct Numerical Simulation (DNS) with Newtonian vis- 
cosity, rather than as a LES, to avoid issues about subgrid-scale modeling in the 
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presence of wave pumping, and we have calculated solutions for fully developed 
turbulence with bulk Reynolds numbers as large as 8000. Our calculations are 
made on an orthogonal curvilinear grid in which z = rj and H (bottom and top) 
are coordinate surfaces. (Of course, the physical laws are unaffected by the choice 
of coordinate system in which to express them.) The top and bottom bound- 
ary conditions are no-slip, and the horizontal boundary conditions are periodic. 
There are prior DNS studies of turbulent Couette flow with flat boundaries (e.g., 
[16]) and with a stationary wavy boundary (e.g., [3]; see also the review in [1]) 
but not any with a moving wavy boundary. 

Our primary interest is in how the near-surface flow is influenced by the 
wave pumping. We analyze solutions for a range of wave age from 0 to ~ 1, with 
A defined here^ as cf{u)(z = A) with c = cr/fc and A = 2'Kjk. This problem 
is therefore posed in an ABL configuration with A values appropriate to wind 
waves ranging from developing to equilibrium (see Sec. 2). The Couette solutions 
could equally well be inverted and interpreted for an OBL, but then much larger 
values of A would be more appropriate. 

Fig. 6 shows how the surface form stress. Dp from (5), and the turbulent 
kinetic energy, tke = j(u^) - (u)^{z), its vertical transport by pressure flux, 
^{wp){z), and its dissipation rate, e = i/(|Vup)( 2 ), each depend on A. The form 
stress (Fig. 6a) provides a substantial fraction of the total drag for young waves, 
A <SC 1, but it saturates and even changes sign approaching equilibrium where 
A ss 1. In this aspect our DNS solutions are in substantial agreement with the 
calculations by Li [19] using several second-moment, closure models with infinite 
Reynolds number. The dissipation (Fig. 6d) shows a deficit near the surface (i.e., 
within the region kz < 0.5) for finite A, especially so around A = 0.5, compared 
to its values at higher 2 . Since Monin-Obukhov similarity is vcdid in the ABL at 
high enough z (see [11]), this indicates that wave-pumping diminishes the near- 
surface dissipation relative to its extrapolated similarity form (with e = uI ,^/kz). 
The near-surface deficit in e has been observed in the ABL [12]. A mechanism 
for this is that the usual near-surface tke balance - primarily between local 
production. Prod, and dissipation, e is modified such that c is reduced from 
its similarity form because there is a significant {wp) flux of tke into the wavy 
surface [13]: 



d \ d 

—tke w 0 = ... Prod — — — (wp) — e. 

dt pdz^ 



( 22 ) 



^ In the wave literature, it is customary to use, e.g., |(ua )|(2 = 10m) in the denomina- 
tor of A with the presumption that it can be related to wind speed at other heights 
using the Monin-Obukhov similarity profile (2). However, since we are investigating 
whether wave pumping modifies the mean wind profile, etc., we prefer to normalize 
by the wind at a height proportional to the expected penetration scale of the wave in- 
fluence, here kz — ‘1 'k ox z = A. Probably a lower value for kz would be more likely to 
be both above the primary wave effects and still within the layer of Monin-Obukhov 
similarity, but we make this particul£ir choice here to match the data provided to us 
by Dr. Li in Fig. 6a. 
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Fig. 6, Effects of wave pumping on turbulent Couette flow with afe = 0.1 as a function 
of wave age, A = c/{u){z = A): (a) surface form stress, Dp from (5) normalized by M,,a, 
for the DNS (solid dots) and for three different turbulence closure calculations by Li 
(1995) (open symbols); (b) turbulent kinetic energy, tke{z); (c) vertical pressure flux, 
^(wp)(z), and (d) kinetic energy dissipation. For (b)-(d), the quantities are normalized 
by their values above the region of strong influence by the wave pumping (i.e., at 
kz = 1.5), and curves are plotted for several different kz levels. (After [29].) 



The (wp) flux is a property of the wave-correlated motions induced by wave 
pumping. For Couette flow above a wavy boundary, it does indeed act as a sink 
of tke near the surface for intermediate values of A, although it can be a source 
at some heights for both smaller and larger values of A (Fig. 6c). The tke itself 
(Fig. 6b), however, is not depleted near the surface by the (wp) flux into the 
surface waves. It systematically increases with A, and it is larger than the tke 
above a flat surface (by a ratio that diverges as z — > O"*"). Thus, wave pumping 
is indeed a source of excitation for fluctuations in the ABL. 

As indicated by Fig. 6a, fluctuations that are correlated with the surface wave 
pumping contribute to the vertical momentum flux. We educe these flux-carrying 
motions, u^, by phase-averaging the velocity field in (x, y, z, t) at constant values 
of X — cf and z — r]. Fig. 7 shows phase-averaged streamlines in the longitudinal- 
vertical plane in a reference frame moving with the wave speed. Note that they 
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are spatially smooth on the scale of the surface wavelength, even in the presence 
of vigorous, broad-band turbulence and without any significant direct influence 
by viscosity. They show a qualitative change in pattern as A increases: for sta- 
tionary waves the near surface flow is everywhere moving in the direction of the 
upper surface, but for all A > 0 there is an oppositely directed longitudinal flow 
near the surface that switches to forward flow at a critical level where = 0. As 
A increases, the critical level rises in height. This critical level has an important 
influence on the magnitude and vertical profile of the vertical momentum flux 
carried by the wave-correlated motions across level surfaces, {vPw^){z) (with the 
remainder of the total flux, ul ~ {vPw^), being carried by uncorrelated turbulent 
motions and viscous diffusion), in ways that can be interpreted by the laminar 
wave theory (e.g., [25], Miles, 1957; [20]). The situation of A = 0.5 appears to be 
special because the critical layer is optimally positioned to induce interactions 
with the the imposed surface wave; for larger A values, the critical layer moves 
further away, flattens out, and has considerably less influence; for smaller A val- 
ues the critical layer lies closer to the surface (especially so near the wave crests) , 
and the disruption to the mean flow streamlines is vertically not as extensive. 
The critical layer influence is also reflected in the dependence of {u‘’w^){z) on 
A (Fig. 8): stationary surface waves cause the wave-correlated motions to accel- 
erate the mean flow, whereas moving surface waves contribute to the drag on 
the mean flow because of the reversed longitudinal flow below the critical level. 
Thus, ocean waves affect the winds above them in qualitatively different ways 
than do stationary bumps and hills over land. 

We believe there are useful lessons from the idealized Couette problem about 
wave effects on turbulent boundary layers that provide guidance for posing LES 
for more geophysically relevant situations (Secs. 4.2 and 5.1). Beyond the simple 
problem discussed here, interesting extensions can be made to problems with 
multiple wave components in the surface boundary conditions, larger A values 
appropriate to the ABL over swell and the OBL, and cross and opposing seas 
with misaligned wave and wind directions. 

4.2 Posing a LES for the ABL 

Because the ABL has a much larger Reynolds number than can be achieved with 
DNS, we also want to investigate surface wave effects with LES calculations. 
The extra terms in the wave-averaged dynamical equations (Sec. 2) are not 
significant, since Ua 3> u®, but wave pumping by the resolved-scale surface waves 
is important. Geophysical realism requires including multiple components in 

In addition, LES requires specification of the surface boundary conditions 
and the non-conservative (i.e., subgrid-scale) terms in the model equations. Be- 
cause there are still substantial observational uncertainties about wave effects, 
we intend to explore alternative formulations in LES calculations to discover the 
consequences and significance of the uncertain aspects. The discussion here and 
in Sec. 5.1 are deliberately sketchy ones, since we have not yet calculated many 
LES solutions with resolved surface waves. 
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Fig. 7. Phase-averaged streamlines over stationary and moving waves in turbulent 
Couette flow with ofc = 0.1: (a) A = 0, (b) A = 0.21, (c) A = 0.49, and (d) A = 0.62. 
The dotted line corresponds to the height of the critical layer where ti’’ = 0. (After [29].) 



A conventional posing of a LES for the ABL has a flat lower surface at 2 ; = 0 
where w; = 0. The latter condition is used for integrating the continuity equation 
and the diagnostic equation for p. In addition, the surface stress is specified by 

r = paCD\{-iia,h{zt))\vLa,h{zt), (23) 



where 2 :^ > 0 is the lowest model grid level for the dependent variable u^. This 
has the properties that the stress acts locally as a drag on the resolved-scale flow 
and its mean satisfies the bulk formula (1) for the mean near-surface wind. Co 
is specified empirically, and the Monin- Obukhov relation (2) is used to reconcile 
any difference between measurement heights and zt- renters the LES algorithm 
in the lowest-level horizontal momentum equation, schematically as 



^Ug.fe 

dt 



(zt) = . . . + 



dF^ 
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c/u. 

Fig. 8. Vertical longitudinal momentum flux by phase-averaged motions at several 
heights slightly above the wave crests as a function of wave age, A, in a turbulent 
Couette flow with ak = 0.1; normalized by u, at kz = 0.102,0.15, and 0.20. 

(After [29].) 




where F" is the vertical flux of horizontal momentum by subgrid-scale processes 
(modeled in the usual way as eddy diffusion, with diffusivity, K oc ^/tkeggs, and 
tkegga the subgrid-scale kinetic energy), Azt is the thickness associated with 
the lowest grid cell, and is the height at the top of this cell. Thus, we can 
view the surface flux as carried into the air entirely by subgrid-scale motions, 
with F"(0"'‘) = T = Tags, since the momentum flux by resolved motions vanishes 
as z —1 An analogous treatment is made for surface scalar fluxes and the 
lowest-level equations for s. Finally, the prognostic equation for tkeggs requires 
a surface flux, which usually is set to zero. 

How does this change with resolved waves? We specify the surface elevation 
field, Tf^{x.h,t), which is used to define the surface-following curvilinear coor- 
dinate grid, and the surface wave velocity, u”', which is used for integrating 
the continuity, pressure, and lowest-level momentum equations (as in Sec. 4.1). 
The latter requires Tags as in (24). Perhaps the empirically most well founded 
approach is to specify the surface stress by assuming that (1) accurately charac- 
terizes the mean total flux across a level surface not too close to the boundary, 
z = Zt (e.g., z, = 10 m is a conventional choice), which in turn can be equated 
to the mean total flux across the boundary surface z = rf’ . Since the latter can 
be decomposed into a resolved flux, the form stress, and a subgrid-scale surface 
stress, Tags, we have the following relation: 



— (rsgs) = Co(^*) |(ufc)(: 2 *)| (Ufe)(z*) - Dp, 

pa 



( 25 ) 
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where the right-hand side terms can be evaluated from resolved-scale fields. The 
total SGS surface stress, then, is 

Tags — 

where the prime denotes local departure from the horizontal mean. At present 
there is considerable uncertainty about local variations in , and further mea- 
surements and LES exploration are sorely needed. A minimalist modeling choice 
is r'ggg = 0, and the resulting LES solutions are likely to be computationally well 
behaved; however, this is probably not the physically correct choice. In the spirit 
of the local wind dependence in (23), and with the thought that there may be 
local variations in small-scale roughness (e.g., breaking on the downwind face of 
some resolved waves), expressed as we believe that a plausible form for 

^<ga = + C'oirf)) - u5T)]' . (27) 

The stress law (25)-(27) thus has several wave effects: through the mean drag co- 
efficient, ( 70 ( 1 ( 00 ) 1 , A), and its local fluctuations, (7^(7?"'), through the resolved 
form stress. Dp, and through a drag in response to the lateral wave pumping by 
u^. The empirically estimated dependence of the mean drag coefficient on wind 
speed and wave age is shown in Fig. 9 for conditions of the development towards 
wind- wave equilibrium (Sec. 2). These conditions do not apply to situations with 
remotely generated swell waves or misaligned waves and wind from other causes, 
where Co can be significantly different [9]. 

An alternative approach for specifying the surface stress is to choose a wave- 
modified form of the conventional LES form (23) for the subgrid-scale contribu- 
tion, viz.. 

Tags = PaC£)(Xh,e)|(Uo,h(2;f))l (Uo,h(2<)-u)J'). (28) 

The form stress arising from the resolved waves. Dp, would then be added to (28) 
to obtain the total surface stress, which in this approach is not determined a pri- 
ori. The motivations for this alternative posing are the mechanistic plausibility 
of the local drag law (28); the freedom to specify local variations of C£)(xft,t) 
from hypotheses about small-scale roughness in relation to wave shapes (i.e., 
the same considerations that would guide the choice of (7^ in (27)); and doubts 
about whether the total stress truly is as indicated in Fig. 9. The latter moti- 
vation is particularly germane for situations with misaligned and disequilibrium 
wind and waves, where the empirical specifications of surface stress are most 
doubtful. Furthermore, in equilibrium situations this alternative posing would 
allow us to assess a LES solution by comparing its total stress with Fig. 9. 

We are currently uncertain about whether modification of the ABL tkcsgs 
model is needed to account for some of the near-surface wave effects shown in Sec. 
4.1 (e.g., e depletion, tke enhancement, fluxes into the surface, (w^u^) 

fluxes into the interior). The resolved wave pumping may suffice to adequately 
capture these behaviors. So our posing strategy is to leave the ABL SGS model 
unaltered until its inadequacies become more apparent. 
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Fig. 9. The empirically determined relationship between Cd and wind speed, C/io = 
|ua |(2 = 10m), for various wave ages, A = cfUio. The solid lines are for A = 0.2 and 
1.0 in the fully rough limit (i.e., > 2.3). The dotted lines are lines of constant 

significant wave height, Hs [m]. The corresponding roughness lengths are shown on the 
right-hand ordinate. (From [10].) 



5 Wave Breaking 

The effects of wave breaking are much stronger in the OBL than the ABL, 
because of the inertia of plunging breakers that carries them a distance ~ Hg (i.e., 
the “significant wave height”, 0{a}) into the interior and also probably disturbs 
the near-surface currents over a much larger distance. Recent observations in the 
upper ocean have shown significant departures from Monin-Obukhov similarity 
profiles. The evidence for this is perhaps clearest in e{z) (Fig. 10). The near- 
surface e values are much larger than the similarity form — u* kz extrapolated 
upwards from the depth, —zt fa lOHg, where there is a transition to consistency 
with Monin-Obukhov similarity at greater depths (as in the ABL at sufficient 
height above the waves [11]). Greater dissipation presumably is accompanied by 
more efficient mixing, higher tke values, and a limitation to the magnitude of 
near-surface shear seen in LES with wave-averaged dynamics but a conventional 
subgrid-scale model (i.e.. Fig. 3). 

5.1 Posing a LES for the OBL 

A conventional posing of a LES for the OBL is similar to that for the ABL 
except that the surface stress is specified independently from the ocean currents, 
in contrast to the wind dependence in (23). Usually t is specified as a spatial 
constant in an OBL calculation for simplicity. 

An option for OBL LES is to use the wave-averaged dynamical equations (7), 
as in Sec. 3.1, but with a modified tkcggs model to incorporate non-conservative 
wave-breaking effects. Craig & Banner (i.e., [4] and [6]) show how to change 
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Fig. 10. The empirical proposal for the normalized dissipation profile near the surface 
in the OBL, within the layer from the bottom of the breaking zone (at z = —zi,) to the 
top of the transition to the Monin-Obukhov similarity form (at z = —zt), from various 
data sources indicated by the circles. Normalization factors axe based on significant 
wave height, Hs, friction velocity, u.,o, and an effective wave phase speed, c, which is 
about half the value of c at the wind-wave spectrum peak except for very small wave 
age. The dashed lines are an estimated range for the Monin-Obukhov form, —uI „Ikz, 
cind the proposed vertical structure is the solid line; constant dissipation down to Zb 
and a {z/Hs)~^ dependence down to zt. (After [30].) 




a single-point, second-moment closure model for the total tke by specifying 
a nonzero surface flux of tke into the ocean, associated with wave breaking. 
The resulting effect on mean currents is significant; however, the accompanying 
near-surface profiles of e{z), although clearly enhanced above the level of Monin- 
Obukhov similarity, are not fully consistent with present empirical estimates for 
e (e.g., Fig. 10). Thus, we believe that further exploration of alternative closure 
models will be worthwhile e.g., by including a vertically distributed excita- 
tion of tke in the near-surface region [wave breaking] or more efficient vertical 
transport of tke [wave-correlated motions by wave pumping and Langmuir circu- 
lations]. An obvious standard of assessment is consistency with e(z) observations. 
In posing a LES, of course, the partitioning of tke processes into resolved and 
subgrid-scale is an important issue. The closer to the surface a wave effect occurs, 
the more likely its determining process is to be associated with tkcggg. 

We can also pose LES calculations for the OBL with resolved wave motions 
in the surface boundary conditions. Here the consequences of the additional 
wave-averaged terms on the right-hand sides in (7) are expected to emerge in 
calculations not including them, as a test of the perturbation theory used in 
deriving them, and dynamical contributions from wave correlated motions can 
be examined (e.g., {w^u^){z)) arising from wave pumping). In this posing, we 
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again specify the surface elevation field, which is used to define the 

surface- following curvilinear coordinate grid. The vertical velocity is calculated 
from the kinematic condition for the free surface, 

w{z = Tj”) = ^ - 1 - Uo,h{ze) ■ (29) 

and used in integrating the continuity and diagnostic pressure equations. The 
surface stress enters the calculation in the dynamical equation at the grid level 
closest to the surface, zf, i.e., the analog of (24) for the OBL is 

where is the lower boundary of the grid cell closest to the surface. (Ditto for 
surface scalar fluxes and the adjacent s equations.) Tsgs{x,y,t) is to be speci- 
fied, either as spatially constant or with x/, variability of the sort that occurs 
in the ABL (e.g., in LES calculations). The tkeggs model requires modification 
to include the processes discussed above, but in resolved-wave calculations there 
should be variability related to r;™; e.g., breaking is most likely to occur down- 
wind of crests, albeit with space-time intermittency. Another option is to include 
variability in t and the tkeggg model as random forcing, rather than with explicit 
wave correlations; this would incorporate aspects of “stochastic backscatter” LES 
models (see [18]; [24]; [27]), though only for the near-surface region where the 
SGS model has its greatest influences. The random distribution functions should 
be chosen to match those observed for wave breaking events. 

6 Prospects 

The mutual influences of surfaces waves and near-surface winds and currents are 
scientifically interesting, as well as praetically important, both for the determi- 
nation of the rates and dynamical mechanisms of air-sea fluxes and near-surface 
turbulence and for the interpretation of many types of remote-sensing signals 
that are strongly influenced by nccir-surface fields. 

In this essay we report on recent investigations of air-wave and water-wave 
coupling processes from observations, theory, and LES calculations. We describe 
our current view of how we hope to make further progress using LES models 
including various specified wave effects through wave-averaged perturbation 
theory, wave-pumping by a moving wavy surface, and subgrid-scale represen- 
tations of wave pumping and breaking - to understand their consequences on 
near-surface winds and currents and vertical fluxes of momentum and scalar 
fields. 

On a somewhat more distant time horizon, we can envision a later stage where 
LES models would be accompanied by Large- Wave Simulation (LWS) models to 
calculate explicitly the fluid dynamics of partly resolved air- wave- water coupling. 
The essential challenge of a LWS is to devise appropriate subgrid-scale coupling 
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with small-scale wave processes in a physically local way (as is done in a LES). 
This approach is qualitatively different from the currently most widely used wave 
models that are formulated in space with empirically fit spectral transfer, 
source, and sink functions and statistical averaging over the wave phases (e.g., 
WAM; see [15]). 
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Synchronised Behaviour in Three Coupled 
Faraday Disk Homopolar Dynamos 

Irene M. Moroz 

Mathematical Institute, University of Oxford, 24-29 St Giles’, 

Oxford 0X1 3LB, UK 

Abstract. Hide [1] introduced a system of N self-exciting Faraday disk homo- 
polar dynamos, symmetrically coupled through the nonlinear terms, as testbeds for 
analytical and numerical studies of coupled mechanical dynamos. When N = 2, 
the system is governed by six coupled nonlinear ordinary differential equations and 
thirteen dimensionless parameters [2]. Synchronised periodic and chaotic solutions 
are possible, which are both linearly phase and amplitude locked [2] as well as being 
linearly phase locked but not amplitude locked for certain parameter combinations 
[3]. In this paper we extend the study to the A = 3 case (of nine coupled nonlinear 
ordinary differential equations and twenty two dimensionless parameters) and in- 
vestigate conditions for synchronised .solutions for special choices of the parameter 
values. 



1 Introduction 

It is both a pleasure and an honour to contribute this paper to a volume 
celebrating Sid Leibovich’s 60th birthday. It is particularly fitting that this 
article describes work on low order dynamical systems, since it was funding 
provided for the study of a simple nonlinear model of Langmuir circulations 
that enabled me to come to Cornell and work with Sid in the first place. 

In a recent paper Hide [1] has introduced a system of N symmetrically 
coupled self-exciting Faraday disk homopolar dynamos, arranged in a ring. 
Each unit has an electric motor and is connected in series with a coil and a 
disk, being driven into motion by the dynamo. Dissipation due to mechanical 
friction in the disks and motors, as well as ohmic heating, play important 
roles in the generation of steady and unsteady dynamo action. 

The self-exciting Faraday-disk dynamo systems do not arise and should 
therefore not be considered as low order truncations of the full magnetohydro- 
dynamic equations for the geodynamo or for other astrophysical dynamos. 
Rather such dynamos are being built in the laboratory as electronic circuits 
[4], where it is possible to vary the same model parameters. It is of espe- 
cial interest to compare the dynamics observed in such analogue systems 
with theoretical analyses of the governing model equations and their digital 
integrations using standard Runge-Kutte schemes [5]. 

The iV = 1 case of a single disk dynamo was studied by Hide et al [6] and 
the nondirnensional equations governing such a dynamo take the form: 

X = x(y - 1 ) - /3z. (la) 
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y = a{\ - x^) - Ky, (lb) 

z = X — \z, (Ic) 

where x = dx/dt, etc. Here x{t) is the rescaled electric current in the dynamo, 
y{t) is the angular rotation rate of the disk and z(t) measures the angular 
speed of rotation of the motor. Four positive dimensionless parameters appear 
in (la-c); a measures the applied couple; /? measures the inverse moment 
of inertia of the armature; k measures the mechanical friction in the disk 
and A measures the mechanical friction in the motor (see [6] for further 
details). Analytical and numerical investigations of the single dynamo system 
have shown the behaviour to be governed by a codimension-two Takens- 
Bogdanov double-zero bifurcation in the (/?, a)-plane, where j3 = (3/ X and a = 
a/ K. Away from this organising centre, steady solutions, coexisting periodic 
solutions of varying complexity, as well as chaotic behaviour, were observed. 

The N = 2 problem of two coupled dynamo units was investigated by 
Moroz et al [2,3] . There are now six dependent variables (xj , yj, zj) for j = 1,2 
and thirteen positive dimensionless parameters. When all additional paramet- 
ers, except for the four which appear in the single dynamo problem, are set to 
unity, regular and chaotic states which are both linearly phase and amplitude 
locked ai’e possible [2]. Perturbing one or more of these other parameters away 
from unity destroyed the linear synchronisation. The special interest in study- 
ing synchronisation in such hierarchical dynamo models lies in the coupling 
being between the nonlinear as opposed to the linear terms as in more con- 
ventional studies of this kind (see for example [7]). This novel feature thereby 
extends the class of problems in which linear phase synchronisation might be 
expected to occur. 

For the more general N = 2 problem, Moroz et al [3] found conditions 
between all the parameters that would permit phase locked but not amplitude 
locked states. These analytical relations were verified numerically for both the 
chaotic and non-chaotic solutions. 

In this paper we extend the above studies and consider the N = 3 case of 
three coupled dynamos, motivated by a question posed in [3] of whether it is 
possible for any two of the three sub-units to become synchronised. Such a 
model has nine dependent variables and twenty two parameters and its de- 
rivation is summarised in the Appendix. Here we merely state the system: 



x'l = -xi - I3zi +yixz, (2a) 

yi = a(l - X1X3) - nyi , (2b) 

z\ = xi - A^i, (2c) 

X2 = hi [-T21X2 - h2l/3z2 -f m2ZXi7j2], (2d) 

y '2 = a 2 \~'-[a{g 2 i - m,23XiX2) - A: 2 iK'(/ 2 ], (2e) 

Z 2 -b2l^^ [/121 X2 - d2\ A^:2], (2f) 

x-i = hi~''[-r 3 iX 3 - hsifizs + ^21X22/3], ( 2 g) 

2/3 = - ^,21X2X3) - kaiKys], (2h) 
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z's = hi ^[hsixs - (isiAza]. (2i) 

(2j) 

Clearly an extensive exploration of parameter space is not feasible. Instead 
we shall focus on the issue of identifying criteria for obtaining linearly syn- 
chronised states for both the general case, as well as some special cases. The 
parameter values for these specicil cases are chosen purely for illustrative pur- 
poses as providing typical examples for the various categories of phase and 
amplitude synchronisation of interest here. 

The paper is structured as follows. In §2 we derive criteria for linear phase 
synchronisation, and present a partial bifurcation analysis of a special case in 
§3. §4 contains some numerical integrations designed to test the predictions 
of the previous sections, and we draw our conclusions in §5. The Appendix 
contains a derivation of the N = 3 model equations, together with definitions 
of the parameters. 

2 Synchronised States 

In this section we ask whether synchronised states of the form 

{x‘i,y2,Z‘i) - (A2Xi,B2yi,C2Zi) (3) 

are possible when {xz,yz,Z 3 ) is either arbitrary or satisfies 

{xz,yz,zz) = {AzXi,Bzyx,CzZx), (4) 

where Aj,Bj,Cj for j = 2,3 are arbitrary real constants to be determined. 

2.1 Criteria for Two Dynamo Units 

If we look for solutions of the form (3) with {xz,yz,zz) unspecified, then 
(2a-c) remain the same, while (2d-f) become 



Xi = k\~^[-T 2 \Xx - h 2 i^C 2 A 2 ~^ Zi -{-mzzBzAz^^xiyi], (5a) 

2/1 = a2i“M^2“'a;(.72i - rn,2zA2x{^) - k2iK,yx], (5b) 

zi = f '21 ^[C '2 ^AzhziXi — dziXzx]. (5c) 

For compatibility between (2a-c) and (5a-c) we require (compare [3]) 

^21 = ^21, 021 = ktx , dix = 621 1 

C2 ^ A2 = I21 ^ hzx = /121 ^hi, B2 = gzi'X'ix ( 6 ) 

The first three relations in (6), when re-dimensionalised, can be viewed as 
setting certain basic time constants to be equal; the remaining two conditions 
yield 

{X2,V2,Z2) = {C2l2\~''h2xXx,g2\a2\~'^yi,C2Zi), (7) 
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where C 2 is unspecified. This arbitrariness arises because of our inability 
to equate the coefficients of the nonlinear terms in (2a-c) and (5a-c), since 
these involve the (xs, j/3, 2:3) variables from the third dynamo unit (c.f. the two 
coupled dynamo problem [3]). This prevents our being able to synchronise the 
phases of any two of the three dynamo units, and is bourne out in numerical 
integrations of (2a-i). 

2.2 Criteria for Three Dynamo Units 

We now ascertain the conditions that will permit the linear phase synchron- 
isation of all three dynamo units by seeking a solution of the form given in 



(3) and (4) and substituting into (2a-i) to get 

x'l = -xi - I3zi + Asyixi, (8a) 

yi = a(l - Asxi'^) - nyi , (8b) 

= xi - \zi, (8c) 

for (2a-c), 

x\ =l 2 :~^[-r 2 \Xi -h2iPC2A2~'^z:+m23B2A2~^xiyi], (9a) 

yi = 021 ~^[B2~^a{g2i - m23^2^‘i^) - k'ni^Vi], (9b) 

^'1 =hr^[C 2 ~^A 2 h 2 iXi -d, 2 iXzi], (9c) 

for (2d-f) and 

xi = hi~^[-r 3 ixi - hsiPC 3 A 3 ~'^zi + m 2 iB 3 A 2 A 3 ~'^ x^yi], (10a) 
2/1 = a3i~^[fi3“^Q!('73i - m 2 \A 2 Azx{^) - kziKyi], (10b) 

=631 ^[C”3 AzhziXi — dsiA^i], (10c) 



for (2g-i) . If we equate corresponding linear terms in each of the above equa- 
tions we obtain 

Tji = Iji, aji = kji, dj\ = bj\, hji = Ijihji, 

Bj — gjidji , Aj = Cjhjilji , (11) 

for j = 2,3, while the coefficients of the nonlinear terms yield 

^ 3=^21 ^ni23B2A2 ^ =^31 ^17121 AzB^Az \ 

^3 = CI 2 I ^ B 2 ^-4277123=031 ^ S 3 ^ -42-43TO21 ■ ( 12 ) 

Thus 

-42 = 531 '0721 S2 =521021 S C 2 = fj3l^21~^ hlhzi S 

-4s = 521 ^5310721 ^'77723, 53=531031“’, 

C'3 = .93l521~*'77r23'7Tl2l“’?3l/73i ’, 



(13) 
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provided 



= ^31031^23^ = 52i'^TO21^ 



(14) 



Because of the complexity of the above general criteria, we find it instructive 
to consider some special cases with the numerical integrations in mind. 



2.3 Special Cases 
Case 1 With the choice 

^jl — ^jl — 

for j = 2,3, the synchronisation conditions (13) and (14) simplify to give 
phase locked states with 

A-i = C‘2 = sr3iW2i~\ = gna2i~^, 

Az = C 3 = </2i ^531^21 *m23, Bz = gziasi ^ . (16) 



Case 2 In addition to the choices of Case 1, if we also let g^i = m-ii, 

then synchronised states are now possible which are phase locked, but not 

amplitude locked, and which take the form 

(3^2, 2/2, ^2) = (a;i,52ia2i'”’2/i,^i), (17) 

{X3,yz,zz) = (.92l“^m23a:i,g3ia3i~Vl,.92W^TO232:i), (18) 

provided g-n'^ = hia-n- 



Case 3 If we now set 



Iji — hji — bji — dj\ — Tj! — Oji — kji — 1 

for j = 1,2, then (13) and (14) yield the phase synchronised states 

{x 2 , V 2 ,Z 2 ) = 921 {xi,yi,zi), 

{x2,yz,zz) =m2ig2\{xi,yi,z\), 



provided 



m 2 z = gsi = g 2 irri 2 i- 



(19) 

( 20 ) 
( 21 ) 

( 22 ) 



Case 4 Finally if, in addition to Case 3, we set gzi = m 2 i = 1, then we 
obtained synchronised states which are both phase and amplitude locked. 



3 Partial Bifurcation Analysis 

In order to determine more accurately the type of solution to be expected 
in numerical integrations of the coupled dynamo system, we find it useful to 
locate the equilibrium solutions and analyse their stability. We illustrate this 
procedure for Case 1 described above. 
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3.1 The Simplified Dynamo Equations 

With the choice of parameter values appropriate for Case 1, as well as making 
a convenient change of variable; 



Yi = a - yi, Yj = aaji ^ gji - yj, j = 2, 3, (23) 

(2) simplifies to give 

x\ = -xi - (5z\ + qx 3 - Y\x^, (24a) 

Yi = —kYi + 0 x 1 X 3 , (24b) 

Zi = X] - Xzi , (24c) 

X2 = -X‘2 - (3z 2 - l 2 i~^rn 2 sXiV 2 + {l 2 ifi-n)~^ ru23g2iaxi , (24d) 

>2 = -kYz + a 2 i~' am23XiX2, (24e) 

£2 = X 2 - XZ 2 , (24f) 

X 3 = -X 3 - f3zs - l 3 \~^m 2 \X 2 Y 3 + {l 3 -[ 0 , 3 i)~'^ m 2 \g 3 \ax 2 , (24g) 

Y 3 = -KY 3 + U 31 ~'am 2 iX 2 X 3 , (24h) 

Z3=X3-\Z3- (24i) 

The equilibrium states are given by 

(xi,ri,2:i,X2,V2,^;2,a:3,i3,^;3) = (0,0, 0,0, 0,0, 0,0,0), (25) 



and 



Xj = Xzj, j = 1,2,3 (26a) 

Yi = 0 x 1 X 3 , (26b) 

T 2 = 077123021 ~^XiX 2 , (26c) 

T 3 = 077421 031 ~'X 2 X 3 , (26d) 

{I + P)zi = Zsia - Yi), (26e) 

(1 + 0 )z 2 = 77123/21 “' 21 ( 0321021 “^ - Yz), (26f) 

(1 + /3)z3 = 7ri2i/3i“'z2(«33ia3i“’ - T 3 ), (26g) 



where Y 3 is the real-valued solution to 



O 7742117723 |- Q:ff31 
/2I O31 



_ Y ir ff21 _ i^3'''023/3 l031 (1 + /3) . 
^ 021 0421021 P(Ts) 



with 



= (1 + ^)‘%1 + CF 331 V 3 - 031 



(28) 
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3.2 Bifurcations from the Trivial Equilibrium State 

Because of the complexity of the expressions for the nontrivial equilibrium 
states (26)-(28), we shall restrict our bifurcation analysis to that for the trivial 
equilibrium (25). If we seek exponentially varying perturbations to this fixed 
point, straightforward calculations show that three of the eigenvalues are — k, 
together with the quadratic characteristic equation; 

cr^ + ajcr + oq = 0, (29) 

where 

ci\ = 1 + A — Ecf, 
ao = A(1 + P ~ Fa), 

and 



— m2im23^21^3l(a2ia31^2]^3l) '• (31) 

and the quartic characteristic equation 

( 7 ^ + 63 ( 7 ^ + + bi(T + ho = 0, ( 32 ) 

where 

63 = 2(1 + A) + Fa, (33a) 

62 = (1 + A)‘^ + 2(/3 + A) + Fa{l + 2A + Fa), (33b) 

bi = 2(1 + A)(,5 + A) + Fa{l + /? + 2A + 2XFa), (33c) 

bo = {\ + 13)'^ + FaX^ + Fa), (33d) 

We consider first the bifurcations that are possible with (29) and (30). A 
steady bifurcation occurs when oq = 0 or 

a, = 1(1+^), (34) 



the remaining eigenvalue being 

tr = -oi = Fa - (1 + A), 

which is negative for 

a < (1 + A)/F. 

-A. Hopf bifurcation occurs when cr = ±iui, along the curve 

= -|(l + A), (35) 

with frequency 

= A(l+;d-Fa) >0. 



(30a) 

(30b) 
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Finally a Takens-Bogdanov double-zero bifurcation is possible when 

= (^(1 + (36) 

We remark that, as for the double-disk dynamo [3], the bifurcation curves 
above are the same as those obtained for the single disk dynamo, apart from 
a constant multiplicative factor: if we replace a by Fa then the two problems 
become identical. 

For (32) and (33), wo can readily show that no steady or double zero 
bifurcations are possible since the coefficients ho and hi are always positive. 
However a Hopf bifurcation may be possible along the curve 

bi^ — bib'zbs -b bobg^ = 0, (37) 

provided the frequency f2 is a common real root of 

-b2f2‘^ +bo = 0, (38a) 

17'^ = 61/63. (38b) 

4 Numerical Integrations 

As in [3], because of the large number of parameters in the problem, it is not 
feasible to attempt a complete exploration of parameter space. Instead we 
confine ourselves to verifying some of the above analytical results for both 
the regular periodic and fixed point solutions as well as for irregular (chaotic) 
solutions for Case 1. Again, as in [3], we choose 

/3 = 0.3, /t=1.0, A = 0.5 (39) 

for our numerical integrations involving the regular solutions and 

/3 = 2.0, K=1.0, A =1.2 (40) 

for the chaotic solutions (see also [6]). 

4.1 Numerical Integrations for the Equilibrium States 

We performed a number of tests to validate both the numerical code (which 
is based on a standard fourth order Runge-Kutte NAG library routine) and 
the above analytical results. 

More specifically, when we integrated the single, double and triple dy- 
namos for a = 3.8, (35) and all additional parameters set to unity (so that 
F = 1 in (31)), we found that in each case, for arbitrary initial data, the 
system in question evolved to the nontrivial equilibrium state with identical 
values for each dynamo unit (Case 4 above): 



x-j = -0.760885, ?/;;• = 1.6, = -1.52177, 



(41) 
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for j = 1,2,3. 

We then integrated the triple dynamo equations with (15) being satisfied 
and 



rri2i = TO31 = g-n = gsi = 1, (42) 

hi — hi = «2i = «3i = 1-5; (43) 

(so that again = 1 ) and obtained an evolution to the fixed points given by 
(26)-(28): 



(xi,yuzi) = (-.69644.2.71301,-1.39289), (44a) 

{X2,y-2,Z2) = (-.48621, 1.67551, -.97241), (44b) 

{xz,yz,zz) = (-.41073,2.02743, -.82146). (44c) 

Note that the synchronisation condition (14) is violated, which explains that 
absence of the simple linear relationship given by (17) and (18). 

However, if we modify (39) but retain (38) and choose 

Iji = S (45) 

for j = 1,2, then (14) is now satisfied and we obtain 

{Xi,yi,zi) = (0.76089,1.60000,1.52177), (46a) 

{x2,V2,Z2) = (0.76089,0.80000,1.52177), (46b) 

{X 3 ,y 3 ,z 3 ) = (0.76089,0.80000,1.52177). (46c) 



4.2 Numerical Integrations for Regular Solutions 

To demonstrate linear phase synchronicity for periodic solutions, we set 

.921 = 931 = ^31 = «31 = 1, 

m23 = rri2i - hi = azi = 1-5, (47) 

together with (35). Then (14) is satisfied and the synchronisation conditions 
become 



{x2,y2,Z2) = m.2i ^(xi,yi,zi), (xs, ys, 2:3) = (xi , j/i , zi), ( 48 ) 

where TO 2 i“^ = 0.666667. Fig. la shows the time series of xi and X 2 for 
a = 1.55 with the above choice of parameters, while Fig. lb shows the phase 
portrait in the (xi,X 2 ) plane. We clearly see that the solutions are linearly 
phase locked according to (44). 

If we now keep all the parameters the same but set rtizs = 2.0, then we 
lose the linear phase locking. Fig. 2a shows the time series of xi, X 2 and X 3 , 
while Fig. 2b shows the phase portrait in the {x\ ,xs) plane. 
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Fig. 1. (a) Time series of xi - and x-i - - ; (b) phase portrait of X\VX 2 for a = 1.55 





Fig. 2. (a) Time series of xj x-z - - and xa - (b) phase portrait in the (xi,xa) 

plane for a = 1.55 and mzi = 2.0 



4.3 Chaotic Solutions 

For our numerical experiments involving chaotic solutions, firstly we integ- 
rated the single, double and triple dynamos with conditions (36) satisfied, 
a = 20 and all the remaining parameters set to unity. As in the case of 
regular solutions, all systems evolved from arbitrary initial data to states in 
which the dynamo units become identical with the chaotic trajectories shown 
in Fig. 9(a) of [6]. Next we perturbed m 23 to m-zz = 1.01, keeping all addi- 
tional parameters unchanged. There is clear evidence of the beginning of a 
loss of exact linear phase synchronisation, as seen in Fig. 3 which shows the 
phase portrait in the (xi,X 2 )-plane. 
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Fig. 3. Phase portrait in the (a;],a: 2 )-plane for m 23 = 1.01 



To demonstrate that chaotic solutions are possible which are linearly 
phase locked but not amplitude locked, we again chose a = 20 with (36) 
and 



9‘il — <731 — hi = ^31 = 1> 

m23 = 17121 = hi = a-21 = 0.5, (49) 

so that (16) gives 

(X 2 ,y 2 ,Z 2 ) =2.0{Xi,yi,Zi), (X3,y3,Z3) = {xuVuZi)- (50) 

Fig. 4a shows part of the chaotic time series for x\ and X 2 and Fig. 4b shows 
the phase portrait in the {x\,X 2 ) plane. 

Finally if we make an arbitrary perturbation of the parameters from those 
given by (45) , loss of linear phase synchronisation again occurs as in [3] . Linear 
phase synchronisation therefore appears to require a precise satisfaction of 
the criteria derived in §2.2. We were unable to find any cases in which a loss 
of synchronisation resulted in its subsequent re-establishment. 

5 Discussion 

The objective of this paper has been to extend the original investigations of 
[2,3] into linear phase synchronisation of two coupled homopolar self-exciting 
Faraday disk dynamos to the case in which three such units are coupled 
together through nonlinear terms. In particular we were interested in ad- 
dressing some questions raised in [3] concerning the ability of two out of the 
three dynamo units to synchronise. 
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Fig. 4. (a) Time series of - and X 2 - - \ (b) phase portrait in the {x\,X 2 ) plane 
for a = 20 

The analysis of §2.1 above shows this not to be possible. However the 
analyses of §2.2 and §2.3 showed that it is possible for all three dynamo 
units to become synchronised in both amplitude and phase or in phase alone. 
This is true for equilibrium states, regular periodic solutions and irregular 
chaotic solutions. As in the case of two coupled dynamos, such linear phase 
synchronisation seems not to be robust under arbitrary perturbations of the 
parameters which describe the coupled dynamo system. However, this does 
not preclude the existence of a nonlinear phase synchronisation. Indeed the 
Lyapunov exponent calculations reported in [3] for the system comprising two 
coupled dynamos suggest this might be the case and is aspect is currently 
under investigation [8]. 

As mentioned in the introduction, analogue circuit versions of the Faraday 
disk dynamo are currently under investigation in Oxford [4]. In such circuits, 
it is possible to vary the system parameters in the same way as for the models 
described in this paper, and test the robustness of the simple linear phase 
synchronisation predictions. The results of such a comparative study, when 
they become available, could have many interesting things to say about the 
differences between analogue and digital simulations of nonlinear systems [5] . 

A Appendix 

Following [1], [3] and [6], we denote the mechanical and electrical character- 
istics of the three dynamos by 

{Aj , Bj , Dj , Gj , Hj , Kj , Lj , Rj), 
for j = 1, ...,3, where for each dynamo unit 



A : moment of inertia of the disk. 



(Ala) 
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B : moment of inertia of the armature, (Alb) 

D : coefficient of linear mechanical friction in the motor, (Ale) 

G : applied couple, (Aid) 

H : torque, (Ale) 

K : coefficient of linear mechanical friction in the disk, (Alf) 

L : self-inductance of the system, (Alg) 

R : the total series resistance, (Alh) 



and introduce M^- as the mutual inductance between the disk of unit j and 
the coil of unit i. Then the dimensional equations for the currents Ij, rotation 
speeds of the motors tOj and the disks f2j are 



Bill — — RiB — T Af3i/3l7i, (A 2 a) 

Bih' = -R2I2 - H2W2 + Mi2h ^2, (A 2 b) 

Bats' = —R3I3 — H3U3 + M2zl2Bla, (A 2 c) 

= Gi - /Cif 2 i - M31/3J1, (A 2 d) 

A2 02' = G2- K2 02 -Mv2hl2, ( A2e) 

A3 O3' = Gz-K 3 O3 - M23 h h , (A 2 f) 

Bxw\ = HiB - D\uji, (A 2 g) 

B2OJ2 = H2I2 ~ B>20J2) (A 2 h) 

B3UI3' = 7/3/3 — B>3U3, (A 2 i) 

(A2j) 



where the prime denotes d/dr where r is the dimensional time. If we scale 
all dependent variables with respect to the first unit so that 



r = -pt, 






Vj 



^o- 

Rx 



_ ^ A/31 ^1/2 BLiBx 

(A3) 



for j = 1, then we obtain the principal parameters 



q ; — G\ L\ , K — Li j Ft\ A. \ , 

fi = H\Bxl R:\Bx, \ = DxBx!RxBx, (A4) 



and the subsidiary parameters 



o-ki — Aa;/Ai, bki — Bk/Bx, dkx — Dk/Dx, gui — Gk/Gx, 
hki = Blk/ Blx, kkx^Kk/Kx, lki=Bk/Bx, rkx=Rk/Ri, (A5) 



and 

TO23 = Mxz/Msx, TO21 = A/23/M31, (A6) 

so that the dimensional equations take the form (2a-i) of §1. 




238 



Irene M. Moroz 



References 

1. Hide R. (1997) The nonlinear differential equations governing a hierarchy of self- 
exciting coupled Faraday-disk homopolar dynamos. Phys. Earth Plant. Int. 103 , 
281-291 

2. Moroz I.M., Hide R. and Soward A.M, (1998) On self-exciting coupled Faraday 
double-disk homopolar dynamos driving series motors. Physica D 117 , 128-144 

3. Moroz I.M., Smith L.A. and Hide R. (1998) Synchronised chaos in coupled double 
disk homopolar dynamos. Int. J. Bif. Chaos 8 2125-2133 

4. Peskett G. (1998) Private comrnunciation. 

5. Smith L.A. and Moroz I.M. (2000) Analogue vs digital systems. In preparation. 

6. Hide R., Skeldon A.C. and Acheson D.J. (1996) A study of two novel self-exciting 
single-disk homopolar dynamos: theory. Proc. R. Soc. Lond. A 452 1369-1395 

7. Stefanski A., Kapitaniak T. and Brindley ,1. (1996) Dynamics of coupled Lorenz 
systems and its geophysical implications. Physica D 98 594-598 

8. Kurths ,1, Moroz I.M. and Smith L.A. (2000) Phase synchronisation in systems 
of coupled disk dynamos. In preparation. 




Large-Eddy Simulation Using Projection 
onto Local Basis Functions 



S.B. Pope 
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Abstract. In the traditional approach to LES for inhomogeneous flows, the re- 
solved fields axe obtained by a filtering operation (with filter width A). The equa- 
tions governing the resolved fields are then partial differential equations, which are 
solved numericedly (on a grid of spacing h). For an LES computation of a given 
magnitude (i.e., given h), there axe conflicting considerations in the choice of A: to 
resolve a large reinge of turbulent motions, A should be small; to solve the equations 
with numerical accuracy, A should be large. In the alternative approach advanced 
here, this conflict is avoided. The resolved fields are defined by projection onto local 
basis functions, so that the governing equations are ordinary differential equations 
for the evolution of the basis-function coefficients. There is no issue of numerical 
spatial discretization errors. A general methodology for modelling the effects of the 
residual motions is developed. The model is based directly on the basis-function 
coefficients, and its effect is to smooth the fields where their rates of change are not 
well resolved by the basis functions. Demonstration calculations are performed for 
Burgers’ equation. 



1 Introduction 

We reconsider here the fundamentcds of large-eddy simulation (LES) for in- 
homogeneous turbulent flows. The basic idea of LES is to represent explicitly 
the large-scale turbulent motions, and to model the effects of the small-scaJe 
motions (see, e.g., Leonard 1974, Reynolds 1990, Galperin and Orszag 1993, 
Pope 2000). In the usual approach to LES (see Fig. 1) the steps are as follows: 

1. A Altering operation is used to decompose the velocity U(x,f) into a 
resolved field U(x, t) — which represents the large-scale motions — and a 
residual field u'(x, t ) — representing the small-scale motions. For the inho- 
mogeneous flows considered, a box filter or a Gaussian filter is the usual 
choice, or the filter may not be explicitly specified. 

2. The conservation equations for U are derived from the Navier-Stokes 
equations. These contain, as an unknown, the residual-stress tensor r^, 
which embodies the effect of the residual motions on the resolved velocity. 

3. The equations for U are closed by modelling the residual stresses. Usually 
the eddy-viscosity Smagorinsky model is used, possibly in conjunction 
with the dynamic procedure (Germane et al. 1991), and in combination 
with other models. 

J.L. Lumley (Ed.): LNP 566, pp. 239-265, 2001. 

@ Springer- Verlag Berlin Heidelberg 2001 
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4. In order to solve the partial differential equations (PDE’s) governing 
U(x, t), a grid is generated to discretize the flow domain. The filter width 
A is taken to b^proportional to the local grid spacing h. 

5. The PDE’s for U(x,t) are solved numerically. 

6. The accuracy of the overall procedure can be assessed by comparing 
statistics of the calculated resolved fields to those obtained from the 
Navier-Stokes equations (by experiment or by DNS). 

In the following two subsections we raise two issues with this standard 
approach. The remainder of the paper addresses a resolution to the second 
of these issues. 

1.1 Quantification and Control of the Scale of the Resolved 
Motions 

An important issue is the size range of the turbulent motions resolved, which 
is determined by the size of the filter width A relative to the turbulence 
integral scale L (or to the viscous lengthscale in the viscous near- wall region). 
How much of the turbulent motions are resolved can be quantified by the 
fraction of the turbulence energy contained in the resolved scales. Pope (2000) 
suggests a distinction between LES and VLES (very large-eddy simulation) 
depending upon whether more or less than 80% of the turbulence energy 
is resolved. (In the viscous near-wall region, unless wall-function boundary 
conditions are used, LES then requires that the filter width be comparable to 
the viscous lengthscale — though substantially larger than DNS grid spacings.) 

The general experience is that LES (with at least 80% of the energy 
resolved) produces good results in free shear fiows, and also for simple wall- 
bounded flows if the dynamic model is used (see, e.g., Vreman et al. 1997, 
Piomelli 1993). In contrast, the results with VLES can be unpredictable and 
poor (see, e.g., Rodi et al. 1997). 

In order for LES to be a robust and reliable tool, it is necessary to re- 
quire that the fraction of turbulence energy resolved be greater than some 
minimum — say 80%. This requires; (a) a methodology to estimate (locally 
within the LES) the fraction of energy resolved; and (b) a methodology to 
adapt the filter width A (and hence the grid spacing h) to ensure that 80% 
of the energy is resolved. 

Note that in the standard approach the grid — and hence the filter width — 
are specified a priori, and hence either prior knowledge of the flow is required, 
or 80% resolution is not assured. 



1.2 Numerical Resolution of Resolved Fields 

The filtering operation (using the box or Gaussian filters) produces infinite- 
dimensional resolved fields U (x, t) . These fields have to be discretized in order 
to solve their governing PDE’s computationally. This involves a discretization 
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Fig. 1. Diagram of the standard filtering approach to LES: the numbers refer to 
the steps described in the Introduction. 
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error that depends on the grid size h relative to the filter width A. For 
the inhomogeneous flows that arise in engineering applications, most suited 
are unstructured-grid methods which are generally (at most) second-order 
accurate, so that the discretization error scales as {hjAY (when this ratio is 
small). Good numerical resolution comes at a high cost: halving h decreases 
the numerical error by a factor of 4, but it increases the memory requirements 
by a factor of 8, and the number of operations by a factor of 16. 

Note that the word “resolution” is used here in two different senses. The 
range of turbulent scales resolved by the (exact) Altered fields U(x,t) is de- 
termined by the ratio A/L (away from walls). The accuracy of the numerical 
resolution of U(x, t) on a grid of spacing h is determined by the ratio h/A. 

There is a trade-off between resolution of the turbulent motions and nu- 
merical resolution. For an LES (or VLES) performed on a given grid of spac- 
ing h, consider the two choices of filter width; A = 2h and A = h. The 
former yields moderately good numerical resolution. The latter yields poor 
numerical resolution, but the range of turbulent motions resolved is doubled. 
In engineering applications the latter choice is usual, so that numerical errors 
can be substantial. 

This trade-off between resolution of the turbulent motions and numerical 
resolution can be completely avoided by defining the resolved fields to be 
finite-dimensional. This can be achieved through a basis-function represen- 
tation of the form 



N 

tj(x,f) = ^Ua(t)ba(x), (1) 

a=l 

where b^, a = 1,2,..., is a set of vector- valued basis functions, and Ua{i) 
are the corresponding basis-function coefficients. (Alternatively the basis 
functions can be scalar-valued and the coefficients vector- valued.) Given a 
velocity field U (x, t ) , the corresponding resolved field is defined as a pro- 
jection of U onto the basis functions. Here, for simplicity, we consider the 
orthogonal projection, so that the basis-function coefficients are determined 
by the equivalent condition that the kinetic energy of the residual motions 

y’i(U-U)-(U-U)dx (2) 

be minimized (where integration is over the flow domain). 

In this approach, evolution equations for the resolved fields take the form 
of a set of ordinary differential equations (ODE’s) for the basis-function co- 
efficients: there is no issue of the numerical spatial resolution of the resolved 
fields. 

The idea of using a finite basis-function representation of the resolved 
fields is far from new. It is done in LES of homogeneous turbulence using 
the sharp spectral filter, in which case the basis functions are Fourier modes. 
And it is done in dynamical system models of inhomogeneous flows, in which 
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case the basis functions are taken to be the POD eigenfunctions (see, e.g., 
Holmes et al. 1996). In both of these cases the basis functions are orthogonal 
and global — that is, the basis functions are non-zero everywhere in the flow 
domain (except on a set of measure zero). In contrast, here, for application of 
LES to complex flows, we have in mind non-orthogonal local basis functions 
(which are zero over most of the domain). Examples of such basis functions 
are B-splines and finite-elements. Accordingly, the method advanced here can 
be called large-eddy simulation using projection onto local basis functions, 
or LES-PLB for short. The different approaches mentioned are summarized 
in Table 1. As indicated in the table, the basis functions considered here are 
non-orthogonal. 

If an LES is performed with N grid nodes or N basis functions, then an 
important consideration is the scaling with N of the number of operations 
required to evaluate the non-linear convective terms in the momentum equa- 
tions. In the direct implementation of basis-function or spectral methods, 
of order operations are required, because the non-linear convective term 
appears as double-sum over the N basis-function coefficients. This number 
of operations can be reduced, however, if the basis functions have a special 
structure. If a first transform exists, then a pseudo-spectral method can be 
used, reducing the number of operations to of order N log N. Or if (as is 
the case with LES-PLB) at every point in the domain the number of non- 
zero basis functions is less than a fixed number (independent of N), then 
there are only of order N non-zero contributions to the double sum. These 
considerations are summarized in the last column of Table 1. 

As mentioned above, the types of basis functions suitable for LES-PLB 
include finite-elements and B-splines, and the formulation developed below 
is closely connected to the Galerkin method. Both finite elements and B- 
splines have been used previously in LES (see, e.g., Haworth & Jansen 2000, 
Kravchenko et al. 1996). It should be appreciated, however, that the present 
approach is fundamentally different. Here we define the resolved fields by 
a basis-function representation, so that the governing equations are ODE’s. 
In contrast, in previous work finite elements and B-splines, have been used 
to obtain numerical solutions to the PDEs governing the filtered fields. The 
semi-discrete equations arising from these approaches are also ODEs for basis 
function coefficients; but it should be appreciated that an approximation is 
involved in obtaining these ODEs from the PDEs. There is no such approxi- 
mation in LES-PLB. 

1.3 Outline of the Paper 

In the remainder of the paper the LES-PLB methodology is developed and 
demonstrated. In Section 2 the general formulation is given. It is shown that 
if the turbulent motions are fully resolved (i.e., DNS rather than LES), then 
the result is the Galerkin method to solve the governing equations. In Section 
3 a model for the effects of the residual motions is proposed. 
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Table 1. Comparison of approaches to large-eddy simulation. 





Governing 

equations 


Support of 
bcksis 
functions 


Orthogonality 


Number 

of 

operations 

for 

convective 

terms 


LES with filtering 
in physical space 


PDE’s 


— 


— 


N 


LES with sharp 
spectral filter 


ODE’S 


global 


orthogonal 


N\og{N) 


LES using POD 
eigenfunctions 


ODE’S 


globaJ 


orthogonal 




LES-PLB 


ODE’S 


local 


non-orthogonal 


N 



While the ultimate intended application is to complex flows governed 
by the Navier-Stokes equations, the method is demonstrated in the simpler 
setting of Burgers’ equation (Burgers 1940). The scalar velocity u{x, t) evolves 

by 



du 

dt 



du 



d'^u 



+ /> 



(3) 



where u is the viscosity and f(x,t) is the forcing. Previous studies of Burgers’ 
equation include: Saffman (1967), Gotoh and Kraichnan (1993) and Girimaji 
and Zhou (1995). In Section 4 the LES-PLB method is applied to Burgers’ 
equation using linear-spline basis functions. 

Even though the demonstration given here uses simple ID basis functions 
and Burgers’ equation, it is stressed that the methodology is general, and 
intended for complex 3D flows governed by the Navier-Stokes equations. 



2 Formulation of LES using Local Basis Functions 

For simplicity we consider a one-dimensional formulation of Burgers’ equa- 
tion, but all of the concepts and results have straightforward extensions to 
the Navier-Stokes equations in 3D. The domain is of length C, and periodic 
boundary conditions are applied, i.e., u{x,t) = u(x + kC, t), for all integer k. 

We introduce a set of N basis functions, bj{x), j — 1,2, ...,iV. Later 
we consider linear and parabolic spline basis functions, with uniform knot 
spacing h = C/N. But for the present, we make no particular specification 
of bj{x). 

Given a function u{x), the corresponding resolved field u{x) is defined as 
the orthogonal projection of u{x) onto the basis functions: 
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N 

u{x) = V{u{x)} = ^ bj{x)uj, (4) 

j=i 

where V is the projection operator, and the basis-function coefficients Uj are 
determined by the condition that they minimize 

^=2 [“{^) - da;. (5) 

It is readily shown that the basis-function coefficients are given explicitly by 

iij ^Vj{u(x)} = M-^Qk{u{x)}, (6) 

where the operator Qk{ } is defined by 

Qk{u{x)}= [ bk(x)u{x)dx, (7) 

Jo 

M~i} is the j-k component of the inverse of the positive symmetric definite 
matrix 

Mjk= [ bj{x)bk{x)dx, (8) 

Jo 

and summation is implied over repeated suffixes. 

From Eqs. (4) and (7) it is straightforward to show that P{ } is indeed a 
projection, i.e.. 





V{u{x)} = V{V{u{x)}} = u{x), 


(9) 


and equivalently 


V{u'{x)} = 0, 


(10) 


for the residual 


u'{x) = u(x) — u{x). 


(11) 


We consider the general evolution equation for u(x, t) 






II 


(12) 


where, for Burgers’ equation (Eq. 3), the functional A{u) is defined by 






, du d^u , 


(13) 



Since the basis functions are independent of time, the corresponding evolution 
equation for u{x, t) is 
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or, for the basis-function coefficients, 

-^=r^{A{u)}=Vj{A{u + u')}, (15) 

where the operator Vj is defined by Eq. (6). In LES, u is known whereas u' is 
unknown, so that the right-hand side of Eq. (15) is unknown. The equation 
can be rewritten 



^=rj{A{u)} + Rj, (16) 

where the term 

Rj = Vj{Aiu)}-Pj{A{u)}, (17) 

embodies the effects of the residual motions that have to be modelled. Thus, 
the two terms on the right-hand side of Eq. (16) are, respectively, the known 
contribution from the resolved field, and the contribution from the residual 
field that has to be modelled. The modelling of Rj is the subject of the next 
section. 

An interesting limit to consider is that in which the basis functions are 
sufficient to resolve u{x) accurately, so that u' and Rj are negligible, This 
circumstance corresponds to DNS rather than LES, and Eq. (16) reduces to 

^=Vj{A{u)}. (18) 

This is simply a statement of the Galerkin method to solve Eq. (12). The 
details are given in Appendix A for Burgers’ equation using linear splines. 
It is again emphasized, however, that LES-PLB is distinctly different from 
using a Galerkin method to solve the filtered equations. 

3 Modelling the Effects of the Residual Motions 

3.1 Guiding Principles 

The residual motions u'{x, t) affect the resolved motions through the quantity 
Rj defined by Eq. (17). We propose a model for Rj which is based on three 
tenets: 

1. The model is based directly on basis-function coefficients. 

2. The magnitude of the modelled term is significant only in regions where 
A{u) is not well resolved by the basis functions. 

3. The effect of the modelled term is to increase the smoothness of the 
resolved field u. 
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In opposition to tenet (1) we could consider a standard eddy-viscosity model 
of the form 



du __ d . du 
dt dx dx 



(19) 



where i/r(a:) is the residual viscosity, perhaps obtained from the Smagorin- 
sky model. But this term is not exactly representable in terms of the basis 
functions, and so it has to be implemented via a numerical method that in- 
evitably incurs a spatial discretization error. This clearly runs counter to the 
philosophy of the present approach in that numerical resolution becomes an 
issue. In view of these considerations, we perform the modelling on Rj in 
terms of Uk (i.e., in terms of basis-function coefficients rather than fields) so 
that there are no numerical resolution issues. 

Tenets (2) and (3) are similar to those of the MILES approach (monotone 
integrated large-eddy simulations) as articulated by Boris et ai. (1992). In 
simple methods for the numerical solution of PDE’s — e.g., centered finite- 
difference schemes, pseudo-spectral methods, and the Galerkin method — 
numerical instabilities arise if the fields are not adequately resolved. The 
idea of tenet (2) is to make the residual model negligibly small except in re- 
gions where, without the modelled term, the solution would become unstable. 
And the idea of tenet (3) is to impose smoothness directly, thus countering 
the instability. 

Evidently, the modelling approach advocated here is based more on nu- 
merical considerations than on the physical consideration used to motivate 
the dynamic Smagorinsky model, for example. Some justification for the nu- 
merical approach is provided by the following observations; 

a) for a given number of degrees of freedom (grid nodes or basis functions) , 
the MILES and LES-PLB approaches are able to resolve a greater range of 
turbulent motions (greater say by a faetor of two) . 

b) it is well appreciated based on a priori testing that, at a detailed 
level, the dynamic Smagorinsky model provides a poor representation of the 
residual stresses. 



3.2 Simple Relaxation Model 

The form of the model proposed is 

Rj = — Uj), ( 20 ) 

so that the basis-function coefficients evolve by 



fiij • 

-^=Vj{A{u)} + n^j^{uj-Uj). ( 21 ) 

(Bracketed suffixes are excluded from the summation convention.) Thus the 
model causes uj to relax towards the value uj at the rate l?(j) ; it remains to 
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specify the two quantities Uj and Oq). (The final model, Eq. 34 below, is a 
slight modification to the form given here.) 



3.3 Relaxation Towards Smooth Fields 



The specification of Uj is based on tenet (3). The lack of smoothness in the 
resolved field is quantified by the pth-order tortuosity, defined by 




= UjUkM]l\ 



where the positive definite symmetric matrix is 



(22) 



= f bf\x) b^^\x)dx, (23) 

J 0 

and b^^^ (x) denotes the pth derivative of the basis function. (For linear splines, 
only is defined, because only the first derivatives of bj{x) are square- 
integrable. For parabolic splines, both and are defined.) 

For an appropriately chosen value of p, Uj is defined as the value of ixj 
that minimized for fixed values of the other basis-function coeflScients 
(i.e., Uk, k 7 ^ j). It is readily shown from Eq. (22) that Uj is given explicitly 
by 



= (24) 

and hence the model for Rj (Eq. 20) is 

(25) 

with 



( 26 ) 

Note that the diagonal elements of Mji are unity. For linear splines, the 
non-zero off-diagonal elements of are 






1 

2- 



Hence, for this case, the model is 



(27) 



Rj — Uj -t- jfij'+i) 



i^U)h 



Uj — 1 2w^‘ I Uj-j-j 



(28) 
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which evidently is similar to an eddy viscosity model with i>r = 

Alternatively, the same analysis for parabolic splines and p = 2 leads to 
the model 



Rj — 

corresponding to fourth-order dissipation. (Note that the term in square 
brackets has the form of a finite-difference approximation to a fourth deriva- 
tive, but u(x) is only once continuously differentiable.) 



Uj-2 — 4uj_i -I- 6uj — 4uj+i 4- 

i? 



(29) 



3.4 Relaxation Rate 

The specification of S2(j) is based on tenet (2): it is significant only where 
A{u) is not well resolved by the basis functions. 

The quantity Uj, defined by 

al^=Vj{[A{u)-V{A{u)}f], (30) 

is computable from the resolved field (i.e., from {fij}) and it measures the 
extent to which A(u) is not resolved by the basis functions. Suppose that, in 
the vicinity of the jth basis function, the velocity u is varying very smoothly. 
Then the residual A(u) - V{A{u)} is small, and so also therefore is a(j). 
(The right-hand side of Eq. (30) can be evaluated either as a multiple sum 
over basis function coefficients and integrals of basis function products, or 
by numerical quadrature: the latter approach is simpler and is used in the 
calculations presented below.) 

From 0 (y) (which has dimensions of u/t) quantities with the same dimen- 
sions as (i.e., dimensions of 1/t) can be formed as: 

(2®)* or 

\ h / vij) 



where v^j-) has dimensions of u. It is usual in LES to take the grid spacing 
h as the relevant lengthscale, which suggests taking f?(j) to be proportional 
to [a(j)//i]5. We argue, however, that the methodology should be applicable 
to any field, not just to a velocity field. That is, the modelling should be 
applicable if u were a temperature field, for example, in which case this spec- 
ification is dimensionally incorrect. Therefore we take to be proportional 
to and define the local scale of u (in this case velocity) by 

«U) = Tlj{[u{x) - 7^J{^I(x)}]^}, 
where { } is the basis-function average 



(31) 
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TZj{u{x)} 



Then, is specified as 




J?(j) = 



^U) ’ 



where Cr is a constant to be specified. 



(32) 



(33) 



3.5 Generalized Relaxation Model 

The simple relaxation model described above is modified to ensure the satis- 
faction of two basic requirements: 

1, If the resolved field is uniform (i.e., u{x) = c = constant) then the mod- 
elled term Rj is identically zero. 

2. The effect of the modelled term is to transfer momentum (locally), not 
to create or destroy momentum. 

The momentum conservation principle is well known and readily demon- 
strated both for the Navier-Stokes and Burgers’ equations. 

In order to satisfy these requirements, the simple relaxation model (Eq. 20) 
is generalized to 



Rj — ( 34 ) 

where uji is a coefficient matrix to be specified. The simple model developed 
above corresponds to the specification 



ujji = (35) 

The details of the modification of uji given by Eq. (35) to satisfy the 
above two requirements are given in Appendix B. In the case of ID linear 
splines the resulting model is 



~ { 4^ ^(j+i)][^i+i Uj]/h 

- + %-!)][% - (36) 

which has the form of a finite-difference approximation to the conservative 
eddy viscosity term 

9u1 



dx 



( 37 ) 
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with spatially- varying residual viscosity 

It may be noted that in the (unlikely) case of J?(j) being the same for all 
j, this model (Eq. 36) reverts to the simple model (Eq. 28). 



4 Application to the Decay of a Single Mode 

In this section and the next, the LES-PLB method described above is applied 
to two rather different cases of Burgers’ equation. Here the Burgers’ equation 
is solved without forcing from a sinusoidal initial condition. In the next section 
the equation is solved with forcing, which leads to a random, statistically- 
stationary solution — Burgers’ turbulence. The ODE’s for the basis function 
coefficients are integrated in time using a second-order accurate predictor- 
corrector scheme. 



4.1 Description of the Flow 

Burgers’ equation (Eq. 3) is solved without forcing (/ = 0) on a periodic 
domain of length C — 2tt, from the initial condition 



u(a:,0) = UoCOs(27tx/£), (38) 

where the velocity scale is uq = 1. The single non-dimensional parameter in 
the problem is the Reynolds number 



Re = 



UqC 



(39) 



Figure 2 shows the evolution of the solution for Re = 800. As may be 
seen, a “shock” evolves at x/£ = The thickness of the shock scales as 
£Re“^, and the peak negative velocity gradient as Reuo/£. 

Figure 3 shows that the evolution of the maximum velocity Umax (t) in the 
domain. It may be seen that Umax decreases slowly until the shock develops 
(at t ss 1.5), and thereafter it decreases more rapidly. 

The results shown in Figs. 2 and 3 are obtained by solving the Burgers’ 
equation using the Galerkin method derived in Appendix A. In order to 
resolve the shock accurately, at least 1,024 linear-spline basis functions are 
required. 



4.2 LES using Projection onto Local Basis Functions 

Results are now described of applying the LES-PLB methodology. That is, the 
coupled set of ODE’s (Eq. 16) is solved, in which the effects of the residual 
motion Rj are modelled by Eq. (36). Only 64 linear-spline basis-function 
coefficients are used, which clearly is insufficient to resolve the shock. 

In Figs. 4 and 5 the LES-PLB solutions are shown for the values of the 
parameter Cr = 0, 0.1, 1.0 and 10, and they are compared to the DNS results. 
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It may be seen from Fig. 4 that the LES-PLB calculations with Cr = 1.0 agree 
well with the DNS, whereas if no model is used (i.e., Cr = 0) then Umax has 
a significant overshoot. 




Fig. 4. Evolution of the maximum value of u{x,t)/uo according to DNS (line) and 
LES-PLB with N = 64 and Cr = 0, ■; c,- = 0.1, A; Cr — 1.0, •; Cr = 10, ►. 




Fig. 5. Profile of u{x, t) through the sho^ at t = 2. Symbols same as Fig. 4. 



Figure 5 shows the shock region in more detail at t = 2. Evidently, the 
results with Cr = 1.0 are as good as could be expected; the profile is repro- 
duced as accurately as possible with the given number of basis functions. 
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In contrast, the results with = 0 and = 0.1 exhibit oscillations and 
overshoots; whereas with = 10 the shock is excessively smeared. 



4.3 Comparison v^^ith the Smagorinsky Model 

The filtered Burgers’ equation incorporating the Smagorinsky model is 



du _du 



dx 




(40) 



where the residual eddy viscosity is 



Ur = V2el 



du 

dx 



(41) 



and is is the Smagorinsky length-scale, which is specified. It is usual to relate 
is to the filter width A via the Smagorinsky constant, i.e., 

is = CsA, (42) 



but this is unnecessary. 

It is important to appreciate that Eqs. (40) and (41) define a PDE (with 
is as a parameter) independent of a grid. With tg = 0, Eq. (40) reverts to 
Burgers’ equation, for which over 1,000 basis functions are required to obtain 
an accurate solution (using the Galerkin method of Appendix A). 

It is found that the specification ig = 0.06 (i.e., ts/C = 0.03/tt) yields 
solutions similar to those obtained by LES-PLB with 64 basis functions. In 
Fig. 6, the LES-PLB solution {N = 64, = 1.0) is compared to the accurate 

Smagorinsky model (4 = 0.06), and indeed there is little difference. Also 
shown in the figure is the (approximate) Smagorinsky solution obtained on a 
grid of 64 nodes: the numerical error is evident. To examine this further. Fig. 7 
shows the evolution of Umax according to the Smagorinsky model calculated 
on grids of size 64, 128 and 1,024. Even on the 128 grid the numerical errors 
are evident. 

The important point that these results illustrate is that numerical resolu- 
tion is not an issue in LES-PLB. With conventional LES (using the Smagorin- 
sky model) comparable results are obtained on a finer grid; but there are 
significant numerical errors if the solution is computed using the same num- 
ber of basis functions as in LES-PLB. (These errors depend, of course, on 
the numerical method, and would be expected to be smaller if a higher-order 
method were used.) 

5 Application to Forced Burgers’ Turbulence 

The LES-PLB methodology is applied here to Burgers’ equation with the ran- 
dom forcing using by Gotoh (1999). This results in a statistically-stationary 
solution. 
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Fig. 6. Profiles of u{x,t) through the sho^ at t = 2. Comparison of LES-PLB 
{N = 64, Cr = 1.0, • ) with the Smagorinsky model (accurate calculation, line; 
using N — 64, O ). 




Fig. 7. Evolution of the majcimum value of u{x, t)juo according to numerical solu- 
tion of Smagorinsky model: N = 64, ■; N — 128, •; N = 1, 024, line. 
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The forcing function f{x,t) is white in time and has the wavenumber 
spectrum 



F{k) 



I (i) “i- 




(43) 



This involves two parameters: the forcing wavenumber Kf, and the forcing 
magnitude (which has dimensions of $ = du/dx). The periodic domain 
is of length C = 27 t, so that the lowest wavenumber is kq = 1. The only 
other parameter in the problem is the viscosity v. From the four dimensional 
quantities (kq, Kf, and v) there are two independent non-dimensional 
groups. We take these to be 

^=6, (44) 

Ko 

and 

Re = ^ = 100, (45) 

to match Gotoh’s Run 3. 

From the trivial initial condition (u(x, 0) = 0) Burgers’ equation is solved 
(with or without using LES-PLB) until a statistically-stationary state is 
reached. The solution is then continued for some time in order to obtain 
time-averaged statistics. 

A sample of u(x,t) in the statistically-stationary state is shown in Fig. 8. 
It may be seen that there are several “shocks”, where the value of u drops 
abruptly. This is more evident in Fig. 9 which shows the corresponding values 
of the gradient ^ = du/dx. 




Fig. 8. Forced Burgers’ turbulence: sample of u{x,t) in the statistically-stationary 
state. 
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Figure 10 shows the compensated energy spectra k?E{k) obtained from 
DNS and from LES-PLB with Cr = 1.0 and N = 64, 256, 1,024 and 4,096. As 
might be expected, the DNS spectrum exhibits a peak around k = Kf =6. 
There is then a range (20 < k < 200, say) over which the compensated 
spectrum is approximately constant. This corresponds to the k~^ spectrum 
that arises because of the shocks. The shocks, however, are in fact smooth; 
so the spectrum tails off at wavenumbers larger than «oRe. 




Fig. 10. Forced Burgers’ turbulence: compensated energy spectra for (from left to 
right at large k): LES-PLB with Cr = 1.0, N — 64, 256, 1,024 and 4,096; and DNS. 



It may be seen from Fig. 10 that LES-PLB behaves in the desired manner. 
The part of the spectrum that can be well resolved by the given number of ba- 
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sis functions, N, agrees well with the DNS; whereas the energy is attenuated 
(by an order of magnitude) at the highest resolved wavenumber. 

As may be seen in Fig. 11, the attenuation at the highest wavenumbers 
depends on the specification of Cr- Lower values result in less attenuation, 
and in the DNS spectrum being reproduced to higher wavenumbers. 




Fig. 11. Forced Burgers’ turbulence; effect of Cr- Prom left to right at large «, 
LES-PLB with N — 1,024, Cr = 2.0, 1.0 and 0.5, and DNS. 



Of particular interest in Burgers’ turbulence is the PDF of ^ = du/dx for 
negative values of ^ (Gotoh 1999), for this reveals some details of the shocks. 
Figure 12 shows a log-log plot of the PDF of the normalized gradient 
for negative It may be seen that the current DNS results agree well with 
those of Gotoh. In LES-PLB, since the jump across a shock is of order unity, 
the steepest gradient that can be represented scales as 1/A^. From Fig. 12 
for the case N = 1,024, it may be seen that the PDF drops rapidly to zero 
for 1^1/^/ being larger than 70. The steep gradients that cannot be resolved 
are smoothed, leading to the increased PDF (compared to DNS) in the range 
7 < l^l/O < 70. While for |C|/C/ < 7, the LES-PLB is in excellent agreement 
with the DNS. 

As in the test case described in the previous section, we find that (for a 
particular choice of is) accurate solutions for the Smagorinsky model pro- 
duce results comparable to LES-PLB. Figure 13 compares the compensated 
spectra obtained from LES-PLB {N — 1,024, Cr = 1.0), with those obtained 
from the Smagorinsky model (with fixed is) with poor (iV = 1,024) and ad- 
equate {N = 2,048) numerical resolution. The point is that, using the same 
number of basis functions as LES-PLB (i.e., N — 1,024), the Smagorinsky 
model solution contains significant numerical errors. More basis functions are 
needed to implement the Smagorinsky model accurately. 
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lines (from left to right) LES-PLB with Cr = 1.0 and N — 64, 256, 1,024, 4,096, 
and DNS. 

It may be noted that in most implementations of the dynamic Smagorin- 
sky model (Germane et al. 1991), the Smagorinsky coefficient is taken to be 
uniform in directions of statistical homogeneity. Hence for the present statis- 
tically stationary and homogeneous case, the dynamic model would yield a 
constant and uniform value of Gj, as used here. 




K 

Fig. 13. Compensated energy spectra in forced Burgers’ turbulence. Firom smallest 
to largest values at high wavenumber: Smagorinsky, N = 2, 048; LES-PLB, N = 
1,024; Smagorinsky, N = 1,024. 
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6 Conclusion 

A new approach to LES has been developed based on the resolved fields 
being obtained by projection onto local basis functions. The resulting LES 
equations are ordinary differential equations for the evolution of the basis- 
function coefficients. Consequently, in contrast to the traditional filtering 
approach, there are no issues of numerical spatial discretization and of the 
consequent numerical errors. 

A general model is developed for the effects of the residual motions. This 
is based directly on the basis-function coefficients, and shares some of the 
MILES philosophy. The effect of the model is significant only where the rate 
of change of the field is not well resolved by the basis functions; and its effect 
is to smooth the field. For linear-spline basis functions, the model resembles 
an eddy viscosity formulation; whereas with parabolic-spline basis functions 
it resembles fourth-order dissipation. Needless to say, the LES-PLB method- 
ology would need to be applied to standard turbulent flow test cases (e.g., 
channel flow) before more general conclusions could be drawn about the ef- 
ficacy of the modelling of the residual motions. 

In the limiting case that the basis functions are sufficient to resolve the 
instantaneous fields, the LES-PLB methodology reduces to a direct numerical 
simulation (DNS) using the Galerkin method. 

While the LES-PLB methodology is intended for inhomogeneous flows 
governed by the Navier-Stokes equations, it is demonstrated here for the sim- 
pler case of Burgers’ equation. The performance of the model is found to be 
satisfactory in all respects. In contrast, traditional LES computations using 
the same basis functions exhibit significant numerical error; or, equivalently, 
significantly more basis functions are required to obtain numerically-accurate 
solutions. 

This initial study leaves many inportant questions still to be answered. 
How does the method perform with other basis functions, such as cubic 
splines, or finite-elements? How well does it perform for complex flows gov- 
erned by the Navier-Stokes equations? And for such flows, what is the com- 
putation cost, compared to conventional LES using unstructured grids? 
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A Linear-Spline Galerkin Method 

In this Appendix, the LES-PLB methodology is explicitly evaluated for Burg- 
ers’ equation (without forcing), using a sufficient number of linear-spline basis 
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functions that the residual field is negligible. This corresponds to DNS by a 
Galerkin method. 

In the interval 0 < x < £ there are N + 1 linear-spline basis functions 
bj{x), j = The yth knot is located at xj = jh, where h is the 

uniform knot spacing h = C/N. The jth basis function is 

bj{x) = 1 — |x — Xj\/h, for \x — Xj\ < h, 

— 0, for \x — Xj\ > h. (46) 

The resolved velocity field is 



N 

u{x,t) = Y^Uj{t)bj{x), 
3=0 



(47) 



where, because of the imposed periodicity, we have uo{t) — UN(i)- For the 
DNS being considered, u evolves by Burgers’ equation (without forcing); 



du _du d^u 



(48) 



The Galerkin method is obtained from Eq. (48) by substituting Eq. (47) 
for u, multiplying by bk (x) and integrating. The result is 



Mjk 



duj 

dt 






(49) 



where Mjk is given by Eq. (8), Cijk is 



and Djk is 



Cijk= [ bi{x)bj(x)bkix)dx, 
Jo 

= - bj{x)b'k{x)dx. 
Jo 



(50) 



(51) 



There is summation over repeated suffixes, and b'j is written for d5j(x)/dx. 

Equation (49) and the definition of the coefficients apply to any basis 
function. For linear splines, the non-zero coefficients are; 



..ci 

II 


--tltO 

II 

+1 


(52) 


0)0±l)(j) — ^3’ 


^0)(f)U±i) - 


(53) 




(54) 
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^mi) -^o)u±i) = (55) 

where bracketed suffixes are excluded from the summation convention. 
Substituting these coefficients into Eq. (49) and dividing by h we obtain 

— (gti/,-! + luk + |ufc+i) = - 2 

_ 2 
3 

u 

+ J^{uk+1 - 2uk + Wfc-i). (56) 

It may be observed that the right-hand side is identical to a three-point 
centered finite-difference scheme for Burgers’ equation written as 



~ (Uk+l - Uk-l) 

2h 

2h 



du l_du 2 d / 1 _ 2 \ 

dt 3^dx 3 dx \2^ ) ^ dx'^ ' 



(57) 



B Coefficient Matrix for the General Relaxation Model 

In this Appendix, the implications of the two requirements imposed in Section 
3.5 are evaluated, and hence constraints on the coefficient matrix Uji in the 
general relaxation model (Eq. 34) are determined. 



B.l Evaluation of Requirements 

For a field that is everywhere unity {u{x) — 1), the basis-function coefficients 
are 

Bj = Mjf. Bk, (58) 

where Bk is defined by 

Bk= f bk(x)dx, (59) 

Jo 

see Eqs. (6)-(7). Hence for a field that everywhere has the constant value c, 
the general model Eq. (34) is 

Rj = ujjiBiC. (60) 

The requirement that Rj vanish for such a field leads to the constraint on 
the coefficient matrix 

uijiBi = 0. (61) 

With the constant and uniform density taken to be unity, the momentum 
of the resolved velocity field is 
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/ u{x) dx = BjUj. (62) 

Jo 

Thus the rate of change of momentum due to the modelled term (Eq. 34) is 

BjRj = BjWjiUi. (63) 

The requirement that the modelled term conserve global momentum for all 
velocity fields (i.e., all fij) therefore imposes the constraint 

Bjojji = 0. (64) 

In summary: the general relaxation model Eq. (34) satisfies the two re- 
quirements imposed in Section 3.5 provided that the coefficient matrix ojji 
satisfies Eqs. (61) and (64). 



B.2 General Coefficient Matrix 

It is readily verified that Eq. (64) is satisfied by a coefficient matrix Ujk of 
the form 

^jk ~ Yjk ~ B(^jf), (65) 

where Yjk is any N xN matrix, and bracketed suffixes are excluded from the 
summation convention. 

By substituting Eq. (65) into Eq. (61), we then determine that the con- 
dition required to satisfy Eq. (61) is 

^}kBk — Yjk-Bk — _ Y^j-^Bj — 0 , ( 66 ) 

^U) 

or, equivalently 

^jk = Yjj , (67) 

k i 

where 

^jk=B(j)YjkB(^k)- ( 68 ) 

And a sufficient condition for the satisfaction of Eq. (67) is that Zij be 
symmetric. 

Having obtained these sufficient conditions, we now construct the general 
model as follows. We define 



Wjfc = (69) 

to be the coefficient matrix given by the simple model (see Eq. 35). Then, 
the symmetric matrix Zjk is defined by 

^jk — 2\^{.i)^jf‘B(k) B(^k)^kjB{j)\. 



(70) 
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The corresponding definition of Yjk then follows from Eq. (68) 






Yjk 
B{j)B(k) 



+ — g ^kj 

L J 



and finally Ljjk is given by Eq. (65). 



( 71 ) 



B.3 Uniform Basis Functions 

The preceding equations simplify significantly for the case of splines (of any 
order) with uniformly-spaced knots (in any number of dimensions). For then 
the values of Bj and Bj are the same for all j, and Eq. (71) simplifies to 

= + ( 72 ) 

(since is symmetric). 

It may also be noted that if further is the same for all j (which would 
not happen in practice) then 

ujjk = Yjk = (73) 

B.4 Coefficient Matrix for Linear Splines 

For the case of ID linear-spline basis functions with uniform knot spacing 
h, the above equations simplify yet further. Direct evaluation of Ujk from 
Eqs. (72), (65) and (27) yields: 

^(j)U) — + 2f2(j) + fi{j+i)], (74) 

W(j)(j±i) = "b ‘^(i±i)]- (73) 

Substituting these expressions into Eq. (34) yields the expression for the 
model Rj given in the text, Eq. (36). 
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of a Turbulent Boundary Layer over a 
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Abstract. In this paper we axe reporting preliminary results of an ongoing re- 
search project that aims at getting an improved understanding of the interaction 
between wall-generated turbulence and compliant surface coatings. We are pursu- 
ing an integrated approach using analysis, low-dimensional modeling, and direct 
numerical simulations, with a view towards the reduction of turbulent sound pro- 
duction and turbulent drag. By Galerkin projection of the Navier-Stokes equations 
onto special sets of basis functions that describe the structure of the near-wall flow, 
we have constructed low-dimensional models for the dynamics of the flow. The re- 
sulting flow equations are coupled to sets of linear oscillators describing damped 
mass-spring systems that represent the dynamics of the wall in Fourier space. First 
results from an investigation of these models show a reduction in bursting fre- 
quency which is strong evidence for turbulent drag reduction, in agreement with 
experimental results from other groups. 



1 Introduction 

In this study, we want to take another look, from a theoretical perspective, at 
the physics of turbulent flow over compliant surfaces. Thus this research can 
be seen as a part of a more general research initiative that we have been pur- 
suing for some time now, which aims at using our understanding of dynamical 
mechanisms of turbulent flows to manipulate, or control, these flows in such 
a way that a desired change in their characteristics can be achieved. For the 
case of the turbulent boundary layer, reducing the turbulent drag — which is 
responsible for a large part of the drag experienced by airplanes and many 
other devices operating at high Reynolds numbers — and reducing turbulent 
sound production — which, among other things, is the major source respon- 
sible for the noise inside the cabin of fast-flying airplanes — are particularly 
desirable goals. In order to achieve such goals, we have studied strategies for 
active control of turbulent wall layers [1]. While initial results are promis- 
ing, however, active control of large areas of turbulent boundary layers will 
likely be a complex and potentially expensive technique, which might also be 
sensitive towards disturbances. 

Thus the idea of achieving a form of “semi-active” control using a com- 
pliant wall with a tailored dynamic response to pressure disturbances from 
the turbulent wall layer is a potentially attractive one. Having said that, we 
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hasten to add that we are well aware of the history of related research some 
thirty-five years ago. At that time, following observations by Kramer on ex- 
ceptional swimming capabilities of dolphins [2], there was a long series of 
what now has to be described as failed experimental attempts to verify com- 
pliant wall technology. This body of work is described in Bushnell, Hefner 
& Ash [3]. After these negative results, studies of this type were effectively 
discredited, at least from an experimental point of view. With regard to this 
history, and in the context of our current work, two points are worth noting, 
though: 

• The exact reasons for the failure of the experiments remained unclear, 
and, in particular, to this day very little can be said definitively or has 
been said about whether or not compliant surfaces may in fact be able 
to significantly reduce turbulent drag or sound production. We believe 
that the obvious benefits that compliant surfaces may give do warrant 
taking another, more detailed look at this problem, in our case from a 
more theoretical perspective and using modern approaches based on low- 
dimensional modeling of turbulent flows. We also note that in a very 
recent experimental paper, Choi et al. [4] seem to have been able to re- 
producibly demonstrate a drag-reducing effect of their compliant surface 
coating (which deviated considerably in its mechanical properties from 
the materials used in earlier experiments). 

• Despite the relative wealth of experimental data, there are almost no 
theoretical results on the effect of compliant walls on the structure and 
properties of turbulent wall layers available. 

We also note that a number of the above mentioned investigations (see [5]) 
were aimed at delaying boundary layer transition (which is a relevant flow 
regime in the case of the dolphin) using compliant coatings. The case of 
transition manipulation is interesting, because in that case there is quite an 
extensive body of material on the theoretical side of this problem, which is 
described by the linear stability theory of transitional flows over compliant 
walls (or in compliant channels, see [6-8]). In fact, linear stability theory 
can provide satisfactory explanations for the failure of many experimental 
attempts aimed at delaying the onset of transition over compliant walls. It 
turns out that there is indeed a range of properties of such walls within 
which the regular instability waves (Tollmien-Schlichting waves) are damped, 
but that this precise range of properties then gives rise to a new hydro- 
elastic instability which manifests itself in wall flutter, so that transition to 
turbulence may even be enhanced. 
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2 Construction of a Low-Dimensional Model for the 
Wall-Flow Interaction 

In this section we will introduce the dynamical model we have developed for 
describing the behavior of near-wall turbulence over a compliant boundary. 
The dynamical equations are obtained from: 

• Galerkin projection of the Navier-Stokes equations onto a special set of 
basis functions. In order to capture as much of the dynamics of the flow 
in a set of modes that is as small as possible, we are using Karhunen- 
Loeve eigenfunctions (derived from a rigid- wall turbulent flow), which are 
complemented by Stokes eigenfunctions in order to be able to account for 
the compliant-wall boundary condition. 

• The assumption that the compliant wall can be modeled as a simple 
damped mass-spring system. This means that the type of wall-coating 
we have in mind can be envisioned as some sort of a thin rubber layer, 
and it will become clear below that we are also assuming the deforma- 
tions of the wall to be small. These assumptions are compatible with the 
results reported in [4]. The deformation of the wall is driven by pressure 
fluctuations (for the wall normal deformations), and by the fluctuating 
wall shear for tangential deformations of the wall. 



2.1 Flow Equations 

For these preliminary calculations, we are constructing a model that is anal- 
ogous to the one first presented by Aubry at al. [9], which is also described 
in much greater detail in the monograph by Holmes, Lumley & Berkooz [10]. 
This means in particular that we are dealing with streamwise-invariant modes 
only, arguing that these modes should dominate the behavior of our flow just 
as they have been demonstrated to do in the rigid-wall case. Thus, we are 
going to represent our flow fields using a decomposition of the form 

u{y,z,t) = I7(j/) -bc.c., (1) 

j,k 

where y and 2 : are the spanwise and wall-normal coordinates, respectively, k 
is the spanwise wave number, and j denotes the order of the basis function 
corresponding to a given wave number k. The function is the jth basis 

function corresponding to wave number k. In the model described below, the 
index j will assume the values of 1 or 2 only. This means that, as in [9], we 
will be using just one POD mode per wave number, described by the func- 
tion (p^^’'‘'>{y). For the second and third mode, we will use Stokes 

eigenfunctions (see below, § 2.3). The main role of these Stokes functions will 
be to allow us to match non-zero velocity boundary conditions at the wall, 
which are necessary for a moving wall (remember that the [y) are POD 
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modes from a rigid-wall case, which have = 0) = 0). The Stokes 

functions are chosen such that they are orthogonal to the Karhunen-Loeve 
modes, so that (i^ 

With these preparations, the equations for the fixed wall (for each span- 
wise wavenumber k, and for each “quantum number” j) are of the form [10] 




Since we are actually interested in dealing not with a fixed but with a de- 
formable wall, the above equations, derived for a fixed wall, are not sufficient 
to describe that situation, and need to be extended to 



• add equations that describe the new boundary conditions for a moving 
wall, 

• take into account the influence of the pressure term at the moving wall. 



Boundary Conditions Our coordinate system is such that the undisturbed 
compliant surface occupies the plane y = 0. Let ^( 2 :) = [$i!6>6]('^) be 
the displacement vector of the compliant surface (remember that we assume 
streamwise invariance). The correct set of boundary conditions is given by 

Ui{x + f) = (3) 

where u is the instantaneous fluid velocity, and ^ denotes the time derivative 
of the wall displacement vector. For our model, we will assume that the 
surface displacements are small, more specifically, we assume that = 
< 5, so that the velocity profiles are linear^. Under this assumption, 
the boundary condition can be linearized, giving 

Uj(0,2,f) = ii{z,t). (4) 

If we express the instantaneous fluid velocity in terms of the fluctuating 
components Ui{x,t) and the mean U = [l7i(?/),0,0], 

Hi — Ui -|- Uj, (5) 

we can write (4) as 

^(0,z,t) + Uij{0)^j{z,t) +Uij{0,z,t)^j{z,t) = ii{z,t), 

^ Note that this magnitude of ^ coincides with the findings in [4], 



( 6 ) 
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where we have used [/j(0) = 0. Let us now assume that Uj(0, z, t) and ^j(z, t) 
are both small quantities in a sense yet to be defined. Let us consider the 
velocity gradient tensor at y = 0, We may write 



/ 0 Ui^2 Ui,3 

0 U2,2 «2,3 
0 1*3^2 W3,3 



) 



( 7 ) 



where we have indicated by an underbrace terms that will vanish for van- 
ishing wall deformation ^ > 0. Note that for the rigid- wall case ^ = 0, 

we have U 2,2 = 0 from continuity, and Uj ,3 = 0 because the velocity van- 
ishes identically at the wall. We now proceed to eliminate all those terms 
in (4) that are quadratic in quantities that vanish when C = 0- The precise 
magnitude of the errors that this step incurs will be discussed below. The 
boundary conditions with the quadratic terms eliminated will be referred to 
as the “ultra-linearized” boundary conditions, 



Wl + Ui^2^2 + ui ,26 = 6 1 

U2 =6, (8) 

1*3 + 1 * 3 , 2^2 = ^ 3 - 

Note that the above set of boundcury conditions still contains two terms, 
ui, 2^2 and U 2 , 2 ^ 2 , that are nonlinear in the dependent variables of our prob- 
lem. Because of the complications associated with this nonlinearity, we want 
to drop these terms, too. We can estimate their magnitude from experimental 
data in Townsend [11]. There we find that at ?/+ = 5, where = Ury/p, 
uifur = 1.54, while u^/ut = 0.306. The behavior of both is linear between 
I/'*' = 5 and the wall. We may thus estimate 

ui 

ui 2 « 0.308^ 

’ n 

ua 2 w 0.0612-!^ (9) 

’ 

for values of y~^ between 0 and 5. Since we have t/ 1,2 ^ we see that 

these derivatives (at least, ^ 1 , 2 ) are not substantially smaller than the mean 
velocity derivative. However, if we accept an accuracy of 30%, we can write 

Wl + Ui,2^2 = 6 

1*2 = ^2 (10) 

1*3 = &■ 



We can now estimate the orders of magnitude of the three components, 



Ul 



-^1) 1*2 



-^6, Ua 




( 11 ) 
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and we can also accurately estimate the magnitude of the omitted components 
(the ones that were quadratic in terms which vanish when ^ vanishes). A 
single example will be sufficient: 



Wl,3^3 

Ui 



^3^3, 



( 12 ) 



and the others are similar, fcs is the wavenumber in the 2 :-direction. Thus, 
these terms will be small if the displacement of the surface is small relative 
to the wavelength of the surface disturbance. This will almost always be the 
case. Finally, let us consider the terms that do not vanish when ^ vanishes. 



We obtain 



« 0.30s|^, 
ui 6 



^ 3 , 2^2 

«3 



« 0.0612 



6 

6 



(13) 



We have thus shown that by neglecting ui_ 2^2 relative to we make 

about a maximum error of about 30%. Henceforth, for the low-dimensional 
model, we will assume (10), because of its linearity. The relatively large po- 
tential error that is involved in this assumption is one of the reasons why 
this project will also include direct numerical simulations of the turbulent 
flow over a compliant boundary, in order to be able to assess the effect of 
the various simplifications involved in the modeling process. Of course, for 
the direct numerical simulations that we are planning, the above two terms 
will be kept. Since we are using an immersed-boundary technique for this 
simulation, there is no difficulty in treating the boundary conditions exactly, 
so the above approximations are not necessary in that case. 



The Pressure Term In the dynamical systems model for the flow as given 
by (2) above, the pressure term in the Navier-Stokes equations has been 
neglected. Formally, after Galerkin projection, the pressure term results in 
an expression of the form 

^.0(7.*:) grad (p)^ — J ■07’** . gpad (p) da:, (14) 

where is one of the three-dimensional, vector- valued basis functions 

being used in the projection (in our case, = <pl7’'=)(y)e'*^^), and 

the integral is over the flow domain of interest. Using the integral theorems 
and the fact that the are solenoidal, this can be written as a 

surface integral 

grad (p)j = ^ . jipds^ (15) 

where n is the outward normal on the boundary S of the domain. Using a 
Fourier representation of the pressure, p{y,z) = ^kP{k,y)e'^‘^ , we find that 
the only remaining terms are 

^.^(7,*) grad(p)j = -p(fc,0)(p^’**(0) +p(fc,I/m)y>^’**(2;m), (16) 




Model of Turbulent Flow Over a Compliant Surface 273 



where ym is the height of our domain. 

In [9,10] it is shown that the term from the upper boundary mainly acts 
as a random disturbance to keep the solution at a finite average distance in 
phase space from the attracting heteroclinic orbit, which is responsible for the 
bursting events in the near-wall turbulent flow. It is demonstrated there that 
this pressure term, however, does not fundamentally alter the dynamics of the 
system. In addition, since we are interested only in comparing the behavior 
of the compliant-wall system to the one with the fixed wall, omission of the 
last term in (16) is justified. However, the first term on the right-hand side 
of (16) is zero only for the fixed wall, but will in general be non-zero for a 
moving wall. We therefore have to add this term to our dynamical equations, 
so that we end up with 






E + (1 + 



E ^(k',k-k') 



g{.V,k’)o(l’k- 



k') 






-n /7 ^ 



2.2 Equations for the Dynamics of the Wall 

We model the compliant surface in the Fourier space spanned by the spanwise 
wavenumbers fc as a linear damped mass-spring system driven by the fluid 
stress at the wall. The stiffness and damping parameters may be different for 
different spanwise wavenumbers k. In the streamwise and spanwise directions, 
the deformations of the wall are driven by the shear stress which is easily 
accessible in the models as a linear term in the model coefficients, 

mHi + -Df if + = rf Uaii = E (18) 

n 

+ -Df is + KUt = r! UaH = E (19) 

n 

The wall-normal deformations of the compliant surface are driven by the 
pressure fluctuations at the boundary. 

+ DU 2 + = p(0. k) (20) 

We employ capital letters to describe the properties of the compliant surface 
for clarity; the lower indices allow for the elastic properties of the wall to be 
different for different coordinates. 
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2.3 Basis Functions 



We choose to base our low-dimensional model ior the turbulent boundary 
layer over a compliant surface on the eigenfunctions of the rigid-wall bound- 
ary layer. Since these eigenfunctions have — 0 at the wall and thus do 
not allow us to satisfy the boundary conditions (10), we need to introduce 
additional eigenfunctions to account for the motion of the compliant surface. 
In the absence of surface compliance, our models will revert to the rigid- 
wall case. Lacking an experimental or computational database on the turbu- 
lent flow over a compliant surface, we are reverting to derive our additional 
eigenfunctions in an ad hoc fashion. We choose additional eigenfunctions as 
solutions of the Stokes equation with periodic motion of the wall. 

We will first approach the Stokes problem with boundary conditions cor- 
responding to the oscillation of the wall in the streamwise direction. Since 
our low-dimensional model for the rigid-wall boundary layer is built upon a 
Fourier decomposition of the velocity field, we will use the Stokes equation 
to generate an eigenfunction for each wavenumber A:, 



/i - i ^ ) u = 0, 

u at. 



[aj/2 






u{k,y,t) = 0, 



( 21 ) 



and we will then proceed to assign these solutions to our basis functions 
The velocity field is subject to the boundary conditions 



2,k 



u{k,0,z) = cos{j3t), (22) 

u{k,y oo,t) 0. (23) 

In order to satisfy the oscillating boundary conditions, the velocity field 
u{y,t) can be represented as a superposition of left- and right-running trav- 
eling waves, 

u{k,y,t) = u+{k,y)e'^^ + u~ {k,y)e~'‘^K (24) 

We may solve separately for u~{k,y) and u^{k,y) from the governing equa- 
tion and boundary conditions, 

u+{k,y) = A+e^v^^^ -f (25) 

u-{k,y)= + (26) 

In order for u{y, t) to decay at infinity, the first term in both u+ and must 
disappear, so that A'^ = A~ = 0. The boundary condition at the wall may 
be satisfied by and u~ together, 

u{k,y = 0,t) = u^(k,y = 0,t)e‘^* -I- u~{k,y = 0,f)e“‘^* (27) 

= B+e'^‘ + (28) 

= cos{pt) (29) 
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The choice = B = | satisfies the boundary conditions and results in 
the following form for u{y,t): 



u{k,y,t) 



2 



1 






(30) 

(31) 



We choose the eigenfunction which represents streamwise compliance from 
the initial value of u{k,y,t), i.e. (^i^’*^(i/) = u{k,y,t = 0), = 

— 0. This choice for the form of the eigenfunction will permit the 
boundary conditions on the streamwise component of velocity to be satisfied. 

We would ideally prefer each additional eigenfunction to have only a sin- 
gle component with a non-zero boundary condition. This will not always 
be possible when we account for the motion of the wall in all three direc- 
tions, and the eigenfunctions are orthogonalized. But in the current case of 
strictly wall-normal motions and using the “ultra-linearized” boundary con- 
ditions (10), the additional eigenfunctions may be formulated in this fashion 
with = 0) 0 and = 0) 7^ 0. All other components are zero 

at the wall. In fact, the wall-normal and spanwise components of ifij, and 
the streamwise component of ' are strictly zero. 

We now determine the additional eigenfunctions for the wall-normal mo- 
tion of the wall in a similar fashion, using the streamfunction formulation of 
the Stokes equation: 



d'^ 

dy^ 






k^ + 



1 ^ 

ly dt 



^{k,y,t) = 0 



(32) 



As before, we superpose left- and right-running wave solutions to this equa- 
tion <^{k,y,t) = e'^*!?'^(A;,?/) -b e~'^^^~{k,y), and we apply the boundary 
conditions at infinity to and to eliminate the terms which grow expo- 
nentially. Next, we enforce the boundary condition on the spanwise velocity 
d^{y = 0,k)ldy = 0. The two wave solutions are combined to satisfy the 
time-varying boundary conditions at the wall, ik^'{y = 0,k) = cos(^t). This 
procedure allows the formation of a divergence-free additional eigenfunction 
which in turn allows the low-dimensional models to satisfy the boundary con- 
ditions at the compliant surface. The resulting basis functions are shown in 
Fig. 1. 

After the additional eigenfunctions are obtained as solutions of Stokes 
problems, the complete set of basis functions is orthogonalized using a Gram- 
Schmidt procedure. This gives 



(2,fe) ^ (2,fc) (l,fc) 



(2. It) , n 

0 , 









)’ 



vf 0. 



( 33 ) 
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Fig. 1. The wall-normal component of the compliant-wall eigenfunctions obtained 
from the Stokes equations, denoted 



and 



(3, it) 



(3, It) 



(3,fc) 

<^3 



0 , 



(3, it) (1 

V2 -V2 



(3, it) (l,it) 
<^3 - ¥>3 






(3,it) (l,it) 

<P2 - V?2 






(34) 



The new basis functions are finally normalized so that ((^‘’*^, 1 / 2 ®’'') = 1. 



2.4 Six-Mode Model with Wall-Normal Compliance 

The relations (10), (17), and (18-20) constitute a complete set of evolution 
equations for the coefficients of the eigenfunctions as well as evolution equa- 
tions for the motion of the wall and the simplified boundary conditions. In the 
following, we will further simplify this model by assuming that the only sig- 
nificant motion of the wall is in the wall-normal direction, which means that 
we will drop (18) and (19). In this case we need two additional basis functions 
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to satisfy the wall-normal and stream wise boundary conditions. This way we 
end up with a model that includes one POD mode from the fixed-wall case, 
one Stokes mode for the wall-normal and streamwise coordinate boundary 
conditions, respectively, and one mode for the motion of the wall, which is 
later eliminated by using the coupling between wall and fluid motion. Each of 
the three wall- normal modes is then multiplied by one of two Fourier modes, 
which brings the total to six complex modes that make up this model. 

We choose to determine the coefficients for the additional eigenfunctions 
from the boundary conditions at the wall. The pressure may then be deter- 
mined from the evolution equation for the additional eigenfunction represent- 
ing the wall-normal motion of the wall , 



p{k,y = 0) « 






a(3.D 
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-E 



c 



(3) 

(k',k-k') 



P 9 
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k' ,p,q 



(35) 



The cubic terms disappear because this additional eigenfunction is defined to 
have no streamwise component, and there is no streamwise variation in our 
model. When this expression is substituted into the equation for the wall- 
normal motion of the wail (20) , the time derivative term merges into the 
term resulting in a new effective mass of the wall M* . In fact, 
since is the only eigenfunction with a non-zero vertical velocity at the 



wall. Normalizing with this new mass using 




M = M + p/(4">(f )U, 


(36) 




(37) 


i) = D/M, 


(38) 


k = K/M, 


(39) 



results in the following low-dimensional model for the flow over a compliant 
surface: 
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(43) 



3 Results 

In the following, we will report the findings we obtained from an investiga- 
tion of the above six-mode model, where we have used two spanwise Fourier 
modes k for each of the basis functions. As a result, we are looking at the 
behavior of a model described by a system of ODEs of order 12. 

We started our investigation of this model by systematically varying p, 
D and K as our input parameters, and monitoring the resulting bursting 
frequency as our output parameter. The role of p is to determine the relative 
strength of the wall forcing. Increasing p increases the amplitude of the wall 
motion, and vice versa. We tried values of p between p = 0.01 and p = 
1, within which range our findings do not change qualitatively. For values 
of p significantly smaller than that, the wall motion is to small to have a 
noticeable effect, and for values of p larger than that range, the dynamics of 
our system changes qualitatively, so that the appropriateness of the model 
becomes questionable. 

We found that the damping constant D had relatively little effect (the 
reason for this will become clear below), whereas the stiffness K turned out 
to be the most important parameter. Varying this stiffness parameter we 
found that the bursting frequency could be reduced by as much as 30%. We 
note that one would expect this to correspond to a drag reduction of the same 
order, although there is a possibility that the intensity of the bursts changes 
through the influence of the compliant wall, which could modify the actual 
value of drag reduction that is realized. While we do not see a change in the 
quality of the bursts in our model, this might by an artifact of the modeling 
process, which is another reason for us to check the findings from our model 
through a direct simulation that we are currently working on [12]. 

Fig. 2 shows a comparison of the phase-space portraits for the cases of 
a rigid and a compliant wall, respectively. The parameters we have chosen 
for the compliant wall are the ones that give minimum bursting frequency. 
The comparison of the two cases clearly shows that the qualitative dynamics 
of the flow is hardly changed at all by the presence of the compliant wall. 
This is important because it gives credence to our assumption that we can 
still describe the velocity distribution of the compliant-wall flow by using the 
most energetic eigenmode from a fixed-wall case. 

Fig. 3 shows a comparison of the behavior in time of the coefficient of 
the most energetic POD mode. These time traces exemplify the intermittent 
nature of the flow dynamics: the flow stays calm for extended periods of time 
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Fig. 2. Phase-space projection onto the plane spanned by the real parts of the 
coefficients of the POD modes for the first and second Fourier mode, respectively, 
a), fixed wall, b), compliant wall. Parameters where d = 0.1, p = 0.1, k = 500. 



(the plateaus in Fig. 3) , corresponding to the rolls being stationary, or very 
slowly drifting from side to side. Then, during a burst (the steep gradients 
in Fig. 3), the rolls begin to move violently, break down, and are recreated 
with a phase shift of a half wavelength. 

Most significantly, however, the figure shows that for the compliant-wall 
case, the quiescent periods are longer, which corresponds to a reduced burst- 
ing frequency. Quantitatively, it turns out that in this case the bursting fre- 
quency has been reduced by about 30%. We should alert the reader to the fact 
that the increase in inter-burst time for the compliant- wall case is a transient 
effect for the numerical simulations shown in the figures. As discussed in [9] 
(see also [10] for a more detailed discussion), for a model without external 
disturbances, the inter-burst times should become longer and longer as the 
system gets closer to the heteroclinic cycle. However, due to finite truncation 
errors any numerical simulation will show a convergence of the inter-burst 
times towards a finite value. The ultimate value that one finds in a numerical 
solution is a function of the numerical accuracy of the integration scheme 
that was used and has no physical meaning. In a real flow, on the other 
hand, there will be pressure disturbances acting on the upper boundary of 
the near-wall region we are considering here. In that case, inter-burst times 
depend on the magnitude of these pressure disturbances as well as on how 
strongly attracting the heteroclinic cycle is. If we have a heteroclinic cycle 
that is more strongly attracting, then, on average, the solution will be closer 
to the heteroclinic cycle, which results in longer inter-burst times. This is 
precisely the scenario that is indicated by the longer inter-burst times we 
observed during the transients in our numerical experiments. The prolonged 
inter-burst periods in the transients demonstrate that the heteroclinic cycle 
for the compliant wall model is more attracting, and hence, if numerical ac- 
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curacy were not a factor, inter-burst times would consistently be higher for 
the compliant-wall case. 

Finally, we should note that within our numerical accuracy the location 
of the heteroclinic cycles is identical for the rigid- wall and the compliant-wall 
case. For Fig. 3 we have started from identical initial conditions for both 
the fixed-wall and the compliant-wall case, which means that the results 
shown in that figure do indeed demonstrate that the heteroclinic cycle for 
the compliant-wall case is more strongly attracting than the one for the fixed 
wall. In further numerical experiments with different initial conditions (not 
shown here) we found qualitatively the same behavior. 




Fig. 3. Comparison of the time behavior of the real part of the coefficient of the 
POD mode for the second Fourier mode. Solid, compliant wall, dashed, fixed wall. 
Same parameters for the compliant wall Ets above. 



Our last figure shows a representation of the temporal dynamics of the 
wall motion itself. We can see that the frequency of the wall motion is about a 
factor of 50 higher than the bursting frequency. In addition, the reader should 
take note of the very small amplitude of the wall fluctuations as shown in 
Fig. 4. This observation validates our assumption of small wall deformation 
we made in deriving our model, and it also demonstrates why the value 
of the damping constant in our model has little influence on the dynamics 
of the flow. At these tiny fluctuation levels, the energy that is dissipated 
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in the compliant wall is many orders of magnitude lower that the energy 
dissipation of the flow, so one would expect to see next to no influence of 
energy dissipation in the wall on the flow dynamics. 




Fig. 4. Dynamics of the wall motion (second Fourier mode). Same parameters for 
the compliant wall as above. 



4 Conclusions 

The low-dimensional model described above indicates that it might be pos- 
sible to significantly reduce the drag of wall-bounded turbulent flow using 
a compliant wall of appropriate stiffness. The required stiffness for optimal 
reduction of bursting frequency has to be such that the eigenfrequency of the 
wall is about two orders of magnitude higher than the bursting frequency, 
which corresponds to a wall that will show only minute deformations under 
the action of the turbulent pressure fluctuations. This finding is compatible 
with the experimental results reported by Choi et al. [4]. 

Because of the smallness of the wall deformations it is clear that the inter- 
nal damping of the wall material does not play a significant role in reducing 
turbulent fluctuations. Rather, the reduction in bursting frequency seems to 
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be an indirect effect of the presence of the moving wall, which keeps the 
system close to its fixed point for a longer time. 

We should also emphasize that we are well aware of the inherent danger 
of the simplifications we introduced in designing the model that is described 
above. It is for this reason that we are currently concentrating our efforts on 
developing a direct numerical simulation of turbulent flow over a compliant 
wall, which will be used to verify the predictions of our model as well as to 
refine the model as necessary. In particular, once we have the direct numer- 
ical simulation, we can use the data to directly calculate eigenfunctions for 
the compliant- wall case, so that we do not have to rely on the ad hoc Stokes 
eigenfunctions we had to use in the present study. We expect this direct sim- 
ulation to give us direct insight into the modifications of the flow dynamics 
that are caused by wall compliance, and thus to allow us to refine our model- 
ing assumptions. As a final remark we note that in this project we view direct 
numerical simulation and low-dimensional modeling as complementary tech- 
niques. Thus, our simulations will allow us to improve the model, and the 
improved model will give more accurate predictions of optimal parameters 
for drag reduction. 
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Is High Reynolds Number Turbulence 
Locally Isotropic? 



X. Shen and Z. Warhaft 
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...So much, then, for the small scales of turbulence. The structure bears 
some resemblance to that described in contemporary theories, but we should 
not expect too much from these theories. Stewart 1969 



Abstract. Preliminary results show that in high Reynolds number {R\ ~ 1,000) 
shear flow the skewness of the derivative of the longitudinal velocity fluctuations 
in the direction of the mean shear become small, however, the super-skewness 
{{du/dyf)/{{du/dyY)^^'^ is of order 10 with no diminution with Reynolds num- 
ber. We conclude that the velocity field is anisotropic even at very high Reynolds 
number. This fundamental aspect of the velocity field is compared with the well 
known anisotropy observed in passive scalars. 



1 Introduction 

The above words by R.W. Stewart were written thirty years ago in a pa- 
per that addressed the problem of separating waves from turbulence in at- 
mospheric flows. The “theory” he refers to is mainly the Kolmogorov 1941 
postulate (from which Kolmogorov deduced the correct form for the auto- 
correlation function) that at very high Reynolds number the turbulence will 
be locally isotropic. Using high Reynolds number atmospheric data Stewart 
provides some evidence that the velocity field is not locally isotropic and 
stronger evidence that shows the scalar field is not locally isotropic either. 
For the scalar he appears to be the first to have reported that the derivative 
skewness, = {{89 j dxY) ( {{d6 j where 9 is the scalar fluctu- 

ation, is of order 1, and not zero which is required for local isotropy. It is 
now firmly established that the small scale scalar fluctuations are anisotropic 
and that the notion of the Kolmogorov cascade to describe their behavior is 
inadequate. The large and small scales are coupled so that the latter reflect 
the large scale forcing (Mydlarski et al 1998, Warhaft 2000). 

Despite Stewart’s early warning, most workers still assume that the ve- 
locity field itself is locally isotropic and have built their theoretical edifices 
upon this postulate (see Frisch 1995, for example). There are exceptions: 
Durbin and Speziale 1991 argue that local isotropy is implausible by consid- 
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Fig. 1. The experiment described here (Figure 1(b)) is analogous to experiments 
done to elucidate the scalar anisotropy (see for example Tong and Warhaft 1994.) 
In both CEises our interest is in the derivative skewness along the mean gradient. 
Thus Au (or A6) is measured over a few Kolmogorov length scales. 



ering the transport equation for £■„, the dissipation rate tensor. They for- 
mally show that, in the presence of mean shear, local isotropy is inconsistent 
with the Navier-Stokes equation. Lumley 1992 uses a dimensional argument 
to show that the magnitude of the anisotropic part of the pressure term, 
{pua,a)/p in the energy equation makes a permanent contribution no mat- 
ter how high the Reynolds number. But the persistence of the postulate of 
local isotropy appears to be due to newer measurements, done under labo- 
ratory conditions, which showed that second order quantities (ratios such as 
{[du/dx)'^) /{{duldyY)) are consistent with local isotropy (e.g. Champagne 
1978; Saddoughi and Veeravalli 1994). It is possible that Stewart’s velocity 
measurements (also for second order quantities) may have suffered from non- 
stationary effects that always make environmental measurements difficult. 

Yet the notion of local isotropy implies that all moments should be con- 
sistent with local isotropy. Observing that for the scalar field the anisotropy 
appears at the third moment, Pumir and Shraiman 1995 (see also Pumir 1996) 
decided to see whether, by analogy, a similar situation occurred in homoge- 
neous shear flow (Figure 1). Here Pumir and Shraiman focused on third order 
derivative of the longitudinal velocity statistics taken along the mean velocity 
gradient. They showed that, as for the scalar, Sg^/dy — dy)^) / {{dy / dy)'^)^/'^ 

was order 1, in violation of local isotropy, which, by symmetry, requires it 
to be zero at high Reynolds number. (Here u is the fluctuating longitudinal 
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velocity (x direction) and y is the direction along the mean shear {dU/dy)). 
Their direct numerical simulations (DNS) showed ramp-cliff structures simi- 
lar to those observed for the scalar. However the numerics were done at very 
low Reynolds numbers, and so it was unclear whether the effect would dis- 
appear at high Reynolds numbers. (It is important to note that we would 
expect Sgu/dy to bo non-zero at low R\ since the small separation of scales 
will not protect the micro-scales from the effects of the large scales. Follow- 
ing Lumley 1967 we assume that there is a linear dependence of SQ^/dy on 
the mean shear, and that, consistent with return to isotropy, Sgu/dy is de- 
termined by e and v i.e., SQ^/dy ~ Sfn{s, u) where S = dU/dy is the mean 

shear. It follows that Sgu/ay ~ ^du/dy ~ 

The Pumir-Shraiman work prompted Garg and Warhaft (1998) to look at 
the problem from an experimental viewpoint. Their experiments were carried 
out in approximately homogeneous shear using a configuration similar to 
that of Champagne, Harris and Corrsin 1970. Their main result was that 
^du/dy = 15 • 156 < R\ < 390. Thus their measurement showed a 

slower decrease than predicted by the scaling argument. This, and the large 
multiplicative constant (of 15.4) suggests that the decrease with Rx is mild, 
and that persistent small scale anisotropy might occur even at high Reynolds 
numbers, in violation of Kolmogorov 1941. Yet the result is tantalizing since 
the downward trend, if it were to continue to high R\ is at least consistent 
with the spirit of local isotropy. Clearly more experiments were needed. 

Here we describe preliminary results of measurements extending to R\ ~ 
1000(i?( ~ 6 X 10“*). The value of was approximated by S^u/Ay where 

Ay was approximately 10 micro-scales. Thus we are not measuring a true 
derivative: our estimate of Sg^^gy is approximately at the intersection of the 
dissipation and inertial scales. The apparatus used was similar to that of Garg 
and Warhaft 1998 but here we use our larger wind tunnel, and to extend the 
measurement to R\ ~ 1000(R^ = ul/iy ^ 6 x 10“^) we placed an active grid 
before the shear generating screens (Figure 2). The work will be reported in 
detail elsewhere (Shen and Warhaft 2000). 

2 Results 

Figure 3 shows Sg^/gy as a function of R\. There is scatter but there is a 
clear downward trend toward zero at high Reynolds number. The curve fit for 
our new result is Sg^/gy = 8.9R)('° ®^ Given the scatter, the result agrees well 
with Garg and Warhaft 1998. This result would appear to settle the issue: 
although decreasing slower than scaling arguments suggest, the observation 
that Sgu/gy tends to zero at very high R\ is consistent with local isotropy. 
This result is in contrast to the equivalent measurement for the scalar which 
shows Sgyjgy ~ 0(1) to very high R\ (Mydlarski and Warhaft 1998). 
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Active grid Shear Straighteners Test section Traversing 




Fig. 2. A sketch of the wind tunnel. The configuration is the same as that used by 
Garg and Warhaft 1998 except that here, in order to produce a higher Reynolds 
number, we have used an active grid before the shear generating screens. 
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Fig. 3. The skewness of the longitudinal velocity derivative measured in the trans- 
verse direction us a function of R\. The filled circles are the data of Garg and 
Warhaft 1998. The squares are the present experiment. 



Yet we are prompted to look at higher order moments. Figure 4 shows 
the superskewness, SupSgu/gy = {{du/dy)^)/{{du/dy)‘^)^^^. Here there is no 
downward trend with R\. Scaling in the vein of Lumley 1967 for this quan- 
tity shows SupSgy/Qy ~ S{{du/dyY) / {{du/dy)'^)^/'^ where S is the mean 
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shear. Thus, with S ^ uji and {[dujdy)'^) ^ ejv where e is the mean dis- 
sipation rate of the velocity fluctuations, we find SupSQ^/dy ~ Kgu/dyi 
where Kgu/dxj = {{du/dy)‘^)/{{du/dy)‘^)'^. The evolution of Kdu/dy is shown 
in Figure 5. The measurements show Koy^/gy ~ Thus SupSg^/Qy ~ 

Our result, SupSgu/dy ^ constant (Figure 4), is incon- 
sistent with this scaling. (If anything our results show a slight increase with 
Reynolds number). The evolution of the normalized 4th moment (Figure 5) is 
consistent with previous measurements (e.g., Mydlarski and Warhaft 1998). 
Notice that this, as well as the normalized sixth moment (Figure 5) , increase 
with Reynolds number. This should be the case since the even moments 
are directly affected by internal intermittency which increases with Reynolds 
number (Sreenivasan and Antonia 1997). It is the fact that both the nor- 
malized 4th and 6th moments increase in their expected way with R\ that 
provides confidence in our measurements of the 5th moments. We emphasize 
that SupSou/dy should be zero at high R\ according to local isotropy. 
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Fig. 4. The super-skewness (SupS = {{du/dy)^)/{{du/dy)'^)^^'^ as a function of 
Reynolds number. 
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Fig. 5. The kurtosis {K = {{du/dy)^)/{{du/dy)^)^) and supe. -kurtosis SK = 
{{du/ dy)^) / {{du/ dyY)^) as a function of Reynolds number. K and SK are the 
circles and squares respectively. 



3 Discussion 

We have argued (Mydlarski et al 1998, Warhaft 2000) that the existence of 
anisotropy in the large scale structure of the scalar held may be the reason for 
the scalar internal intermittency (extreme events that are far more probable 
than can be expected from Gaussian statistics, giving rise to super Gaussian 
tails in the probability density function (pdf)). The scalar anisotropy is the 
result of converging — diverging separatrix in the velocity held. In the presence 
of a mean scalar gradient, cliffs form at the separatrix, giving rise to the scalar 
skewness. Holzer and Siggia 1994 show, using a purely Gaussian velocity held 
(no internal intermittency), that the scalar held is intermittent because of the 
ramp-cliff structures, i.e., the large scale velocity structure is responsible for 
the non Gaussian effects in both the odd and even moments. If a huctuating 
scalar held is produced in a turbulent flow in the absence of a mean gradient, 
the odd moments will vanish, but the even moments will remain. 

The numerics of Purair and Shraiman 1995 indicate that in the presence of 
mean shear, a similar situation is occurring for the velocity held itself (Figure 
6) . For both the scalar and for the velocity held the events that transmit the 
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Fig. 6. A snapshot of the scalar concentration 0 mixed by a homogeneous, isotropic 
flow (a), and of the total component of the streamwise component of the velocity, 
Sy-\-u{y) (b), in a given plane z = const. The lines correspond to a set of positions 
in X, uniformly spaced, the scalar or velocity being offset by a fixed amount. The 
dotted lines correspond to the mean gradient (G= y) (a) and to the shear velocity 
Sy (b), both uniform in the x direction. In (a), regions with a strong scalar gradient 
separate regions where the scalar is well mixed. Strong velocity gradients can also 
be seen in (b), in particular, in the center of the figure. From Pumir and Shraiman 
1995. 



large scale anisotropy to the small scales are rare, and Pumir and Shraiman’s 
results (see also Pumir 1996) as well as the present experiments, suggest that 
they are more rare for the velocity field than for the passive scalar, i.e., in 
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the present work the statistical effects of anisotropy in the velocity field are 
unequivocal at the 5th moment whereas for the scalar they are clearly evident 
at the third (Warhaft 2000, Shraiman and Siggia 2000). 

It is well known that the internal intermittency itself is a much weaker 
effect in the velocity field than in the scalar field. Figure 7 shows the scaling 
exponent for both the velocity and scalar structure functions as a function of 
structure function order. Here the scalar departs from the Kolmogorov 1941 
(no intermittency) prediction at the third order but for the velocity field this 
departure is only beginning to be in evidence at the fifth order. This is quite 
consistent with our preliminary findings: that at very high Reynolds number 
the odd order non-Gausslan effects are only evident at the fifth order (and 
above) and gives further weight to our conjecture that intermittency and 
small scale anisotropy are intimately related. Further work on determining 
the structure functions of Au (in the y direction) at 5th and 7th moments is 
in progress (Shen and Warhaft 2000). 
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Fig. 7. The scaling exponent for the scalar and velocity structure functions. Pull line 
is Kolmogorov 1941. Dashed line is for the velocity and symbols (squares, circles, 
etc.) are a compilation of various passive scalar scaling exponents. (For details see 
Warhaft 2000.) Note the earlier departure from K41 for the scalar than for the 
velocity. 
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Abstract. The study of Langmuir circulation has a strongly interdisciplinary 
history; the first half of this work is a brief and eclectic review of this. Much of the 
research has been motivated by interest in the biology and chemistry of the mixed 
layer. These, in turn, are sensitive to details of typical particle trajectories; i.e., to 
high-order statistics of the flow such as time and space lagged covariances. In 
contrast, descriptions of the mixed layer have progressed from means (mixed layer 
velocity, temperature, and depth) to variances only recently. With the 
development of new observation techniques, and of complex numerical models, 
building upon equations for the development of Langmuir circulations developed 
by A. Craik and S. Leibovich in the late 1970’s, it appears that descriptions of 
these high-order statistics may be attainable. However, systematic discrepancies 
appear in the observations that remain to be explained: e.g., the magnitude of near- 
surface velocities associated with Langmuir circulation varies over a factor of 4 
between different wind events for apparently similar conditions, yet is well 
behaved within each individual event. The last part of this work dwells on some 
recent observations and the nature of this unexplained variability. 

1 

Introduction 

The oceanic surface mixed layer is a crucial link in coupling the air and sea. The 
form and strength of the mixing motion within this layer can strongly affect fluxes 
of momentum, heat, and gases across the air-sea interface, and the transport of 
nutrients and other components up from below. The kinematics of this motion is 
important to the biota and chemistry as well, gathering seaweed and surfactants 
into lines, and trapping particles that would otherwise sink or float within “regions 
of retention.” Improved understanding of these processes depends on our 
understanding of the mechanisms and dynamics involved. An important element 
of these dynamics, and one which dominates the observed kinematics, is a pattern 
of alternating horizontal roll-vortices that has come to be known as “Langmuir 
circulation,” after their first description in the scientific literature 61 years ago 
{Langmuir 1938). 

This symposium celebrates the 60*'’ birthday of Sid Leibovich, who has 
contributed significantly to the understanding of Langmuir circulation, and it 
seems a fitting occasion to review the history of this field of study. An underlying 
theme here is that the study of Langmuir circulation has been quite 
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interdisciplinary, with cross-fertilization of ideas from physics, chemistry, 
biology, and applied math. Indeed, the first few decades in the study of Langmuir 
circulation were motivated largely by the needs of chemists and biologists 
interested in the oceanic mixed layer. To describe the ecology of organisms in this 
layer, or to describe the exchanges and fluxes of chemicals and nutrients across 
the thermocline and air-sea interface, detailed knowledge of typical particle 
trajectories is needed (among other things!). This knowledge would permit 
estimates and simulations of light exposure histories, nutrient levels, and the 
dynamical chemical equilibria appropriate to the oceanic surface mixed layer. In 
mathematical-physics terms, these requirements correspond to knowledge of high- 
order statistics of the flow, such as two-point multidimensional time-space 
correlations of velocity and displacement fields. In contrast, physical 
oceanographers have been struggling with even the lowest-order statistics; e.g., 
the mean velocity, thickness, and temperature of the surface layer. From one 
perspective, then, the study of Langmuir circulation is one of bridging this gap 
between the need to estimate high-order statistics and the ever-increasing (but still 
inadequate) ability to measure and parameterize the requisite physical fields. 

Rather than an exhaustive review, the following section is an eclectic (and 
decidedly incomplete) history of the study of Langmuir circulation. It is intended 
to convey the overall flavor of this interdisciplinary enterprise, rather than to 
catalog all the contributions. After the review, recent attempts to parameterize the 
mixing strength and to identify the proper scaling of the surface velocities 
associated with Langmuir circulation are discussed in somewhat more detail. The 
paper concludes with a brief discussion of what additional effects might influence 
the velocity scaling relation, and so help explain some remaining variability. 
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2 

Some Milestones in the Study of Langmuir Circuiation 

Inspiration for the investigation into this form of circulation apparently came 
during a trans-Atlantic passage {Langmuir 1938). Irving Langmuir (nominally a 
chemist employed by Westinghouse) noticed that seaweed aligned into nearly 
regular rows when the winds exceeded 10 to 20 knots (5 to 10 m/s), and that, 
when the wind suddenly shifted 90 degrees, the lines reformed within 20 minutes. 
Not content with these qualitative observations, Langmuir embarked on a 
systematic and, especially considering the resources available, surprisingly 
complete investigation into the form of this wind-driven circulation, in a series of 
experiments conducted on Lake George, NY. His measurements established the 
essential kinematics of alternating horizontal roll-vortices aligned with the wind 
(figure 1). They also provided quantitative estimates of upwelling/downwelling 
velocities and the time it takes for materials (e.g. leaves falling on the lake 
surfaee) to advect into rows aligned with the wind and sink. Of note are the 
suggestions that “The helical vortices set up by the wind apparently constitute the 
essential mechanism by which the epilimnion is produced,” and that “quantitative 
measurements of the streak spacings are difficult because between the well- 
defined streaks there are numerous smaller and less well-defined streaks. Just as 
large waves have smaller waves upon them, it appears that the surfaces of the 
larger vortices contain smaller and shallower vortices.” 

A few years later, Woodcock suggested that oceanic Langmuir circulation may 
be asymmetric {Woodcock 1944). He noticed that an overwhelming proportion of 
Portuguese Man-o-War (Physalia) gathered in the N. Atlantic are so constructed 
that they move about 45° to the left of the wind (looking downwind). He 
speculated that a competitive advantage would be gained if Langmuir circulation 
were asymmetric such that these left-tending Physalia would spend a larger 
proportion of the time over the favorable upwelling region between convergence 
zones (figure 2). He suggested that the asymmetry arises from the Coriolis effect, 
and hypothesized that southern-hemisphere Physalia would predominantly go the 
other way; this was marginally borne out in data collected from Australian 
beaches. Munk (1947) made estimates of the effects of the Coriolis terms in the 
governing equations, and concluded that (1) the horizontal component of the 
Coriolis acceleration would produce asymmetry depending on wind direction 
rather than hemisphere, but (2) linear superposition of an Ekman spiral with a set 
of otherwise symmetric rolls would produce asymmetry as described by 
Woodcock. 

Stommel (1949) calculated particle trajectories based on idealized roll-vortices, 
and showed that particles which sink (such as phytoplankton) or rise (such as 
microbubbles) are trapped within the cores of the vortices. Sinking particles are 
trapped toward the upwelling region, while rising ones are trapped closer to the 
downwelling zones. 

The following year. Woodcock (1950) noted that the amount of sargassum 
found in net tows near the base of the mixed layer was correlated with the wind 
speed. He measured the downwelling velocities required to draw sargassum down 
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Figure 2. “Idealized drawings of wind-induced helical motions in surface waters, with a 
illustration of the possible effect of asymmetrical vortices upon the drift of bottles and of 
Physalia.” (from Woodcock, 1944). 



against buoyancy, and in this way inferred the approximate downwelling 
velocities as a function of windspeed. A little later, Sutclijfe et al. (1963), who 
were interested in the effects of the surface convergences on surfactants and 
micro-organisms, developed the “Sutcliffe float,” a drag-disk attached to a 
buoyant pole. These naturally drift to the downwelling zones, where the disk is 
dragged downward against the buoyancy of the pole. Markings on the pole show 
the downwelling force applied via drag, and drag calculations are used to estimate 
the downwelling velocity. This was used in a variety of studies, providing the first 
data set of downwelling and windspeed large enough to perform statistical 
regressions (e.g., figure 3). 

Through the 1960’s, measurements of quantities related to Langmuir 
circulation were made in many places around the world. Sufficient data were 
collected to begin doing quantitative statistical analyses, but direct comparisons of 
results were not possible because the quantities measured varied. On the one hand, 
few of these data sets were as complete as the original observations of Langmuir 
(op cit.); on the other hand, they included measurements from the ocean as well as 
lakes, covered a wide variety of forcing conditions, and included new types of 
measurements. 

In 1969, Fuller (as quoted in Leibovich 1983) made laboratory measurements 
establishing the essential requirements for the generation of longitudinal roles of 
the form described by Langmuir. At the time, the ongoing debate centered on 
whether these arose as instabilities of the wind-driven shear flow, or from a wave- 
current interaction; thus he focused on these two effects. He showed that (1) 
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Figure 3. Measured downwelling speeds below streaks as a function of wind speed. The 
open squares and circles correspond to surface heating, closed symbols to surface cooling. 
(From Leibovich, 1983). 



waves with no shear do NOT produce rolls; (2) shear with no waves does NOT 
produce rolls; and (3) waves and shear together CAN produce rolls. It was further 
established that the rolls were driven by mechanical, not thermal, instability. Thus, 
his conclusion was that BOTH shear and waves are required. A couple years later. 
Fuller (1971) reviewed the state of the art, showing that it was not encouraging. 
For example, the strongest correlation with observed streak spacing in oceanic 
observations was found to be the height of the observer above the water! He also 
pointed out that a theory (such as one of his own) that depends solely on 
irrotational waves to produce vortices is necessarily inadequate. Alan Faller’s 
laboratory measurements and review should be regarded as a turning-point in the 
study of Langmuir circulation: together these inspired a new round of thinking 
about the underlying mechanism for the generation of such longitudinal rolls. 

In the 1970’s, new techniques for observation were developed and brought to 
bear on the problem. For example, Assafet al. (1971) used aerial photography to 
observe streak patterns, and reconfirmed the existence of multiple scales (as noted 
originally in Langmuir 1938). Three scales were seen in several photos, separated 
by just under an order of magnitude and ranging from a few to hundreds of meters 
between streaks. 

New mathematical approaches were also developed to explore the possibility of 
a wave-induced instability. Of note is a critique of a paper by Craik (1970), 
written by Leibovich and Ulrich (1972). It is in this critique that the essential 
ordering of effects necessary to derive “a rational model of Langmuir circulation” 
{Craik and Leibovich 1976) was introduced. The initial analysis (“CL-1”) suffered 
a limitation in that it assumed phase-coherent crossed waves as part of the initial 
conditions to directly drive the circulations. At the same time, Garrett (1976) 
posed a mechanism based on a “wave force” driving surface water toward the core 
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of any downwave-directed jet. He combined this with hypothesized preferential 
wave-breaking within the jet to reinforce it, leading to exponential growth of any 
initial jet-like perturbations. That waves were larger, and might preferentially 
break within downwind jets, was first suggested by Myer (1971), based on 
observations he made on a lake. It was also suggested by a ray-tracing argument 
(WKBJ approximation), outlined by Garrett (1976): as waves approaching 
obliquely are refracted by the jet the cross-wind component of their group velocity 
decreases, so they must become larger to preserve the cross-wind action flux of 
the waves. As pointed out by Sid Leibovich, however, this analysis is invalid for 
currents small compared to the waves, and neglects the effects of partial or full 
wave reflection. Of additional note is that Myer’s suggestions were based on 
observations of only a few waves, providing little statistical confidence. 

In the course of discussions among various of these authors, it was soon 
realized that the model of Craik and Leibovich permitted the growth of Langmuir 
cells by another instability mechanism, eliminating the need for direct driving by 
phase-locked crossed waves, and this rigorous approach was promptly applied 
{Craik 1977, Leibovich 1977). In this analysis (“CL-2”), the basic state consists of 
wind-induced shear and surface waves inducing a downwind-directed Stokes’ drift 
that decreases with depth. A perturbation having the form of a downwind directed 
jet interacts with the waves, inducing a surface convergence along the axis of the 
jet: the depth-varying Stokes’ drift tilts and stretches the vertical vorticity 
associated with the perturbation jet to produce the longitudinal rolls (no vorticity 
can be generated by irrotational waves!). The sense of this tilting is to induce a 
surface convergence along the jet axis. Since the surface water is flowing more 
rapidly downwind, due to the wind-induced shear, the convergence of surface 
water toward the axis reinforces the jet, closing a positive feedback loop. 

At this point. Fuller and Caponi (1978) undertook more laboratory studies and, 
in addition to introducing the terminology “CL-1” and “CL-2” for the first and 
second editions of the Ctddk-Leibovich analyses, showed that both mechanisms do, 
in fact, produce rolls in the laboratory. 

Parts of the two initial-growth theories can be reconciled. Garrett’s “wave 
force,” which drives surface water toward the core of down-wave directed jets, 
can be compared directly to a vertical integral of the Craik-Leibovich vortex 
equations describing the bending by the waves’ Stokes’ drift of the perturbation 
jet’s vertical vorticity (for example, via use of the “Generalized Lagrangian Mean” 
operators of Andrews and McIntyre 1978; see Leibovich 1980): the generation of 
longitudinal vorticity from vertical by the Stokes’ drift is analogous to the waves 
“forcing” a surface layer of water toward the jet maximum. As demonstrated in 
the CL-2 mechanism, advection of the faster-moving surface water toward 
convergences is sufficient to close the feedback loop, without the need for direct 
driving by crossed waves or preferential wave breaking. 

A subsequent analysis of waves crossing weak current jets did not corroborate 
any enhancement of waves within downwind-directed jets, for reasonable 
directional distributions of surface waves {Smith 1983). Indeed, it indicated that 
waves should be suppressed within such jets by refraction and (especially) 
reflection effects {op. cit.). In any case, being derived from a rigorous expansion 
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based on a sensible and clearly defined ordering of effects, the revised “CL-2” 
mechanism is preferable to Garrett’s, which, in addition to invoking preferential 
wave breaking, does not resolve the vertical structure of the forcing and is not 
valid for narrow jets. 

At this point, an updated review of the observations and theory was in order. 
Leibovich provided such an update in his 1983 review (Leibovich 1983). The 
basic description of the mechanism and observations laid out there is still a “must 
read” for those studying Langmuir circulation. It is safe to say that from the time 
of its publication to date, the CL-2 mechanism has provided the primary 
theoretical framework through which results are interpreted- whether from 
analytical analysis, numerical modeling, laboratory simulations, or field work. 

High quality open-ocean time-series of u, v, w near mid-depth in a mixed layer 
with active Langmuir circulation were at last obtained by Weller et al. (1985). 
Maximum downwelling velocities were found to be larger than had been expected, 
and this once again sparked increased interest in the circulation. 

On the theory side, the effects of horizontal Coriolis on LC development were 
addressed {Leibovich and Lele 1985). While the asymmetry issue raised by 
Woodcock (1944) was not revisited, the time-constant of development was found 
to depend on wind direction, as suggested originally by Munk (1947). 

In the 1980’s, oceanographers began using upward-looking side-scan sonars to 
look at the bubble “streaks” produced by Langmuir circulation {Thorpe and Hall 
1983). It was soon realized that velocities could be estimated from the Doppler 
shift of the backscattered sound signal, producing quantitative estimates of the 
near-surface velocity field associated with wind-driven convection {Smith et al. 
1987). Surface-scattering acoustic intensity and Doppler data both show evidence 
of spacing proportional to 2 to 3 times the mixed layer depth, particularly as the 
mixed layer deepens {Smith 1992). It is also observed that the convergences, as 
delineated by lines of bubble clouds, can merge into "Y-junctions {Thorpe 1992b, 
Thorpe 1992a). The narrow end of the Y’s overwhelmingly point downwind. 

In the late ‘80’s and 90’s, work was also carried out relating the vertical and 
horizontal scales of Langmuir circulation, as revealed in up-looking and inverted 
side-scan sonar images, primarily by D. Farmer and colleagues (lOS, Canada). 
The reader is strongly encouraged to refer to the companion paper by D. Farmer in 
this volume for more details. 

The first attempt to parameterize LC for use in large-scale modeling of mixed 
layer behavior was undertaken by Li et al. ( 1 995). Although they assumed only 
fully developed seas, they were able to demonstrate an improved fit to the several- 
decade-long timeseries from ocean station PAPA. 

In the 1990’s, more numerical studies of Langmuir circulation were conducted, 
with increasing emphasis on Large-Eddy Simulations. These simulations have 
begun to explore aspects of the nonlinear dynamics (chaos and quasi-periodic 
behavior), and of finite- amplitude stability, etc. For example, Skyllingstad and 
Denbo (1995) explore the difference in response with and without the “CL vortex 
force” term, showing that the CL force does indeed make a difference (the first 
such on/off comparison). 

New laboratory work on the initial growth of unbounded Langmuir circulation 
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Figure 4. Example of “Phased Array Doppler Sonar” (PADS) data, gathered in the spring 
of 1995 during MBLEX-1. (Left panel) Acoustic backscattcr intensity; (right) Radial 
velocity. The arrows indicate wind speed and direction; the arrow shown represents a 15 
m/s wind. North is up. The data arc smoothed to 3 minute averages, modified to “track” the 
mean flow across the area. 




ha.s been undertaken by K. Melville and .students (S.I.O., USA), and is de.scribed 
in a paper by Melville and Veron in this volume. Of note is their finding that the 
time-scale to explosive growth of the waves and the Langmuir-circulaiion-like 
turbulence is comparable. 

Recently, rms near-surface velocity estimates from Doppler sonar data were 
shown to be fit better by a term including the waves (Stokes’ drift) than by wind 
alone {Plueddemann et al. 1996, Smith 1996), using data from the “Surface Wave 
Proces.ses Program” (SWAPP, 1990). This is a subtle distinction: the wind and 
waves are themselves strongly correlated, with about 95% of the variance in near- 
surface Stokes’ drift accounted for by direct correlation with windspeed. Based on 
heuristic arguments, and on the ordering of effects employed in CL-2, the surface 
velocities associated with Langmuir circulation were expected to scale as either 
(u* U*)*'^ or (u*^ U®)''*. To address this issue. Smith (1998) attempted to isolate the 
“non-wind” portion of the dependence, using data from the first leg of the “Marine 
Boundary Layer Experiment” (MBLEX-I, 1995; see figure 4). He formed a log- 
log plot of (V'*'^*/u*) versus (UVu*), with the expectation that the slope would 
have a value of either 1/2 or 1/3 for those cases involving Langmuir circulation. 
However, the surprising result was that, for LC cases alone, the slope is quite 
tightly estimated as 1 .00 +/- 0.034 (figure 5). Subsequently, further analysis of the 
SWAPP data was found to supports this conclusion (Smith 1999a. Smith 1999b); 
however, it also brought to light a significant variation in response: the rms LC 
velocity can differ by as much as a factor of 4 for similar values of if. 

It appears that the journey ahead will be long: from estimates and descriptions 
of the lowest order moments (mean velocities, layer thickness and temperature. 
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Figure 5. Scaling of the rms measured radial surface velocity takes the general form 
V~u*(U^/u*f . The value of n is sought as the slope of (V/u*) versus (U^/u*) on a log-log 
plot. Surprisingly, the value n=l is indicated, with little uncertainty (r =0.89; error bounds 
on the slope are a standard deviation derived by the bootstrap method with 5000 trials, cf. 
Diaconis and Efron (1983); note also that U^/u* varies over almost an order of magnitude). 
Thus, V ~ U^, with no dependence on «*, once Langmuir circulation is established. Values 
before year day 67.66, when there were no signs of Langmuir circulation, are shown as red 
crosses but not included in the fit. (Data from MBLEX-1, using PADS.) 



etc.) to the high order statistics needed to describe typical life histories (particle 
trajectories) and chemical exchange rates. From this perspective, we are just 
taking the first step: from means to variances. Until we can get the means and 
variances right, there can be little confidence in estimates of higher-order 
moments. With this in mind, the balance of this paper discusses some 
parameterizations and scalings embodying our knowledge to date. Particular 
attention is paid to the most recent results, on scaling of the rms surface velocities 
associated with Langmuir circulation. Although these results appear elsewhere 
(Smith 1998, Smith 1999a, Smith 1999b), it seems appropriate to review them in 
some detail here, emphasizing what is known and what is not. First this recent data 
is described, then some “bulk scalings” for Langmuir circulation are summarized, 
and finally the scaling of the observed surface velocities will be discussed. 

3 

Recent Field Experiments 

Data from two recent field experiments are considered: the “Surface Waves 
Processes Program” (SWAPP), which took place some 300 km West of Pt. 
Conception, CA, in March of 1990, and leg 1 of the “Marine Boundary Layer 
Experiment (MBLEX), which took place some 50 to 100 km WNW of Pt. 
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Figure 6. Wind, waves, and rms surface velocity during SWAPP. The first segment has 
weak variable winds; the last segment contains several directional shifts; the second-to-last 
segment has little variation in the ratio U“/u*. Thus, only the second and third segments are 
suitable for testing the relationship between the three parameters. 



Conception. In both, surface velocities were estimated from surface-grazing 
acoustic Doppler sonar systems. In SWAPP, 4 discrete “inverted side-scan” beams 
were used to trace the time-space evolution of features along 4 directions, 
distributed at 45° increments. In MBLEX, a newer system (PADS) was used to 
image a continuous area 35° in bearing by 450 m in range (figure 4). Details 
concerning the former are found in Smith (1992) and concerning the latter in Smith 
(1998). To estimate time series of the velocity associated with Langmuir 
circulation, data averaged over 1 to 3 minutes were employed. The MBLEX- 1 
(PADS) data were averaged with a moving window that tracks the mean advection 
across the imaged area as the average is formed (see Smith (1998) for details). The 
SWAPP data were processed with a dual spatial-temporal lag technique to isolate 
coherent signals while also tracking advection along the beam (see Plueddemann, 
et al. (1996) or Smith (1996) for details). The data were corrected for the spatial 
response of the instruments, estimated from simulated data. 
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Wind and Stokes’ drift are primary input parameters for models of Langmuir 
circulation. In both experiments, wind stress was estimated from sonic 
anemometer data via eddy-correlation methods. Stokes’ drift was derived using 
data from resistance-wire wave arrays, yielding surface elevations and tilts as 
functions of frequencies up to 0.5 Hz (cf. Longuet-Higgins et al. 1963). The 
results are converted to Stokes’ drift via linear theory and integrated over the 
directional-frequency spectrum to estimate the net drift at the surface. MBLEX-1 
provided only one clear storm event. In SWAPP, 5 time segments are identified, 
but only the second and third segments have both steady wind directions and a 
wide range of wave age (segments are delineated in figure 6 by different shades of 
gray; also denoted by the symbols and -t- below the peaks in Stokes’ drift). 

Stratification and the shear across the pycnocline are also primary input 
parameters to simple mixed layer models. Stratification was monitored with rapid- 
profiling “Conductivity-Temperature-Depth” (CTD) systems, providing 
temperature and salinity profiles to 400 m depth every couple minutes. Vertical 
profiles of horizontal velocity were monitored with additional Doppler sonar 
systems in a standard Janus configuration. To estimate the bulk shear, the surface 
velocities estimated from the surface sonar systems were used together with 
deeper velocity estimates averaged over a sub-thermocline depth interval from the 
standard Janus-configuration data. 

4 

Parameterizations of Langmuir Circulation for Mixed- 
Layer Modeling 

In the open ocean, the largest wind-mixing effect is due to the shear across the 
thermocline. This can be parameterized by a bulk Richardson number, 

Ri = - 0-^4 , or Ap > QM(AUfiplgh) (1) 

(Pollard et al. 1973, Price et al. 1986), where deepening of the mixing layer 
continues until the inequality is satisfied. The velocity jump across the 
thermocline, At/, is primarily due to inertial currents, generated by sudden 
changes in the wind; it generally decreases rapidly after a quarter inertial cycle. 
For example, the time history of the estimated strength of this term in MBLEX-1 
is indicated in figure 7 (thickest line) in terms of the density jump Ap needed 
across the thermocline to halt mixing (for the measured AU and mixed layer depth 
h). This term grows rapidly as the wind increases, and then decays almost to zero 
over the next day. Since the wind rose gradually over the first day, the inertial 
currents were weak compared to those generated by a sudden “turn-on” of the 
wind. 

After fast deepening by this “PRT mechanism,” surface-forced stirring can 
maintain the mixed layer against restratification and can drive continued slower 
deepening (Niiler and Krauss 1977, Li, et al. 1995). The parameterization of Li et 
al. incorporates scaling arguments appropriate to Langmuir circulation (i.e., a 
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Figure 7. Mixing strength, parameterized by the density jump required to stop mixing, for 
(1) the bulk Richardson (or PRT) mechanism (thick line); (2) Langmuir circulation, as 
estimated directly from the rms velocity scale V (medium line); and (3) LC mixing 
estimated from and Vf via comparison with numerical model results, for developing 
waves (thin solid line) and for fully developed waves (thin dashed line). 



combination of wind and wave velocity scales), although they reduce the result to 
a simple m* dependence by assuming fully developed seas. This latter 
parameterization is the one discussed further here. An attempt to extend this to 
underdeveloped waves was undertaken by Smith (1998), and is repeated here, 
since some of the elements of the argument are useful in the subsequent 
discussion. 

The scaling suggested by Li et al. begins with the argument (derived from 
examining 2D numerical model output) that penetration into the thermocline is 
stopped if 

^p>\.23wl,{p|gh), ( 2 ) 

where wj„ is the maximum downwelling velocity associated with the Langmuir 
circulation. This is close to a statement that an entrained parcel must acquire 
enough turbulent kinetic energy to overcome the increase in potential energy 
corresponding to its being mixed over the depth of the mixed layer; thus, the 
factor in front is not likely to be very sensitive to assumptions (such as 2D versus 
3D turbulence). Using the same scaling arguments employed in derivation of their 
model equations, they rewrite this in the form 

Ap>Cu*^ iplgh) (3) 



where 



C = 0.36 U^/kVj, 



(4) 
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in which v, is a turbulent kinematic eddy viscosity, k is the wavenumber of the 
dominant surface waves, and is the Stokes’ drift at the surface due to the 
waves. To fit the long timeseries at ocean station PAPA (which does not include 
explicit wave data), they set C to about 50 (figure 7, thin dashed line). They argue 
that this corresponds (more or less) to fully developed seas. Here this entrainment 
criterion is extended by two methods: (a) evaluating C for underdeveloped waves, 
and (b) using the measured rms horizontal scale to estimate Wj„ directly for use in 
(2), both following Smith (1998). 

For the underdeveloped case, a significant requirement is estimation of the 
eddy-viscosity v,. Recent dissipation measurements near the surface indicate that 
the turbulent velocity scale q is described by the energy dissipation rate of the 
waves (Terray et al. 1996) which, in turn, roughly equals the energy input to the 
waves. The growth rate )3 of a wave of radian frequency a and phase speed c is 
approximately P = 33ct(u * / (Plant 1982), so the net energy flux through the 
waves can be written in the form 

ocp-^fiE = 33ga^a(u*lcf =33(U^u*^), (5) 

where E is wave energy. A length scale appropriate to wave breaking is the wave 
amplitude a, yielding an estimate for v, of the form v, oc a(U^u*‘^)‘' ^ . 
Substituting this into (4), and noting that ak in general does not vary significantly 
from 0.1, we obtain 

C U^/kv, «: (U^/u (6) 

The values employed by Li, et al. (1995) imply that U^/u* -4 11.5 for fully 
developed waves. To match the value C = 50 for fully developed waves, as 
implied by the fit to the many years of ocean station PAPA, the constant of 
proportionality is set to 9.8. Then (3) becomes 

Ap>9.‘i(U'u*^f'^{plgh). (7) 

This criterion is also shown in figure 7 (thin solid line). 

To use the measured horizontal directly, we need only convert this to an 
estimate of maximum downwelling. Since the spacing is generally about twice the 
mixed layer depth, the rolls appear to be roughly isotropic in the crosswind plane, 
and it’s reasonable to set the vertical and crosswind velocity scales equal. Then the 
rms values must be translated into estimates of maxima. The circulation is not 
simply sinusoidal (in which case ~ 2*^V) but varies somewhat randomly. By 
analogy to estimating significant wave height (Hn^) from rms displacement, we 
are led to the value 2V. Hence we substitute 4V^ for in (2), providing a fairly 
direct estimate of the strength of mixing due to the observed Langmuir cells 
(figure 7, lowest line). 

The mixing effect estimated from the surface velocities measured in MBLEX-1 
falls below the parametric estimates (3) and (7). However, note that the estimates 
for the fully-developed case, after Li, et al. (1995), is based on a fit to many years’ 
worth of data at ocean station “papa.” Further, as indicated below, the SWAPP 
data fall near these higher values as well. Thus, the discrepancy between these 
parametric values (and the measurements from SWAPP) versus the velocities 
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Figure 8. All data points from SWAPP and MBLEX-1, plotted without regard to event or 
whether LC features were identified. No correlation is seen, and it appears that almost an 
order of magnitude (residual) uncertainty in must be tolerated. 



measured in MBLEX- 1 should be taken seriously. Over a period of several days, 
these differences could lead to significant differences in the mixed layer depth, or, 
with surface heating, could make the difference between restratification versus 
remaining well mixed. Clearly, it is important to understand how and why this 
variance changes from case to case. 

5 

Scaling of Surface Motion 

Having discussed some preliminaries concerning the modeling and 
parameterization of wind-driven mixing of the upper ocean, we now reexamine 
the surface velocity observations and the various scaling hypotheses. 

In the absence of wave forcing, a relevant velocity scale is provided by the 
wind W (or friction velocity «*; for present purposes, these are taken as 
proportional). Based on theories for initial growth of Langmuir circulation, it’s 
been suggested that the cross-wind velocity fluctuations should scale with either 
the geometric mean of the wind and Stokes’ drift, (Plueddemann, et al. 

1996) or with (Smith 1996). However, data from MBLEX-1 (reviewed 

in Figure 5) suggest that once Langmuir circulation has developed, V~U^, and 
wind (or windstress) no longer enters directly in scaling the motion. This implies a 
strong, non-linear influence of the waves on the flow (since a threshold must be 
applied for the existence of well-developed Langmuir circulation). 
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Figure 9. The empirical fits for the exponent n, for each “clean” wind event treated 
separately. Symbols as follows: MBLEX-I (o), SWAPP-2 (*), SWAPP-3 (+). Note that, 
within each event, the fit is fairly tight. However, the vertical offset of the lines varies 
significantly over the three events. 



A natural question is whether this scaling applies to other data, or is an isolated 
case. To address this issue, the SWAPP data were similarly analyzed. Figure 8 
shows a log-log plot, analogous to figure 5, for all SWAPP and MBLEX data 
points, without regard for the existence of stripes or non-stationary conditions. It 
would be easy to dismiss any correlation from this plot! However, it should be 
recognized that (1) the parameter might be a proxy for another wave 
parameter, and the relation between these might vary between wind events, and 
(2) there could be other parameters influencing the relation. It is wise to examine 
the relation on a case-by-case basis, to see if there is a hidden relation. 
Unfortunately, as noted above, only events 2 and 3 from SWAPP provide both a 
“clean” wind event (not confused by wind veering) and a wide range of “wave 
age,” U^/u*. These two events (henceforth “SWAPP-2” and “SWAPP-3”) are 
plotted together with the “MBLEX-1” event in figure 9. The regressions support 
the value n=l for the exponent. Although the fits are not as tight for the two 
SWAPP cases as for the MBLEX-1 data, they are still statistically significant at 
well over 95%. Intriguingly, there is considerable offset between the lines, 
especially between SWAPP and MBLEX (by a factor of about 4), but also 
between the two SWAPP events (by a factor of about 1.5). Some other aspect of 
the environment must be affecting the relation. 

As a brief aside, note again the data shown in figure 3: observed downwelling 
velocities from the Sutcliffe floats versus wind. As mentioned above, the wind and 
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waves are strongly correlated, so at lowest order they are interchangeable for 
scaling purposes. The notable aspect of figure 3 is that, for the two separate data 
sets (different kinds of wind events?), the slopes differ by a factor of about 3.4 
(from 0.0025 to 0.0085). This spread is similar to that seen here between the 
MBLEX and SWAPP events. Perhaps this was an early indication that some 
additional factor is important in the scaling relation. In any case, it seems clear 
now that there is an important additional factor involved in the scaling relation 
between the surface velocity variance and the wind and/or wave velocity scales. 

What could be responsible for this further, apparently independent variation in 
the observed velocity scales V^"“? Possible candidates include variations of scaled 
depth of the mixed layer kh, effective viscosity v„ a directional effect of the 
horizontal Coriolis component (Cox and Leibovich 1997), or suppression by the 
buoyancy of the near-surface bubble cloud. A summary of some relevant 
parameters is given in Table 1. The first 6 parameters summarize the observations 
for the 3 events; the rest are derived from these. Here, an “effective wave period” 
7^ is derived from the surface Stokes’ drift, assuming the variations in mean- 
square wave steepness are not very large: 

<= ^(ak)'^cP = T (ak)^gl 4k = (const )T . (8) 

For the SWAPP-3 event, the peak wave period was estimated in a variety of ways 
(Bullard and Smith 1996), leading to a favored value of about 11.5 s near the end 
of the event; thus, we set the value of (akp by matching to that value in that event. 
The corresponding value for (ak)^ is 0.0084, well within reason. The effective 
wavenumber is then computed from via linear dispersion: =(2k!T^)^ ! g . 

Given the uncertainty in defining a “peak period,” and given the purported 
importance of wave Stokes’ drift to the generation of Langmuir circulation, this 
proxy for the wave period and length scales appears to be most appropriate. 



Table 1 

Additional parameters that may influence the surface velocity scale. 


Event 

Parameter 


MBLEX- 1 


SWAPP-2 


SWAPP-3 




0.24 


0.95 


0.67 




SE 


SSE 


NNW 


^ax 


15 m/s 


10 


13.6 


U* 


1.65 cm/s 


1.1 


1.5 


if 


7.0 cm/s 


4.5 


7.5 


h 


25 m 


25 


45 


f 


10.7 s 


6.9 


11.5 




0.035 m ‘ 


0.085 


0.031 


k^h 


0.87 


2.12 


1.37 


F' 


0.53 


0.77 


0.66 




0.124 cm/s 


0.082 


0.119 


V, 


698 cm Is 


190 


770 
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As reported in Table 1, the wind directions in MBLEX-1 and SWAPP-2 are 
similar, but the V-scale differs by the largest amount (a factor of 3) between these 
two events. This appears to rule out the horizontal Coriolis effect as the cause of 
the variation in scaling. Since the swell direction and strength was also similar in 
these two cases, the difference between them is not explained as an effect of 
opposing swell. The estimated wave-induced viscosity is largest for SWAPP-3, 
but this event is intermediate in terms of V-scaling, so this too fails to match the 
observed pattern. Another possibility is suppression of motion by bubble 
buoyancy. The level of breaking presumably sets the overall density of the near 
surface bubble-cloud. A likely indicator of this is obtained by matching the rise- 
rate of the largest bubbles to the wave breaking turbulent velocity scale (as 
discussed above in connection with the turbulent eddy viscosity). Comparing this 
with the observed velocity scaling, it is seen that this parameter has the right 
ordering in magnitude, although the viscosity estimates for MBLEX-1 and 
SWAPP-3 values are much closer than the V-scales. Finally, there is the “scale 
depth” kh of the mixed layer. It is important to distinguish here between the 
development of AV, V"'\ h, U^, and k over the course of an event versus the 
differences between events. These all develop in parallel over the course of a wind 
event; however, what is of interest at the moment is whether they develop either at 
different rates or from different initial values between events. It is these latter 
differences between events that might set the ratio of V""* to over the event. 
Thus it is emphasized that the “scaled depth” employed here refers to final or 
quasi-equilibrium values of h and fc*. 

One way the scaled depth could influence the result is that the layer-averaged 
convergent force should be subtracted from the surface value, since this works to 
depress the thermocline rather than drive circulation (the analogy in the vortex- 
forcing equations is that a portion of the vortex forcing works against the induced 
“twisting” of the thermocline, which sets up an opposing “buoyancy torque”). For 
exponential decay of the wave-shear forcing term, with a depth-scale matching 
that of the Stokes’ drift, this leads to a reduction by the (approximate) factor 

F' = Fo - F - 1 - i J e-^'^^dz = 1 - (2kh)-^ (1 - ) (9) 

-h 

This varies smoothly from 0 at kh=Q to 1 as kh gets large: the wind-wave forcing 
mechanism is reduced for thin layers, and reaches full strength as the mixed layer 
becomes deeper than the wave’s scale-depth. As seen in the table, this effect is in 
the right direction, but again appears too weak to explain the full range of velocity 
scaling relations observed between the three events. It appears that further 
investigations are needed to select between alternatives, and to determine why and 
when suppression or enhancement of the motion occurs. 

6 

Conclusions 

In an overwhelming majority of cases observed the mixed layer deepens rapidly 
after the onset of wind, slowing significantly within half an inertial day or so. This 
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is consistent with current thinking, that the “bulk dynamics” of shear across the 
thermocline due to inertial motion is the primary agent for deepening. Surface 
stirring by the combined action of wind and waves maintains the mixed layer after 
this, with slower additional deepening. The inertial-current “bulk Richardson 
number” mechanism is the lowest order term in wind-induced deepening of the 
surface layer on oceans and large lakes. 

The rms velocities associated with Langmuir circulation appear to scale tightly 
with the Stokes’ drift over the course of individual wind events, once streaks are 
observed, fitting more tightly to this than to the wind or a combination of wind 
and waves. This relation is nonlinear in that a threshold must be set for the 
existence of Langmuir circulation before it holds. 

These two essential observations suggest that the velocity scale in the mixed 
layer approaches a strongly wave-influenced value near the surface, but must also 
involve the velocity jump across the thermocline as one moves deeper. 

Of note is that the “constant of proportionality” between surface velocity 
variance and Stokes’ drift varies significantly (by a factor of up to 4) between 
events. A first indication of this may have been provided by the downwelling 
velocity regressions using “Sutcliffe float” data (see figure 3), however these early 
observations were not considered reliable enough to spur serious thought. It is 
suggested that the additional variation may be related to the ratio of surface wave 
length to mixed layer depth, as parameterized by the “final” or maximal values. 
Dynamic effects of the near-surface bubble layer or wave-induced viscosity could 
also play a role. 

Our hopes are still aptly described by Montgomery (1947): 

“With regard to future work on convective layers, guidance may be obtained from 
the methods used in the study of mechanical turbulence in boundary layers. By the 
clever choice of variables and parameters, widely varying problems have been 
brought under simple empirical laws. It appears probable that properly chosen 
measurements in convective layers in the ocean and atmosphere can be related to 
controlled laboratory experiments by means of quantities chosen in a similarly 
suitable manner, so that greater order will appear out of our scattered knowledge. A 
step in this direction was made years ago by {Prandtl 1932), who suggested a law 
for the mean temperature distribution in a convective layer.” 

Now, 50 years later, we maintain this hope, but still seek that “clever choice of 
variables and parameters.” It is hoped that with a combination of new 
observational techniques and increasingly complex and realistic numerical 
modeling, the choice of variables can be both deduced and verified. 
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Abstract. Motivated by data reduction performed on numerical simulations of 
flow through a diffuser with several divergence angles, we consider the use of the 
proper orthogonal decomposition on data sets with varying parameters. We take the 
Kuramoto-Sivashinsky (KS) equation, a fairly well-understood evolution equation, 
as a model problem. We construct empirical basis sets for several different lengths 
(the control parameter in this case), compare them with the optimal eigenfunctions 
(Fourier modes in this translation-invariant case), and investigate data-stacking in 
which averages are taken over a range of lengths. We derive the projected evolution 
equations and compare short term tracking and long term (attractor) behaviours 
of their solutions with well-resolved finite difference KS simulations. We end by 
setting up the diffuser problem, and commenting on the relevance to it of our KS 
study. 



1 Introduction 

In this paper we describe the use of the proper orthogonal decomposition 
(POD) on data sets obtained from systems with varying parameters, and 
discuss the accuracy of solutions of low-dimensional models produced by pro- 
jection of the governing partial differential equations (PDEs) onto subsets of 
empirical basis functions derived from the POD. The POD was introduced as 
a tool for the study of turbulent flows by Lumley [12,13]; for a recent survey 
and discussion of its use in connection with the construction of low dimen- 
sional models, see [7]. Relevant details will be reviewed in Section 2 below. 
This study was motivated by attempts of the controls group at United Tech- 
nologies Research Center to derive and analyze the low dimensional dynamics 
of flow separation in a diffuser with varying angle [10]. 

It is often difficult in practice to obtain statistically well-sampled data; 
in the study of [10], for example, spatially coarse and temporally short inte- 
grations of a compressible Navier-Stokes code, with and without turbulence 
models, were used to yield data sets containing on the order of 50 time frames 
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each for a range of 4-5 diffuser angles. In each case only a single initial flow 
field was used, and the data displayed a (slowly) developing ‘mean flow’, 
indicating that it had not equilibrated. 

Preliminary computations of individual velocity components of empirical 
eigenfunctions suggested that over 95% of the energy could be captured by 
as few as eight modes: see Section 5 below. Suspecting that the flow was only 
weakly compressible, we decided to attempt direct projection of the incom- 
pressible two-dimensional Navier-Stokes equations into a subspace spanned 
by these ‘most energetic’ modes. This attempt failed, in that solutions of the 
resulting ordinary differential equations (ODEs) rapidly diverged. 

On examination, it became clear that the eigenfunctions were not di- 
vergence free, and that the outlet boundary conditions presented a serious 
problem. Evidently, better data was needed, and modelling would be required 
to account for neglected modes and outflow conditions. Moreover, the tech- 
nique of ‘data stacking’ used in [10] - concatenating data from runs with 
different diffuser angles in an attempt to enlarge the data set and obtain 
eigenfunctions adapted to a range of behaviours - seemed to warrant further 
investigation. Consequently, in Sections 3 and 4 we summarise the results of 
a detailed study of a model problem; the Kuramoto-Sivashinsky equation. 
Sections 5 and 6 contain a preliminary account of the diffuser flow, and we 
draw general conclusions in Section 7. 



2 The proper orthogonal decomposition 



The POD procedure delivers sets of empirical eigenfunctions {y^"} which 
approximate typical members of a data ensemble U = {uj} better than rep- 
resentations of the same dimension in terms of any other bases [7]. The data 
ensemble may be obtained experimentally (as in [3]), or via numerical simu- 
lations (as below). We seek ip such that the quantity 

(I 1^) /.V 



is maximised. Here (•, •) and || ■ || denote an appropriate inner product and 
norm, eg. 






{(j), </>)=/ dx and 
Jo 




f* gdx 



( 2 ) 



for the space T^([0, L]), used below, and (•) denotes the ensemble average. 
More generally, let Qx denote the spatial domain of interest. Via the calcu- 
lus of variations the problem may be recast as the solution of the following 
integral equation 



/ 

Jn. 



{u{x) u*{x')) p{x') dx' = \(p{x) 



( 3 ) 
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a Predholm equation of the second kind, the kernel of which is the au- 
tocorrelation function (or tensor, for multi-dimensional data), averaged over 
the data ensemble. In what follows, as is common, the ensemble average will 
be a time average. Writing this explicitly for a finite collection of T 

data points and exchanging the sum and integral, (3) becomes 



1 f 

-Y^Ujix) u*{x')<p{x')dx' = Xif{x). (4) 

^ j=i 



Letting 




(4) becomes 



^"^CjUjix) =X(p{x), 

>=i 

and multiplying both sides by u-' and integrating yields 
^ ^ dx = X f u* (x) (fi{x) dx. 

Defining 




(6) may be written in matrix form as 
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( 6 ) 
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The resulting eigenvectors, c®, and eigenvalues, Aj, specify the empirical 
‘modes’ and average amounts of energy contained in each. 

Equation (5) tells us that the i-th eigenfunction of the original problem 
can be reconstructed as 
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or, equivalently 



V,{^) = [ 






Ul (x) 
ut(x) 



( 9 ) 



In practice, each ensemble member Ui{x) = [uj • • -u^] is specified at N 
grid points, thus for the discretised problem (9) becomes 



>1 ■■■ 

1 N 

_Vt ■ ■ ■ ‘Pt . 



1 

T 




(10) 



The scalar factors are largely inconsequential since, for convenience, we 
normalise the eigenfunctions. 

The above reformulation of the original eigenvalue problem (3) is referred 
to as the ‘method of snapshots’ [15]. See [7] for further justification and de- 
tails. The major advantage is that an eigenvalue problem of size N is replaced 
by one of size T; typically N 'S>T in multi-space-dimensional problems such 
as those of fluid mechanics. 

We have written MATLAB codes to solve these eigenvalue problems. 



3 A model problem 



As an example we consider the Kuramoto-Sivashinsky (KS) equation: 



Hi T Uxx T Hxxxx T HXLx — 0, 0 ^ X ^ jL, 



( 11 ) 



a second common form of this equation is obtained by writing u = Vx 
integrating, and rescaling length and time to yield: 



1 

Vt + Vxxxx T Q: 1 Hxx T 2^* 



= 0, 0 < X < 2tt. 



(12) 



In both cases we apply periodic boundary conditions. The bifurcation 
parameters a and L are related by L = y/air. We generally use (11) here; it is 
convenient in that its solutions preserve the mean value u(t) = u(x,t)dx : 
u(t) = u(0), and a non-zero mean causes solutions to translate uniformly: if 
u(x, t) is a solution to (11) then u(x - ct, t) -I- c is also a solution. This may 
be used to create ‘well-sampled’ translation-invariant data sets. 

The Kuramoto-Sivashinsky equation is an example of a ‘simple’ scalar 
PDE whose solutions exhibit spatiotemporal complexity and chaos. For a 
review of (some of) the extensive literature, see [16,17]; for detailed analyses 
of the dynamics for modest values of L (or a) relevant to the results given 
below, see [1,2,9]. 
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We project (11) onto a finite dimensional subspace via a representation 

oo 

uix^t) = '^an{t)4>'^{x), (13) 

n=l 

and truncate the series after M terms. Such a Galerkin projection yields 
a set of M ODEs, which may be analysed and integrated numerically. Specif- 
ically, substituting (13) (truncated at n = M) into (11) and taking the 
inner product with (p^, we obtain; 

M MM 

j=i j=i fc=i 

Integrating by parts and using periodicity of the eigenfunctions yields: 

M MM 

j=l j=l k=l 

We have written MATLAB codes to carry out the projection, using Simp- 
son’s rule to compute integrals from discrete representations of basis func- 
tions. 

The choice of basis {<^”} is of crucial importance to this technique if it 
is to capture dynamics efficiently for low M. For small L (or a), few modes 
are active, so Fourier modes with their non-compact support over the entire 
domain are appropriate (they are used in [2]). However, as L (or a) increase, 
the number of active modes increaises and they may begin to aflFect the solu- 
tion in a localised manner. Other bases may then be more effective, including 
those obtained via POD. However, for translation-invariant problems such as 
(11-12), if a data set that correctly reflects the symmetry is used, then the 
empirical eigenfunctions are necessarily Fourier modes, although they may 
not be ordered in the natural (ascending) fashion [7]. 

In [2,9,8] the following K-S behaviour is described: 

• At 1/ = 27 t (a = 4) a circle of stable (first mode) fixed points bifurcates 
from the trivial solution; at L — 11.33 (a = 13.01) a pair of left and 
right-going stable travelling waves bifurcates from this circle. 

• At L — 4ir {a = 16) a circle of unstable (second mode) fixed points bifur- 
cates from the trivial solution; from L = 12.98 to L = 14.92 (a = 17.08 to 
a = 22.56) attracting heteroclinic cycles (h-cycles) exist, connecting dia- 
metrically opposite points on this circle via excursions primarily involving 
the first mode. From L = 12.98 to L = 13.08 (a = 17.08 to a = 17.34) 
unstable modulated travelling waves exist, whose stable manifolds divide 
the basins of attraction of the h-cycles and the travelling waves; they co- 
alesce with and destabilize the travelling waves at the upper end of this 
range. 
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• Prom L = 18 to L = 25 (a = 32.83 to a = 63.33) we observe stable second 
mode fixed points, stable standing waves, stable heteroclinic cycles, chaos 
and chaotic cycles, and modulated travelling waves, in sequence as L (a) 
is increased. 

• As L continues to increase, a ‘strange fixed point’ appears which becomes 
globally attracting at L = 26.66 (a = 72). Its stability persists until 
L = 28.75 (a = 83.75) when it undergoes a Hopf bifurcation resulting 
in a localised oscillatory pattern (standing wave). At L — 29.13 (a = 
86) it bifurcates to a modulated travelling wave, with a similar localised 
oscillation in the reference frame moving with the wave. 

We will use data generated by well-resolved finite difference simulations in 
these parameter ranges to construct empirical bases onto which the KS equa- 
tion can be projected, and for comparison purposes. The code uses second- 
order differences for spatial derivatives, and a second-order-in-time two-step 
Adams-Bashforth scheme for the nonlinear terms [16]. 

4 The POD and projected KS equations 

We collected data u{xi,tj) for representative values of L in the ranges noted 
above, where: 

• Xi = iN/L (1 <i < N = 512) for the spatial locations 

• tj represents the time realisations (1 < j < T < 750) 

It was confirmed that variations in ensemble size between 100 and 750 
realisations did not perceptably affect the leading POD eigenfunctions or 
eigenvalues. 

4.1 Investigations at JD = 12.03 (a = 14.66) 

The data derives from a travelling wave and is therefore translation invari- 
ant. Not surprisingly, the empirical eigenfunctions are close approximations 
to (phase shifted) sine and cosine waves, and the matrix specifying the linear 
part of the resulting projected ODEs in (14) is almost diagonal. The accu- 
racy of the procedure may be judged by comparing the eigenvalues of this 
matrix with those obtained by direct Fourier projection, which each occur 
with multiplicity two [2]; 




The first five pairs are reproduced with less than 0.2% error, and the 
matrix norm indicates only 0.7% departures from diagonal for the rows cor- 
responding to the large eigenvalues, although this rises to 20% for rows cor- 
responding to the smallest eigenvalues (—0.09947). Solutions of the projected 
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equations with 10 modes started from initial data coinciding with that of 
a finite difference simulation tracked the ‘true’ solution with less than 7% 
and 8.5% L°° (pointwise) error for 500 seconds. Neither these results nor 
the eigenfunctions are illustrated here, but similar ones are shown for several 
other cases below. Since normalised and L°° errors are very similar (KS 
solutions are smooth), we only show the former in what follows. 



Table 1. The first ten eigenvalues of the linearised ODEs for L — 13.027 



Prom (15) 


h-cycles 


combined 


0.1785 


0.1785 


0.1785 


0.1785 


0.1785 


0.1785 


0.06465 


0.0647 


0.0643 


0.06465 




0.0647 


-2.2899 


-2.2893 


-2.2891 


-2.2899 


-2.2899 


-2.2891 


-10.1321 


-10.1265 


-10.1266 


-10.1321 




-10.1277 


-28.0079 


-27.9933 


-27.9869 


-28.0079 


-27.9940 


-28.0111 



4.2 Investigations at £ = 13.027 (a = 17.19) 

At this parameter value stable h-cycles and travelling waves coexist. If data 
is taken from the former for a single initial condition, one samples realisa- 
tions of u with gradients in an isolated spatial location, since the cycles do not 
translate. This leads to a set of modes in which one (phase-shifted) member of 
each pair of even Fourier modes is missing (a cycle starting near -1- cos{4tTrx/L) 
transits via dc cos{2ttx / L) to —cos(4ttx/L) and returns via ± sin(27rx/L); it 
thus samples both the first modes, but only one of the second pair. The invari- 
ance of the subspace spanned by even Fourier modes implies that this holds 
for all even modes. Effectively, the data and hence the projected equations 
lack half the even modes and the eigenvalues of the matrix of the linear part 
reflect this: see the second column of Table 1, where one member of the sec- 
ond and fourth pairs is missing. When averaging is done over data collected 
equally from runs converging on h-cycles and travelling waves, the missing 
entries are filled in, although the bias in the resulting dataset produces dis- 
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Fig. 1. Tracking errors for 10 (so/td), 15 (dashed), and 20 (chain dotted) dimensional 
projections of the KS equation at L = 13.027, for hetcroclinic cycles (upper) and 
travelling waves (lower) 





Fig. 2. Heteroclinic cycles at L=13.027 for the ‘full’ equation, and from 10-, 15- 
and 20-raode projections, left to right in order indicated 



torted (non-Fourier) inodes. Nonetheless, the eigenvalues of the linearised 
projected ODEs lie within 0.2% of those of (15) (tliird column of Table 1). 

TVacking errors for the two solution types are shown in Fig. 1, for pro- 
jections with 10, 15 and 20 modes. Note that, in the aill cases, the error for 
h-cycles grows at 20 seconds, shrinks at 55 seconds, then grows and collapses 
again at 80-100 seconds. This behaviour is elucidated in the grayscale plots 
of solutions of the ‘exact’ and projected equations of Fig. 2; the heteroclinic 
excursion is occurring at the ‘wrong’ time, but the solution recovers to a 
neighborhood of the correct fixed point. Hetcroclinic cycle computations au:e 
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very sensitive to small parameter changes and choice of integrator; consid- 
erable variation in cycle times can be observed [4]. Thus, these errors are 
benign: the attractors themselves are captured with remarkable fidelity. For 
travelling waves, the (small) error grows linearly, since the waves for the pro- 
jected equations move at slightly different speeds from the true one (greyscale 
solutions not shown, but cf. Fig. 10 below). In this case the wavespeed in- 
creases slightly as one goes to higher dimensional projections, so that the 
(very small) errors grow; in all other cases including those shown below, er- 
rors decrease with increasing projection dimension. 

4.3 Investigations for T = 18 - 25 (a = 32.83 - 63.33) 

For the h-cycles at L = 19, instead of averaging over varied initial data, a 
small mean was imposed on the initial data to cause the cycles to (slowly) 
translate, and data was acquired through a full ‘sweep’ of the domain. The 
mean was removed prior to solution of the eigenvalue problem (3-7). The 
resulting eigenfunctions are mildly distorted Fourier modes. Here, h-transits 
occur via a mixture of the third and first Fourier modes, and the analogue of 
the latter (weakly excited) pair emerges as eigenfunctions 7 and 8: Fig. 3. The 
cumulative energy content is shown in Fig. 4 (upper, solid curve): note that 
it increases by almost equal increments for each pair of eigenvalues added, 
indicating that they do, indeed, appear in close pairs. 

Eigenvalues of the linear part of the projected equations are reproduced 
with 0.7% accuracy, although the matrix is slightly non-diagonal. The track- 
ing errors of Fig. 5 show much the same behaviour as for the h-cycles at 
L = 13.027. Solutions are well-reproduced, but transitions occur at incorrect 
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Fig. 4. Empirical eigenvalues for the KS equation at L = 19 {solid), and for L = 
18 — 23 stacked nontranslating (dotted) and translating [chain dotted), shown via 
cumulative energy spectra 




Fig. 5. Tracking errors for 10 [solid), 15 [dashed), and 20 [chain dotted) dimensional 
projections of the KS equation at L = 19 




Fig. 6. Empirical eigenfunctions for the KS equation between L = 18 and 23 
obtained by data stacking as described in text, from non-translating data 
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Fig. 7. Tracking errors for 10 (solid), 15 (dashed), and 20 (chain dotted) dimen- 
sional projections of the KS equation at L = 22 (chaotic solutions). Eigenfunctions 
derived from nontranslating data (upper) and translating data (lower) 




q 1 TTL . — . ^ ■ » . » • T ; i, i i i i 

0 10 20 30 40 50 €0 70 80 90 100 



lime (s) 

Fig. 8. Tracking errors for 10 (solid), 15 (dashed), and 20 (chain dotted) dimen- 
sional projections of the KS equation at L = 23 (modulated travelling wave). Eigen- 
functions derived from nontranslating data (upper) and translating data (lower) 
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Fig. 9. Chaotic solutions at L = 22 for the ‘full’ equation, and from 10-, 15- and 20- 
mode projections derived from nontranslating data, left to right in order indicated 




O 06 1 O 0% t 0 01 « O OB I 



Fig. 10. Modulated travelling waves at L = 23 for the ‘full’ equation, 2 uid from 10-, 
15- and 20-mode projections derived from translating data, left to right in order 
indicated 



times, or along a different h-connection (for the 10- and 15-mode cases), much 
as shown in Fig. 2. 

The main goal of the study in this parameter range was to investigate 
‘data stacking;' the use of bases obtained from data averaged over a range of 
parameter values (lengths). We took 100 data points each from simulations 
performed at L = 18,19,20,21,22 and 23. Initially, no mean was superim- 
posed, so the dataset includes standing waves and heteroclinic cycles which 
do not translate, as well as travelling waves, modulated travelling waves, and 
chaotic solutions. The eight leading eigenfunctions are shown in Fig. 6; note 
their markedly non-sinusoidal forms. When a small mean is superimposed to 
get translation-invariant data for each length, one obtains ‘almost-Fourier’ 
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modes more similar to those of Fig. 3 (not shown here). In both cases the 
energy percentages captured are lower than those for the ‘pure’ L = 19 data: 
see. Fig. 4. 

Tracking errors for typical chaotic and modulated travelling solutions 
at L = 22 and L = 23 are shown in Figs. 7-8, for projections with 10- 
20 modes respectively, using stacked eigenfunctions obtained from both the 
non-translating and the translating data. Errors do not significantly differ be- 
tween these two cases. Fig. 9 shows solutions of the exact and projected equa- 
tions at i = 22 for the nontranslating data case; the translating case gives 
similar results. In this chaotic regime, dominated by exponential spreading 
of neighboring solutions, one cannot expect better than short-term tracking. 
However, note that the general features of the chaotic attractor are accurately 
reproduced by the 20- and even by the 15-mode projections. 

Errors for the modulated travelling wave solutions at L = 23 in the 20- 
mode projections are very low, and growing linearly as in Fig. 1 (lower), due 
to a slight mismatch in wavespeed. For both lengths, errors in the 10-mode 
projections rapidly become very large, and the grayscale solution plot for 
the 10-mode case (second from left in Fig. 9) shows a noncharacteristic high 
amplitude ‘burst’ at 15-30 seconds involving a six-hump solution; although 
the solution subsequently recovers, another burst is building at 200 seconds, 
and the temporal scale overall is too fast. Similar near-blow-up behaviour also 
occurs for modulated travelling waves at L = 23 in the 10-mode projection: 
Fig. 10 shows an example derived using eigenvalues obtained from translating 
data; the nontranslating case is similar. We comment further on this blow-up 
behaviour in Section 4.7. 

4.4 Investigations at L = 28.836 (a = 84.25) 

Depending on initial data, solutions are either chaotic or rapidly converge 
on the strange fixed point. In that case, such a shape persists for the or- 
der of thousands of seconds, after which a small oscillation develops in the 
large humps. Finally, u{x,t) develops a localised quasiperiodic oscillation, 
while maintaining its spatial position. The six leading eigenvalues obtained 
by time-averaging a solution of this latter type are shown in Fig. 11. Not 
surprisingly, the dominant mode, which contains approximately 96.8% of the 
energy, resembles the strange fixed point ( cf. [11], Fig. 4.3.1). The second 
and third modes contribute 2.6% and 0.6% respectively, while the remain- 
ing modes contain less than 0.1% of the energy. A naive view of this result 
suggests that projection onto a subspace spanned by the three leading eigen- 
functions should be adequate, but when this is done, large errors result. As 
Fig. 12 indicates, acceptable tracking is achieved with 4 modes, although 
the error appears to be slowly growing. With 5 modes errors appear to be 
bounded, varying between 0.8% and 1.8%. 

However, to obtain these results one must take initial data sufficiently 
close to the strange fixed point itself. Started near a copy of the strange 
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PC®#1 POO #2 POD #3 




Fig. 11. Empirical eigenfunctions for the KS equation at L = 28.836 




Fig. 12. Tracking errors for 3 (solid), 4 (dashed), and 5 (chain dotted) dimensional 
projections of the KS equation at L = 28.836 



fixed point translated by L/4, the solution converges on a spurious fixed 
point; started near the origin, it either diverges or approaches a spurious 
fixed point. The eigenvalues of the projected 5-mode system linearised at 
the origin are (0.0785, 0.1693, -0.5741, -0.6907, -5.7960), whereas the full 
equation has four positive eigenvalues (0.0452, 0.1538, 0.2447, 0.1826) each of 
multiplicity two ( cf. (15)). Clearly, this (severely) reduced system lacks many 
of the modes required to model the full behaviour. We are only capturing the 
dynamics in a limited ‘slice’ of phase space, close to a particular, spatially- 
frozen, representative of the full circle of (oscillating) strange fixed points; 
given the dataset, this is the best that can be done. We comment further on 
this below. 
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4.5 Investigations at i = 29.303 (a = 87) 

At this L- value a slowly oscillating and travelling solution, having the approx- 
imate form of the strange fixed point, has appeared. Allowing sufficient time 
for a full transit of the domain (using T = 490 equally-spaced realisations 
of a 2,450 second run), near-Fourier eigenfunctions are produced (Fig. 13), 
yielding projected equations with eigenvalues within 1.85% of those of (15). 
The cumulative empirical eigenvalue spectrum increases as: 17.9%, 34.6%, 
49.3%, 63.5%, 73.6%, 83.0%, 88.6%, 93.7%. . .; ten modes are needed to cap- 
ture 96% of the energy. If the translation is ‘frozen’ by passing to a moving 
reference frame [8,11], the resulting (non translation-invariant) averaged data 
set produces eigenfunctions similar to those of Fig. 11 (in which L = 28.836), 
although now the first mode contains less energy than its counterpart in that 
case (90.6% versus 97.5%). However, as above, the vast majority (over 99%) of 
the energy in the ensemble is contained in the three leading modes. Attempts 
to reproduce this travelling structure with 3-5 modes of Fig. 11, however, fail 
utterly, since those localised modes do not possess the required translation 
symmetry. Tracking errors for 10, 15 and 20 dimensional projections with the 
‘correct’ modes of Fig. 13 are shown in Fig. 14. 

4.6 Comparison of L = 28 — 29 results with earlier work 

For comparison with [11], which uses the KS equation in the form of (12), we 
must integrate the emprical eigenfunctions derived here. Integrated versions 
of the functions for L — 28.836 in Fig. 11 compare favorably with (horizontal 
translations of) the first two graphs in Fig. 4.3.4 of [11]. Favorable comparison 




Fig. 13. Empirical eigenfunctions for the KS equation at L = 29.303 
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Fig. 14. Tracking errors for 10 (solid), 15 (dashed), and 20 (chain dotted) dimen- 
sional projections of the KS equation &t L — 29.303 



with the first mode is to be expected, of course, since it so dominates the 
ensemble. The third (integrated) POD mode of Fig. 11 does not agree so well 
with its counterpart; indeed, there appears to be two missing zeros in the 
region between the large and small humps. Finally, there seems to be little 
similarity between the fourth POD modes, although this is of little concern 
(and unsurprising) since this mode contains only 0.3% of the total energy. 
The modal energy fractions quoted in [11] compare well with the present 
computations. 

For L = 29.303, the second and fourth POD modes derived from Fig. 13 
show little agreement with the corresponding modes in Fig. 4.3.5 of [11], 
although the third does resemble its counterpart. However, detail is missing 
between the large humps, and modal energies differ considerably from those 
given in [11]. 



4.7 Summary: model dimensions and energy content 

These results show that data collected from a range of ‘experimental’ condi- 
tions, including ones not representing the full symmetries of the underlying 
system, can nonetheless yield sets of empirical eigenfunctions which allow 
satisfactory reproduction of solutions by ODEs obtained by Galerkin projec- 
tion onto suitable subspaces. The most striking instance of this is provided 
by the results at L = 28.836, in which as few as four modes provide a reason- 
able reconstruction of the attractor, when initial conditions consistent with 
the original data ensemble are taken. This qualification is crucial, since the 
projected system represents at best a (spatially localised) ‘slice’ of the full 
0(2)-equivariant attractor. For L = 29.303, when non-trivial dynamics takes 
solutions around the attractor in the direction of symmetry group orbits, as 
many as 15 or 20 modes are needed (cf. Fig. 14). The message is clear; If 
one wants only to reproduce phenomena present in the data ensemble, the 
rapid convergence of POD representations can allow significant dimension 
reduction; however, if one wants to reproduce general solutions, and include 
perturbations, additional modes belonging to the kernel of the averaged au- 
tocorrelation operator (3) must also be included. Related observations are 
made in [7,14]. 
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The results for L = 18 — 23, using eigenfunctions obtained from non- 
translating stacked data, show that (sufficiently large) subspaces spanned 
by non-Fourier modes allow good reproduction of the full dynamics for all 
solution types examined. Results using eigenfunctions obtained from trans- 
lating data are overall slightly better, especially for the mid-range 15-mode 
projections, but solutions of the 20-mode projections behave rather well in 
both cases. With the exception of the travelling wave solution for L=13.027, 
we find that tracking improves with increasing dimension of the projected 
system, as expected. 

Good tracking requires high dimensional projections; as many as 20 modes 
are needed for L ss 18 — 30. In this range only 3 or 4 pairs of eigenvalues 
belonging to the trivial solution have positive real parts, and 16-dimensional 
Fourier projections including twice that number of modes should suffice (cf. 

[2.7] ). Moreover, empirical eigenfunction spectra (cf. Fig. 4) indicate that 8 
modes are sufficient to capture 99% of the energy on average throughout this 
range. Why are so many additional optimal POD modes, which evidently 
carry a negligible portion of energy, necessary to provide the correct tracking 
and long-term behaviour? 

The reason lies in the structure of the nonlinear term of (11); absent this 
term, the linear part of the equation decouples into invariant subspaces sup- 
porting exponentially growing and decaying modes (the unstable and stable 
manifolds of the trivial solution u = 0), and the conservative energy transfer 
arising from uu^ is needed to ‘catch’ escaping solutions and turn them back 
towards the stable manifold. This is most easily seen by solving for fixed 
points in the ODEs obtained by projection onto Fourier modes (cf. (14)), 
one sees that to ‘balance’ the linear and quadratic terms, with unstable 
(complex) modes, it is necessary to include at least 2n„ modes overall ( cf. [7], 
§7.4). It is the lack of these modes that causes near-blow-up in the 10-mode 
projections of Figs. 9 and 10. Although these ‘inertial range’ modes carry 
little energy on average, their inclusion is essential to reproduce the correct 
balance. 

The dimension of the projected equations could be reduced by modelling 
the effects of neglected higher wavenumber modes using approximate inertial 
manifolds [5]. A similar (local) center-unstable manifold reduction is devel- 
oped in [2], and physically motivated Heisenberg- type energy transport mod- 
els were successfully used in models of the wall region of a boundary layer in 

[3.7] . A different example of low energy, large wavenumber modes essential 
to KS dynamics, and models for them, may be found in [17,18]. 

5 Empirical eigenfunctions for the diffuser 

We now turn to an example from fluid mechanics: flow through an (idealised, 
two-dimensional) diffuser, the geometry of which is shown in Fig. 18 (upper). 
Empirical eigenfunctions were computed from preliminary, direct numerical. 
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Fig. 15. Empirical eigenfunctions for the diffuser flow at half-angle of 4"^: u-Held 
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Fig. 10. EmpiricaJ eigenfunctions for the diffuser flow at half-angle of 4°; u- field 



weakly compressible Navier-Stokes simulations carried out at UTRC, at a 
Reynolds number of 5,200 based on inlet channel width tui and peak inlet 
velocity [10]. No-slip conditions are applied at the walls, with constant total 
pressure inflow' and constant static pressure outflow conditions. A nonuniform 
100 X 224-point grid was used, and data obtained from computations at half- 
angles 3 — 6° (40-60 points each run) were stacked to obtain an ensemble; 
eigenfunctions were also computed from data taken at single angles. The 
mean flow, computed by time-averaging over the data set, was removed prior 
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Fig. 17. Empirical eigenvalues for the diffuser flow shown via the cumulative energy 
spectrum 




L 




Fig. 18. The diffuser flow domain (upper), and the transformed parallel channel 
domain (lower) 



to solution of each eigenvalue problem, so that, as in [3], the eigenfunctions 
represent the fluctuating part of the velocity field. 

Sample eigenfunctions from a single angle (4°) run are shown in Figs, la- 
16; note their reflection symmetry about the centerline. The cumulative en- 
ergy spectrum of Fig. 17 indicates that six eigenfunctions capture better than 
98% of the kinetic energy present in the fluctuations (for the relatively coarse 
scales included in the CFD simulation), after removal of the mean. The mean 
accounts for around 90% of the total kinetic energy. 

6 The diffuser parameterised 

The diffuser shown in Fig. 18 (upper) may be characterised in terms of the 
half-angle 6, inlet and outlet widths wi,W 2 and the length M of the angled 
section. To combine data from different angles, we transform to the canon- 
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ical parallel channel domain of Fig. 18 (lower). This is achieved via a non- 
orthogonal transformation from original {x,y;u,v) to ‘stretched’ (x,y;u,v) 
coordinates: 



X = x ,y = h{x,y) 



^ if 0 < X < M I 

+ tan0{a; — M)] y if M<x<M + N > ,(16) 
^ if M <x<L J 



under which the two-dimensional Navier-Stokes (N-S) equations become 



1 / 4 

lit T uiix T vuy — Px 2 ^yy 



Wi 



Vi -f UVx + VVy 



Re 



^xx 9 '^yy 
< ^3 J 



(17) 



in inlet and outlet sections respectively, where the continuity relation 
remains unchanged. In the angled section, we have 



txi -j- Wx “h vuy — Px 3 Py T 

Vt + UVx + VVy + 2ruv = -g^^Px ~ g^^Py + 

and the continuity equation becomes Ux +Vy + Fu = 0- Here 



(Any 

{Auf 



r 



— Uxx T 2g Uxy -f g Uyy - 1 -T’( Ux T g Uy^ 

— Vxx T 2^ Vxy H“ g Vyy 

+ r{2g^'^Ux -4- 2g^'^Uy -P.?;* -1- Zg^'^Vy -t- g^'^Fu - Fv), 
tan{6) ^22 1 + ta'n?{6)y‘^ 

^ ^+tan{e){x-MY ~ y!f + tan{e){x-M)y 

21 —tan{6)y 

^ ^ + tan{6){x — M) 



(19) 



The velocity field appearing in these equations would need to be further 
decomposed into a mean and a fluctuating part, as in [3,7], if one is to work 
with ‘zero-mean’ basis functions. 

In a preliminary study using the' the untransformed Navier-Stokes equa- 
tions in the original (fixed) diffuser geometry, we took the eigenfunctions il- 
lustrated in Figs. 15-16 and constructed projected ODEs including betweeen 
4 and 10 modes, expressed as fluctuations superimposed on the mean flow de- 
rived from the CFD dataset. All solutions of these equations rapidly diverged 
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and reached unrealistic amplitudes. Possible reasons for this non-physical be- 
haviour are noted below. 

In computing the pressure term, and dealing with inflow and outflow 
boundaries, we implicitly assumed that the eigenfunctions are divergence-free 
and that pressure fluctuations vanish on all boundaries, so that the pressure 
term vanishes, via integration by parts. As noted in the introduction, the 
eigenfunctions depart significantly from incompressible, particularly in the 
shear layers that develop when flow separation occurs; moreover the eigen- 
functions themselves clearly indicate that fluctuations have not decayed at 
the outlet to this relatively short domain. These assumptions are therefore 
incorrect. Nor did we include an energy transport model to account for losses 
to neglected modes. That such a model is probably necessary is illustrated 
by the fact that, even for the largest model studied, five of the ten eigen- 
values of the ODEs linearised about the mean flow state have positive real 
parts, indicating that too few ‘stable’ or energy-dissipating modes have been 
included. (Upon setting the mean flow to zero, in which case the linear terms 
are all viscously damped, we did indeed observe that solutions of the pro- 
jected equations decay to zero.) 

7 Conclusion and discussion 

The K-S studies of Section 4 show that, to correctly reproduce energy trans- 
port and dissipation, groups of modes containing on average less than 1% 
of the energy must be included. Similarly, the quadratic (convective) nonlin- 
earity of the K-S and N-S equations requires at least as many, and probably 
twice as many, linearly stable modes in the projected equations as there are 
unstable modes (ze. approx 20 for K-S, with 6-8 unstable modes). This re- 
inforces the remarks above, and suggests that models for losses to neglected 
modes such as those in [3,7] will be needed. 

The data set from which the preliminary eigenfunction computations were 
done is far from ideal. Temporal resolution and coverage are poor; indeed, 
runs were so short that the ‘mean’ flow had not equilibrated, although the 
code did reproduce the key qualitative features of separated diffuser flows 
[10]. Moreover, an unsteady, compressible Navier-Stokes code with convenient 
non-uniform gridding capabilities was used, in the expectation that the flow 
would be only weakly incompressible [10]. While this is true on average, 
compressible effects are significant in certain regions, including shear layers. 
The constant static pressure outflow boundary condition does not translate 
easily into an explicitly useful boundary term in the Galerkin projections, and 
in any case, the non-divergence-free POD modes would result in additional 
terms. With B.R. Noack, we are currently recomputing truly divergence-free 
data and studying the use of absorbing ‘viscous sponge’ outflow boundary 
conditions, as employed in the cylinder wake studies of [6]. We expect to 
construct sets of projected equations from the transformed system (17-19), 
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modified to include a mean flow based on averages over a range of angles, 
and thereby produce a family of dynamical systems parameterised by diffuser 
half-angle 9 , the bifurcation behaviour of which can then be studied. 
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Abstract. Soluble surfactants adsorb to rising clouds of micro-bubbles and are 
subsequently deposited on the surface of the bulk liquid. The adsorbed surfac- 
tant leads to strongly increased damping of capillary waves, when compared to 
the damping rate of capillary waves on a cleem surface. A theory is developed for 
the nonlinear dynamics of a bubble cloud, surfactant scavenging, and capillary wave 
damping. The main ingredients are: (i) an understanding of the connections between 
spatial structure in the bubble cloud and its mixing properties, deduced from nu- 
merical simulation and scaling analysis, (ii) horizontally averaged equations for the 
surfactant dynamics, and (iii) a (complex) dispersion relation that connects surface 
properties modified by the presence of surfacttmts to capillary wave damping. 



1 Introduction 

Surfactants are substances which find it energetically favorable to become 
closely associated with interfaces between, in this case, air and water. Dilute 
clouds of rising bubbles scavenge soluble surfactants that are subsequently 
deposited on the bulk interface of bodies of water [26-28,3]. In this paper, 
we study surfactant scavenging together with one of its main consequences: 
capillary wave damping. 

In the scavenging problem, surfactant in the bulk adsorbs to (and desorbs 
from) the surfaces of the rising bubbles. When the bubbles reach the bulk 
surface, they donate their associated surfactant. One very important conse- 
quence is that capillary waves on the bulk surface are much more strongly 
damped than they would be on a clean surface. This happens due to a change 
in the hydrodynamic boundary condition associated with the presence of 
surfactants. Some recent experiments have shown that this mechanism is re- 
sponsible for the surface slicks that are commonly observed behind ships at 
sea [21,19]. Typical bubble clouds of interest consist of dilute suspensions of 
bubbles in the size range of tens of larger bubbles rise out of solution too 
quickly to be of much consequence, and smaller bubbles dissolve too quickly. 
The bubbles are formed in the wake of ships by the breaking of bow and 
stern waves, then carried deep under the surface by turbulence in the wake. 
The wake turbulence dies out much more rapidly than the bubbles rise out 
of suspension. 
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In this paper, we begin by developing a computational model of a cloud of 
rising bubbles. The spatial distribution of bubbles in the cloud must have a 
very special structure in order to render convergent averages of rise speed and 
vertical velocity fluctuations induced in the water. We develop an effective 
diffusivity for the bubble-induced mixing (in the vertical) of surfactant dis- 
solved in the bulk liquid, which is of great importance in solving the surfactant 
transport problem. Next, we consider bulk surface enrichment of surfactant 
by micro-bubble scavenging of dissolved surfactant. Finally, we examine the 
increase in capillary wave damping associated with the presence of surfactant. 



2 Bubble cloud dynamics 



Here we consider a monodisperse cloud of small bubbles; we neglect gas trans- 
fer between the bubbles and the surrounding liquid, and the fluid hydrostatic 
pressure variation during rise. The main ingredients of a bubble cloud model, 
to be discussed in turn, are as follows. The individual bubbles are approx- 
imated by fundamental solutions of the Stokes equations. The bulk surface 
is accounted for with an image system; a descending “anti-bubble” above 
the bulk surface for each bubble rising toward the bulk surface. The initial 
distribution of bubbles is assumed random at small length scales, but more 
homogeneous than random at longer length scales. Bubbles in the far field 
are accounted for using a mean field approach. The details are developed in 
the dissertation of Stefan [29], Chapters 1-4. 

The Reynolds number, defined as Re — Uoa/p, is assumed small. Here a 
is the bubble radius, Uq is the rise speed, and z/ is the kinematic viscosity. 
The steady Stokes equations describe the fluid motion. The fluid velocity is 
u\ the static pressure is P. The solution of interest about a rigid sphere is 
well known in spherical polar coordinates: 



Ur 

Uo 



1 

2 




Uo 



1 

4 




sin0. 



( 1 ) 



Here Uq = 2ga?{pf — pb)/{9p.) is the rise speed, Ur and ug are the radial and 
angular velocity components of the fluid, r is the radial coordinate measured 
from the bubble center, 6 is the angle measured from Uq, pf is the fluid 
density, pg is the bubble density, g is the gravitational constant, and p is the 
viscosity. A simpler model results if one instead makes use of a fundamental 
solution of the Stokes equations known as a stokeslet. This exerts the same 
force on the fluid and thus has the same rise speed Uq . The flow field is given 
by (1) without the terms proportional to {a/r)^ . As long as (a/r) <g; 1 , as 
happens in the dilute cloud of present interest, the stokeslet approximation is 
satisfactory. We shall make use of the latter approximation in what follows. 
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2.1 Hydrodynamic interaction 

When a cloud of bubbles rises through a viscous fluid, each bubble affects the 
motion of surrounding bubbles through its buoyancy-induced contribution to 
the flow field. The resultant velocity of a test bubble simply consists of its 
own velocity Uq, superimposed on the components induced from all other 
bubbles. The position of each bubble in the cloud can then be updated by 
integrating the expressions for the bubble velocities. Note that we make use 
of Faxen’s correction as the bubbles are now regarded as moving through a 
fluid with spatially- varying background velocity [10]. 

Solutions for multi-body interaction, against which we have compared 
the straightforward technique just described, are available only for simple 
arrangements of a few settling spheres. Goldman, et al. [8] provide an ex- 
act solution for two settling spheres of equal size. For a sphere separation of 
only five radii, our pair-wise added stokeslets approximation differs from their 
exact solution only by about 1%. Accuracy improves with larger sphere sepa- 
ration. Ganatos, et al. [7] developed a highly accurate numerical solution for 
full multi-body hydrodynamic interaction for an instantaneous arrangement 
of spheres settling in vertical and horizontal chains. We made comparisons 
of the vertical velocity for chains containing 3, 5, and 9 spheres, separated 
from one another by only 4 radii. Our solution deviates from the more ac- 
curate solution by Ganatos, et al. by only a few percent. More accurate but 
far more computationally intensive methods have been developed for these 
problems [2]. 



2.2 The free surface 

In order to account for the free surface, we employ an image stokeslet above 
the free surface, with opposite orientation, associated with each rising bubble. 
Because the stokeslet and its image are equal and opposite, there is no net 
force on the fluid. Far away, the bubble-image pair induces a fluid velocity 
that decays like r~^ instead of we refer the reader to [17] for a clear 
discussion. This more rapid decay of the disturbance velocity of the bubble- 
image pair relative to a lone bubble has the effect of rendering convergent the 
average rise velocity of the bubbles. This is important, as it is well known that 
in a dilute, unbounded homogeneous suspension of monodisperse spheres, one 
obtains divergent integrals in a naive approach when determining the mean 
sedimentation speed of the particles. This divergence problem was overcome 
by Batchelor [1], who made use of a renormalization argument, and later 
by Hinch [12] and Feuillebois [5]. As a consequence of the image system, all 
points on the free surface have zero point-wise vertical velocity (but may 
have non-zero horizontal components) and zero shear stress in the plane of 
the surface. 
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2.3 Cloud structure and its evolution 

A second instance of divergent averages must now be addressed with attention 
to the structure of the bubble cloud. The variance of the sedimentation speed 
of the particles of a random suspension grows without bound as the size of 
the sample (or volume) of the suspension increases [4]. Similarly, divergent 
integrals result from a calculation of tracer point diffusivity from a random 
array of point forces [15]. 

Cloud structure can be expected to play an important role in the dynamics 
of the suspension. Batchelor [1] showed that a random array of particles 
settles as < Uz > /Uo = 1 — 6.55^; Hasimoto [11] showed that a precisely 
spatially periodic array of particles settles as < Uz > /Uq = 1 — 1.76(/>^/^. 
Here 4> = (47r/3)a^n is the volume fraction of spheres. Saffman [22] describes 
the reasons for these differences in rise speed. 

Koch and Shaqfeh [16] realized what is necessary to overcome the prob- 
lem of divergent variance of velocity fluctuations: screening of hydrodynamic 
interactions. They observed that in a suspension in which there is a deficit 
of exactly one particle in a finite neighborhood of a marked particle, the ve- 
locity induced by that marked particle decays faster than (a/r) outside the 
neighborhood. We have realized that such a property is readily set up with 
the following initial arrangement, which we refer to as a single-cell random 
bubble cloud. Let n be the average number density of bubbles in the cloud 
(per unit volume). Space is discretized into cubical boxes of side and 

one bubble is placed at a random location in each box. No two boxes are the 
same. There is no assumption of periodicity. This condition is only set at the 
initial time — the bubbles are in no way constrained thereafter. To understand 
why the single-cell random cloud structure persists in time, one can examine 
the conservation equation for the probability density of the positions of a 
group of N particles [16]. Because the dynamical system is divergence-free, 
an initially uniform probability density is simply converted around — thus 
remaining uniform. 

The relative likelihood of finding a bubble at any point is identical in 
single-cell and truly random bubble clouds. The difference is that on length 
scales larger than the box size, the single-cell random distribution is more ho- 
mogeneous than truly random. Moreover, it is easily shown that the single-cell 
random distribution has the required deficit of one bubble in the neighbor- 
hood of a marked bubble. The velocity variance is convergent as the size of 
the domain increases, and one can compute an effective diffusivity of bubble- 
induced mixing [31]. 



2.4 Mean field approach for bubbles in the far field 

As a final component of the model, we describe briefly how bubbles in the far 
fleld are taken into account. In the mean field approximation, we augment the 
background velocity at a bubble location with an integral over the (uniform. 
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homogenized) density of bubbles in the far field. Because we treat the near 
field and far field differently, the bubble cloud domain is divided into two 
regions: the discrete region and the continuum region. The purpose of the 
continuum region is to provide the correct boundary condition for the discrete 
region. We take the discrete region to be a rectangular box of square plan 
form residing below the free surface surrounded by continuum. The discrete 
region need not be in contact with the free surface or with the bottom of the 
bubble cloud. 

2.5 Average rise speed 

It is possible to determine analytically the average vertical velocities of bub- 
bles and fluid if one considers the entire domain outside a test bubble to be 
a continuum. In this case the continuum extends from the nearest-neighbor 
radius to infinity, and no bubble is allowed to overlap the bubble of interest. 

For bubbles far from the surface, the average rise speed determined in this 
way is < Uz > /Uq = 1 — b(j). This is the same expression obtained using the 
renormalization technique [1], excluding (as we do) the effect of reflections 
beyond the first. 

For a single-cell random bubble cloud an analytical expression is more 
difficult to obtain because the bubble number density is more homogeneous 
than a truly random distribution at larger length scales. We must instead 
resort to a numerical simulation far from the free surface. Numerical results 
show that the average bubble rise speed is <Uz> /Uo = 1 — 1.270“^/^. The 
average bubble rise speed for the single-cell random distribution thus lies be- 
tween that of a perfectly periodic array and of a purely random distribution. 



2.6 Velocity fluctuations induced by rising bubbles 

Next we consider vertical velocity fluctuations. In [4] the variance in bubble 
vertical velocity diverges oc for a large number of bubbles in a random 
distribution; our calculations agree. The standard deviation of the vertical 
component of fluid velocity is Uz^sd- The values for Uz,sd in the random case 
diverge, but those for the single-cell random bubble distribution do not. 

In Fig. 1 we show a typical normalized PDF of vertical velocity fluctua- 
tions in the fluid far from the free surface. The overall shape of the distri- 
bution is nearly Gaussian. The width and the severity of skewness are both 
functions of the bubble volume fraction and depth. 

The roughly Gaussian nature of the vertical velocity distribution justifies 
our focus on the velocity variance. We find that far below the surface, fluid 
and bubble vertical velocity standard deviations follow 

Do 



( 2 ) 
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Fig. 1. Normalized PDF of fluid point (and bubble) dimensionless vertical velocity 
UzIUq for different bubble volume fractions 4> fax from the free surface in a single- 
cell random bubble cloud. The results represent averages of 500 initial bubble cloud 
realizations 

to about (j) « 0.05. Koch and Shaqfeh [16] argue [Ui^sd/UoY ^ ^Ra/a in a 
homogeneous suspension of sedimenting spheres, where Rs is the screening 
distance. In a single-cell random cloud Rs/a <x (see 2.3), hence (2) is 

consistent with their result. 

The free surface is found to have an influence on the fluid vertical veloc- 
ity fluctuations as illustrated in the correlation of vertical velocity standard 
deviation with depth [31]; 

Uz,sd ^ M4>)Y*\ 

1.5Uo4>^/^ 1 + A{(p)\z*\’ 

where A{(j)) = 0.891 and z* = zja. More concentrated bubble clouds 

mix the fluid more vigorously at depth, and carry that more vigorous mixing 
closer to the surface. 

2.7 Fluid mixing 

The goal of the bubble cloud model is to develop an effective diffusivity for 
the vertical mixing process. Koch [13] determines the rate oc at which 
the diffusivity grows with the number N of random sedimenting particles in 
a periodic box. He concludes that the diffusion (in that case) is dominated 
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by convective motions occurring on the scale of the box size. In the case of a 
single-cell random distribution, the diffusivity is convergent. 

We begin the development of an effective diffusivity far below the sur- 
face, by following an evolving cloud of fluid tracer points with time. The 
effective diffusivity is related to the rate of spread of tracer points through 
= a^/{2t). Care is taken in measuring the standard deviation a at 
times when the fluid point motion is no longer self-correlated. In the calcula- 
tions we approximate true bubble-bubble hydrodynamic interaction with its 
mean effect; namely, by having the bubbles rise at their average speed due 
to hydrodynamic interaction with zero horizontal velocity. This increases the 
residence time a passing bubble has with a neighboring fluid point, which 
induces more fluid point mixing. Numerical results are shown in Fig 2. The 
eddy diffusivity e includes molecular diffusivity as well. 

Following [14], we estimate the dimensionless eddy diffusivity e^jliUoa) 
as the product of the rate at which a tracer point undergoes interaction with 
a nearby bubble-image pair, R, times the mean square vertical displacement 
caused by such an interaction. By nearby, we mean, say, within the box 
defined in section 2.3; this is related to the cloud structure. On average, there 
is one bubble within such a distance, which rises through the neighborhood 
over a time proportional to hence R oc Uo<p^^^/a. 

The square of the vertical displacement caused by an interaction is con- 
veniently obtained numerically by integrating the motion of a tracer point 
while it is within a distance of a bubble rising at the mean speed. 

This is subsequently averaged over the neighborhood of the tracer point, as 
the next interacting bubble could appear with equal probability anywhere 
within the neighborhood. Because this is just a scaling argument, we obtain 
the multiplicative constant (0.2 in this case) by best matching the data with 
the result of the scaling argument. A convenient formula (nearly identical to 
the scaling law) is 



e 



OO 

HI 



Uoa 



r 

1 - ’ 



( 3 ) 



where 7 = 0.327534, ^ = 1.2601 and ^ = 0.0948548; this is shown in Fig. 2, 
along with the results of simulations. 

There is no need to modify the scaling argument just described for points 
at a finite distance from the free surface. All that changes is that the vertical 
displacement of a tracer particle is reduced as a consequence of the proximity 
of the image bubble. The way in which the eddy diffusivity decreases as one 
approaches the surface, made dimensionless by its value at great depth, is 
shown in Fig. 3. We emphasize that the same scaling law was used to obtain 
Figs. 2 and 3. A convenient formula is (to 4> ^ 0.006): 






( 4 ) 
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Fig. 2. Comparison of the scaling law (3) and numerical data for the dimensionless 
eddy diffusivity t’^j/iUoa) far below the surface as a function of the volume fraction 
<P 



where r){(f>) = 0.144053</>^/^ - 1.09454<^. The root mean square vertical dis- 
placement of tracer points associated with an interaction with a rising bubble 
is always much less than the depth of the tracer points. This ensures that a 
local description of the transport in terms of a diffusivity is valid [14] . 




Fig. 3. Dimensionless eddy diffusivity S'® s function of dimensionless 

depth z* below the surface 



Finally, we show in Fig. 4 the results of a strong test of the depth- 
dependent effective diffusivity. Tracer points are released just below the sur- 
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face (z = -0.05 cm), where the eddy diffusivity is most rapidly changing, and 
allowed to spread due to the rise of a cloud of 50 pm bubbles with (f> = 0.00524 
for 0.8 s. In the figure we show the normalized PDFs of tracer particle depths; 
the asymmetry of the PDFs is a consequence of the depth-dependence of 
the mixing. A secondary effect is related to the skewness found in the ver- 
tical velocity PDFs (see Fig. 1). The two curves correspond to the result 
of a bubble cloud simulation, and that of a finite difference calculation of 
the time-dependent diffusion equation employing the depth-dependent effec- 
tive diffusivity obtained from the scaling analysis. The comparison is quite 
satisfactory considering the fits of the scaling analysis spans four orders of 
magnitude in 0, and the diffusivity in this problem varies by more than two 
orders of magnitude across the domain. Other tests gave similar results. 




z (cm) 



Fig. 4. PDF of tracer particle depths at 0.8 s. Particles were initially released in a 
plane at z = —0.05 cm. The simulation results represent the average of 500 initial 
bubble cloud realizations; each bubble cloud consisted of 50 pm bubbles with 4 > = 
0.00524. The effective diffusivity over the domain varies by more than two orders 
of magnitude 



Unfortunately, there is little in the way of experimental data to which we 
can compare. But we now discuss some results that are roughly comparable. 
Nicolai, et al. [20] did make various measurements of properties in a settling 
suspension at 0 = 0.05, but nothing is known of the structure of their sus- 
pension. They found u^,s^^/Uo = 0.62 ± 0.08, whereas our correlation yields 
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= 0.55. Koch and Shaqfeh by comparison predict — 2.2 

in a spontaneously screened suspension. Nicolai, et al. measured the vertical 
self-diffusivity of the particles to be e’^j/Uoa = 5 (6 for [9]); our correlation 
yields 7.3 for tracer point diffusivity, and Koch and Shaqfeh determine 10.4. 
The self-diffusivity of bubbles would be a little smaller than our tracer point 
diffusivity of 7.3. We note that Nicolai, et al. find e^j/Uoa decreases with 
(f> at larger concentrations — this they attribute to the collective motion of 
small clusters of particles. Such an effect is beyond the scope of the present 
work. 

In a very recent series of experiments, Segre, et al. [25] undertook a 
detailed examination of suspension structure during sedimentation. They 
found {uz,sdlUo) oc Segre, et al. also determined a lengthscale from 

the spatial correlation of the vertical component of velocity fluctuations to 
be ^ oc Our suspension exhibits the same scaling as a consequence of 

the distribution we assume. In their model, the correlation lengthscale ^ is the 
cutoff length beyond which particles are no longer randomly distributed — as 
we have shown, this is the screening length. No experiments have addressed 
the variations in properties near a free surface. 

3 Surfactant scavenging 

We are interested primarily in the average steady-state behavior of surfac- 
tant transport within a horizontally large bubble cloud; however, fluctua- 
tions from average quantities also play a role. As bubbles rise, fluctuations 
in fluid velocity will induce fluctuations in bubble rise speed, bubble num- 
ber density, bulk surfactant concentration, bubble-surface concentration of 
surfactant, and bulk-surface concentration of surfactant. In keeping with the 
assumptions established for the effective diffusivity of a single-cell random 
distribution of bubbles we assume that the bubble number density and bub- 
ble velocity have negligible fluctuating components. We do, however, allow 
fluctuations in bulk fluid velocity, bulk surfactant concentration, bulk-surface 
concentration of surfactant, and bubble-surface concentration of surfactant. 

There are several kinetic models that describe adsorption and desorption 
of surfactants. In general, the rate of adsorption depends on the nearby bulk 
concentration of surfactant, and on the population already resident at the 
interface. The rate of desorption normally depends only on the population on 
the interface. Nonlinear saturation yields a maximum surface concentration, 
or surface-excess, of surfactants that can populate an interface. In the bulk 
fluid, surfactant molecules convect and diffuse, although the latter with low 
mobility due to the large sizes of these molecules. 

The equations are developed in [30], along with a scheme for horizontal 
averaging and an analysis of terms involving averages of products of fluctua- 
tion quantities. The latter are shown to be negligible as a consequence of the 
separation of time scales for convection and surfactant kinetics. 
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The steady-state transport equation for the (horizontally averaged) bulk 
concentration of surfactant c{z) is 



dz 




4Tra^nqi,{z) = 0 . 



( 5 ) 



Here 



qb{z) = a 



C(z) (7sat 



76 (^)) 



76 

/3 



represents the average flux of surfactant, from the bulk liquid to the bubbles, 
at depth z. This term accounts for (Langmuir) surfactant kinetics through the 
adsorption rate constant a and the desorption rate constant p. Typical values 
for these constants are in the range 10^cm^/(gmolsec) and lO^cm^/gmol, 
respectively. A typical bulk concentration of surfactant is 10“^ gmol/cm®. 
A representative saturation concentration of surfactant on a surface is 7 = 
5 X 10“^*^ gmol/cm^. A typical bubble size of interest is 50 pm. 

In order to determine the boundary condition at the bulk surface, we 
assume that adsorption/desorption at the bulk surface is also described by 
Langmuir kinetics and apply the same decomposition into mean and fluctu- 
ating components. The flux of surfactant from the bulk liquid to the bulk 
surface is 



Qs = a 



c(0) {■jsat - 7^) - ^ 



The boundary condition at the bulk surface is a balance between the flux of 
surfactant diffusing toward (or away) from the surface into the bulk and the 
flux of surfactant adsorbing to (or desorbing from) the surface: 



-em(0)^=qT. (6) 

The governing equation for the average steady-state surfactant concen- 
tration on the bubbles at depth z is, 

- d7i,(z) _ 

Ub = Qbiz)- (7) 

where Ub = Uo{l — ^-27(l)^/^){l+4>) is the average bubble rise speed for a single- 
cell random distribution of bubbles adjusted to account for the upward flux 
of fluid and bubble volume from the bubble generation at the bottom of the 
bubble cloud. To determine the average steady-state surfactant concentration 
on the bulk surface we add the flux of surfactant from the bulk fluid to the 
flux of surfactant by bubbling. The result is, 

qs -t 47ra^nu67j,(0) = 0. (8) 



Solved together, equations (5, 6, 7, 8) yield the averaged profiles with 
depth of the surfactant concentration resident on bubble surfaces and dis- 
solved in the bulk liquid. The main result is the enrichment of surfactant 
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concentration on the bulk surface. Solution procedures for these nonlinear 
equations are outlined in [30]. 

A simple limiting case can be appreciated by examination of (8). Suppose 
bubbles arrive at the surface fully saturated with surfactant, and that the 
surface is fully saturated also; then (8) becomes 




47m ^max^b- 



Hence, the limiting number density of bubbles required to keep the bulk sur- 
face fully saturated is Umax = a / For the typical parameter values 

we mentioned earlier, this yields Umax = 6500 cm““^ or (f>max = 0.34%. Even 
in this limiting case, the bubble-induced mixing affects how long bubbles 
must rise in order to reach the surface fully saturated. When surface con- 
centrations are less than saturation, the bubble-induced mixing determines 
what will be the enrichment of the bulk surface by bubbling [30]. 

Associated with the assumption of Langmuir kinetics, one can write down 
an expression for the surface pressure [6] 



71- = -RT'Jsat ln(l - Ishsat), (9) 



where R is the gas constant and T is the temperature. The Gibbs surface 
elasticity for the same Langmuir kinetics is 



Eq = RT'^sH'^ - Ishsat)- 



( 10 ) 



These are required in the analysis of capillary wave damping, to which we 
now turn. 



4 Capillary wave damping 

Capillary wave damping associated with the presence of surfactants has been 
of considerable interest for some time. In [24] we present a review of the 
methods used for measuring capillary wave damping, as well as a description 
of new experiments and theory for a capillary wave damping experiment in 
a circular domain. The reason for exploration of a circular geometry rather 
than the usual rectangular geometry is the elimination of edge effects. In the 
experiments, the waves are produced by rapid (120 Hz) vertical vibrations of a 
cylindrical vessel. The capillary waves propagate in from the rim of the vessel, 
where there is a contact line, to the geometric center. There, they reflect. 
The superposition of the inward-traveling wave and the outward-traveling 
reflection creates a true standing wave only at the origin; otherwise, the wave 
is primarily inward-propagating as a consequence of geometric focusing and 
damping. 

In [24], a theory for the amplitude of such waves was developed, without 
the usual restriction to distances far- removed from the origin. The theoreti- 
cal amplitude curves for the wave slope were compared to data from a laser 
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slope gauge [23]. This allowed for the determination of the exponential damp- 
ing factor as a function of surfactant surface concentration. The theory and 
experiment showed excellent agreement, as shown in Fig. 5. 



slope 




Fig. 5. Comparison of the theoretical curve and experimental data (points) for the 
amplitude of the slope (m/m versus r(cm) of time-dependent capillary waves in a 
cylindrical vessel. The surfactant is stearic acid, at a concentration of 0.1381 pg/cm^ 



The wavelength and decay rate of capillary waves is related to the Gibbs 
elasticity Eq and surface tension a — (tq - -n through a dispersion relation. 
The latter derives from a solvability criterion that stems from the boundary 
conditions associated with normal and shear stresses at the interface. The dis- 
persion relation developed in [24], without the far-field approximation, is the 
same for plane and for circular waves. At frequencies greater than about 1 Hz, 
the dispersion relation is the same for soluble and insoluble surfactants [18]. 

The surfactants considered in [24] were stearic acid, oleyl alcohol and 
hemicyanine — all insoluble. However, we can get an idea of how sensitively 
capillary wave damping depends on surface concentration of surfactant by 
examination of the data for these insoluble surfactants, as the mechanics of 
damping is the same for high enough frequencies [18]. For stearic acid, Saylor, 
et al. [24] find that an increase of surface concentration from 0.1 pg/cm^ to 
0.27 pg/cm^ results in a change in the decay rate of waves from 0.12 cm“* 
to 0.55 cm"’^. In a soluble surfactant system governed by Langmuir kinetics, 
given 'Ymax = 10 X 10“^° gmol/cm^ and T = 20C, one finds through the use 
of (9,10) and the dispersion relation [24] that a bulk surface enrichment of 
7s = 1 X 10~^° gmol/cm^ to 7s = 7 x 10~^°gmol/cm^ leads to a comparable 
change in the decay rate of waves from 0.15 cm“* to 0.51 cm“^. In Fig. 6, we 
show the decay of two one-dimensional waves for comparison. The volume 
fraction of the bubble cloud required to enhance the surface-excess to 7s = 
7 X 10“^° gmol/cm^ is readily computed [30]. In any case it is certainly less 
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than (j)max = 0.34%, in the case of the typical parameter values we mentioned 
earlier. 




Fig. 6. Comparison of the amplitude decay with position x (cm) of two different 
planar capillary waves, with decay rates corresponding to 10% and 70% of satura- 
tion for the model surfactant. The slowly decaying wave has decay rate 0.15 cm“^; 
the rapidly decaying wave has decay rate 0.51 cm“^ 



5 Conclusions 



In this paper we presented a theory for enhanced capillary wave damping 
which is associated with surfactant scavenged by a rising cloud of micro- 
bubbles. The surface enrichment by deposition of surfactant scavenged from 
the bulk depends sensitively on the mixing properties of the cloud. The rising 
bubbles mix the fluid vigorously at depth, but in a way which declines dra- 
matically as the bulk surface is approached. A scaling model was developed 
for the effective diffusivity of the vertical mixing, in concert with numerical 
simulation of cloud dynamics. 

An enrichment of the surface concentration of surfactant by scavenging 
results in decreased surface tension and increased surface elasticity. Through 
the dispersion relation for capillary waves, these changes are connected to an 
increase in the damping of capillary waves. 



This work was supported by the Office of Naval Research under the Young 
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1 Introduction 

Environmental flows are replete with situations where shear and stratification 
coexist, and many attempts have been made to understand the generation and 
evolution of turbulence in stratified shear flows. Early studies have been made 
using laboratory simulations (Webster [32] and Rohr et al. [29]), but with in- 
creasing computer power, direct numerical simulations (DNS) and large eddy 
simulations (LES) have become powerful tools for studies of shear-stratified tur- 
bulence. There are many reports with numerical approaches, most of them using 
DNS (Gerz et al. [12], Holt et al. [14], Jacobitz et al. [16] and Werne et al. [33]) 
and others using LES (Kaltenbach et al. [17]). 

The most common numerical approach to simulate shear-stratified turbulence 
is to impose a mean shear and stratification in the vertical direction. The hori- 
zontal directions are then regarded as periodic and the vertical direction shear 
periodic. The computational advantage of this approach is that the boundaries 
are absent and efficient Fourier spectral methods can then be employed. However, 
turbulent flows exposed to mean shear and stratification are temporally evolv- 
ing and hence, do not reach stationary states, except at a certain ’stationary’ 
Richardson number for which the growth is balanced by dissipation (Kaltenbach 
et al. [17]). Quasi-stationary states, however, can still be attained, at which the 
normalized variables will tend asymptotically to constant values after several 
turnover periods. 

The main objective of this study is to investigate stratified turbulence within 
a mean jet stream at the atmospheric tropopause. This is achieved by impos- 
ing a steady streamwise jet and a Brunt- Vaisala profile for the basic state. The 
tropopause can be characterized as the surface of jump of the Brunt-Vaisala fre- 
quency, as its mean value above it essentially doubles, hence more stably strat- 
ified (Babin, Mahalov and Nicolaenko [2]). Here we take the tropopause to be 
a constant plane, whereas more realistically it is a dynamically evolving curved 
layer. The basic state streamwise velocity in our model has an exponential pro- 
file which results in different shear at different vertical levels, reproducing a key 
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characteristic of a jet stream. Furthermore, rotation is added to the system with 
the rotation axis parallel to the vertical axis. The Coriolis parameters / is kept 
to be small relative to N in order to maintain a small ratio f /N characteristic of 
flows at midlatitude. The major difference between our model and those used in 
previous studies is that in the present study, shear and stratification profiles ad- 
just to new and roughly stationary values. In our quasi-stationary state (which 
is explained in more details in Section 3), both the kinetic and potential energies 
fluctuate around relatively constant values. Comparison with asymptotic values 
of previous studies can then be made. Due to the inhomogeneity in the vertical 
direction, periodic boundary conditions in the vertical direction are not used in 
this study and our results are free of the periodic effects characteristic of previ- 
ous studies. 

We use the Boussinesq approximation of the Navier-Stokes equation and 
hence compressibility effect are neglected except in the buoyancy term. Since we 
are interested in scales on the order of the vertical extent of tropopause, this 
approximation is justified. However, some large scale features of the jet stream, 
e.g. convergence and divergence patterns (Keyser and Shapiro [19]) cannot be 
reproduced. Furthermore, numerical models cannot match all the atmospheric 
parameters; most significantly the molecular viscosity and diffusivity used in 
simulation are typically many orders of magnitude larger, or the Reynolds num- 
ber is much smaller. 

However, from the perspective of physics, our goal is to evaluate and gain in- 
sight into the anisotropy of the statistics of the different fields and into turbulence 
budget terms. The fundamental anisotropy of stratified, rotating turbulence re- 
mains an important problem. 

In this paper, the DNS of the above stratified rotating flow equations are per- 
formed without any eddy viscosity or turbulence closure model; spectral methods 
are employed in investigating the evolution of turbulence with shear and stable 
stratification with weak rotation. The main difference with previous numerical 
studies is that Fourier transform cannot be used in the vertical direction because 
of the non-periodic boundary conditions in the vertical. Furthermore, the region 
of interest (jet stream characterized by high shear) is in the center of the com- 
putational domain. It requires more resolution. There are two computational 
approaches in spectral methods : (i) mapping the Gauss-Lobatto- Legendre col- 
location points [5] (or similar set of collocation points) or (ii) decomposition of 
the computational domain into subdomains and adjust the subdomain size. The 
latter approach is used in this study. 

Spectral domain decomposition (or spectral element) methods used in this 
paper maintain the desirable properties of low phase errors and high accuracy of 
spectral methods while the grids can be easily adapted to complex geometries. 
Several variants of spectral domain decomposition methods have appeared. For 
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non-overlapping domains, there are two families; the collocation method and the 
variational method. The collocation approach is proposed by Orszag [26] where 
derivatives are carried out in physical space. Patching of physical variables is re- 
quired at the subdomain boundaries. Take for example inversion of the matrix of 
2nd order derivatives; the rows corresponding to the subdomain boundaries are 
replaced by the constraint of continuity of 1st order derivatives. If the resolution 
is not sufficient, this will cause local numerical disturbances. Some methods are 
derived to overcome this problem, for example, the flux balancing condition and 
the penalty methods. Another approach is the variational method originally sug- 
gested by Patera [27]. As discussed in Karniadakis [18], the variational method is 
the equivalent of the flux balancing condition and the two are dual formulation 
of the same problem. Transforms from physical to spectral space and vice versa 
are, however, needed in the variational method. 

In solving the incompressible flow problems, it is possible to use a mixed ap- 
proach for the same simulation, as in Karniadakis [18]. This has the advantages 
of reducing the local disturbance of the collocation method while reducing the 
amount of transforms needed. The mixed approach is used in this study. 

The following section introduces the mixed collocation-variational method 
used in the simulation. Section 3 presents the governing equations and describes 
the basic states. Section 4 presents the results of numerical simulations and the 
last section is conclusion. 



2 Numerical Methods 

In the present study, the flow is assumed to be homogeneous in the horizontal 
directions where periodic boundary conditions are employed. For each horizontal 
wavenumber, the vertical domain is then broken down into several subdomains. 
Each subdomain is separately mapped to a domain { — 1 < z' < 1}. For non- 
overlapping subdomains, there are basically two solution methods: collocation 
and variational methods. In the collocation method, the variable (e.g. A) within 
each subdomain j is interpolated as : 

X\z') = j24Mz'), -l<z'<l, (1) 

i=0 

where n is the order of interpolation, and the functions ^i(z') are the Lagrange 
interpolants. The z' are local coordinates and here they are chosen to be the 
Gauss Lobatto Legendre points. 

The differentiation of variables are carried out by differentiating the inter- 
polants. Efficient routine for the differentiation exists, e.g. Fornberg [10]. The 
collocation method, however, requires patching at the boundaries. In invert- 
ing an 2nd order differentiation matrix (e.g. in calculating the pressure Poisson 
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equation), continuity of 1st order derivative is guaranteed by implementing a 
constraint equation into the differentiation matrix. This is usually done by re- 
placing n — 1 rows (corresponding to n — 1 subdomain boundaries) in each ma- 
trix by the continuity constraint equation. The matrices of the subdomains are 
then assembled together to form the global matrix for inversion. This method, 
however, may lead to numerical disturbances at the subdomain boundaries, par- 
ticularly if the resolution of the problem is marginal. Several methods have been 
devised to overcome this problem. Heastheaven and Gottlieb [13] put the con- 
straint as penalty terms in the equations. The governing equations are then 
satisfied asymptotically at the subdomain boundaries. Another method is the 
flux continuity condition adopted by Macaraeg and Streett [23], where the in- 
terface condition is obtained by balancing fluxes globally across the subdomain 
interface. 

The variational approach to be used here is similar to [23] in replacing one 
interfacial condition by the flux balance condition. Take the pressure Poisson 
equation as example: 



= P . ( 2 ) 

We expand and according to eq. (1) and substitute the expansion into 
eq. (2), multiply the equation with the test functions (pi for / = 0...n, then 
integrate over the function domain for each subdomain j and each test function 
1. We obtain : 






+ kl J (picpidz' - 



1+1 

1-1 



n . 

Eoi/ 



Midz' , 



(3) 

where kh = ^Jk1-\- k!^ is the horizontal wave number, and td are coefficients 

of expansion for and respectively. The functions in eq. (3) are 

polynomials of the following forms : 



(piiz') 



i±P 
2 : 




where Li{z') are Legendre polynomials of degree i. With this definition : 



(4) 



0o(l) = 1, 


«^o(-l) = 0. 




(5) 


= 0, 


<^i(-l) = l, 




(6) 


0i(l) = 0, 


<^i(-l) = 0 


i>2. 


(7) 



Continuity of the variable is thus ensured by equating the coefficients of 
0i( — 1) in the upper subdomain to those of (po{l) in the lower subdomain. Then 
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the variational form of the equations in each subdomain can be found. A similar 
set of basis functions was used by Black [4] in semi-infinite domain problems. 
The integral in eq. (3) can be evaluated for each subdomain and the resulting 
matrix equations are then assembled to form the global matrix. 

The variational approach, however, requires transformation from physical 
space to the spectral space. This would increase the computational cost when 
calculating terms with non constant coefficients (e.g. the background Brunt- 
Vaisala profile varying in the vertical direction). Hence, a combination of the 
two methods is used. This numerical approach is similar to those used by Kar- 
niadakis [18]. The purpose is to reduce the boundary disturbance arising from 
the collocation method and to reduce the number of transformations and matrix 
inversions required by the variational method. This combination can be easily 
done with a time-splitting scheme. 

The time discretization follows the usual pressure projection method, which 
separates the time derivatives into three substeps. The nonlinear terms, Coriolis 
and buoyancy terms are advanced in the first substep; pressure Poisson equa- 
tions are then solved and the pressure terms are advanced in the second substep 
while the dissipation term in the third. Second order Adams-Bashford scheme 
is used for the nonlinear terms. The calculation of derivatives involved in the 
nonlinear terms is carried out in physical space using collocation methods. Upon 
entering the second substep, the variables are transformed into spectral space 
and variational methods are then used. The third substep requires calculating 
the viscous terms implicitly and variational methods are used as well. A total of 
8 forward transforms and 4 backward transforms is needed. 

In the vertical direction, absorption layers are added to the top and bottom 
boundaries to remove, or at least reduce, reflection. The computational box in 
horizontal directions is from — 7 t/ 4 to 7 t/ 4 and from —5.5 to -f5.5 in the vertical 
(Fig. 1). Absorption regions are put from 2.75 to the top boundary and from 
—2.75 to the bottom boundary. The resolution is 128 x 128 x 512. There are 
127 subdomains in the vertical. The order of interpolation for the central three 
subdomains is 6th while for the rest is 5th. The distribution of the subdomain 
boundaries is shown in Fig. 1. The width of the subdomains between —0.062 to 
0.062 is 0.004 and gradually increases to 0.2 at the outer region. The jet stream 
is placed in the center of the computational domain. This region requires more 
resolution due to high shear. 

Spectral domain decomposition methods are particularly suitable for imple- 
mentation on multiprocessor computers because of complexity of the compu- 
tational kernel within each element and the sparsity of interelement communi- 
cations. Their implementations are reported by many authors, e.g. [8], [9], [6]. 
However, the efficiency of a parallel program can be easily degraded if the issues 
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Fig. 1. Distribution of subdomain boundaries. 



of load balancing and communications are not treated properly. 

The execution time for the program on each processor is a sum of the com- 
putation time and the communication time. For problems having one inhomo- 
geneous direction with other direction(s) homogeneous, there are basically two 
classes of methods for performing the communication: by distribution and trans- 
position. In the distribution method, the inhomogeneous direction and one ho- 
mogeneous direction are always local to the processors and the Fourier transform 
across processor are done by distributed Fast Fourier Transforms (distributed 
FFTs). In the transposition method, the data are exchanged and the data block 
are distributed in horizontal slabs. FFTs are then carried out locally. There are 
two main algorithms for the transposition routine (Foster and Worley [11]). The 
first algorithm requires Q — 1 communication steps on Q processors while the 
second algorithm requires logjt? communication steps, also on Q processors, at 
the cost of increased communication volume. For large problem size, the former 
algorithm is the most efficient. In our study, we follow the former method. A typ- 
ical computational run using 32 processors on the Bluemountain supercomputer 
takes 15 seconds for one time step. 

3 Governing equations 

The incompressible Navier-Stokes equations for the velocity U = ({/, V, W) and 
temperature 0 under the Boussinesq approximation may be written as: 

^ + u-vc/ =-^ + fv + i^v^u + nu, 

ot ox 



( 8 ) 
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dt 

dW 

dt 



+ U-VV = 

+ u-vw = 



dy 

dP 



f +U.V0 
V'U 



dz 

~ + P& j 

= 0 , 



-f[/ + iyV^V, 



+ I^V^W + g(3{9 - Or) , 



( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 



where {U, V, W) are the three components of the velocity in the streamwise, span- 
wise and vertical direction (denoted as x,y,z) respectively, 0r is the reference 
temperature; i/, k, f, /? and g are the molecular viscosity, molecular dilfusiv- 
ity, rotation number, thermal expansion coelRcient and gravitational constant 
respectively. The Uu and Us are the vertically dependent momentum and ther- 
mal sources. The two sources are mathematical devices to model jet stream and 
background Brunt-Vaisala frequency profile and future comparison with obser- 
vation data are needed to determine their validity. 



In this report, the total value of the variables are represented by upper case 
letters {U, V, W, O). They are decomposed into two parts : basic state and 
perturbations. The variables in the basic state are represented by upper case 
letters with subscripts {Ub, Vj, and On + Ob)-: and in perturbations by lower case 
letters (u, v, w, 9). The perturbation is further decomposed into two compo- 
nents; a mean (horizontally averaged) part denoted by (■) and a fluctuation part 
indicated by primes. Together, the variables £/, V, W, © can be decomposed as : 



U = Ub{z,t) +u{x,y,z,t) = Ub(z,t) + (u)(z,t) + u'(x,y,z,t) , (13) 

V =Vb{z,t) + v{x,y,z,t) = Vb{z,t) + {v){z,t)+v'{x,y,z,t), (14) 

W -w{x,y,z,t) = w'{x,y,z,t), (15) 

© = ©R + ©b{z) +9{x,y,z,t) = ©R + ©b{z) 4- {9){z,i) + 9' {x,y,z,t) .{IQ) 

We note that {w) = 0 and W = w' . The pressure can also be decomposed as ; 

P = Pb{z) -t- p{x, y, z, t) = Ps{z) -b {p){z, t) -b p'{x, y, z, t) . (17) 

For the basic state, where u, v, w and 9 are zero and the fields depend only 
on z, the governing equations are reduced to : 



dUb 

dt 

m 

dt 



+fVb P Uu + v 
d^Vt 



-fUb + 1 / 



9^2 ’ 



d'^Ub 
dz^ ’ 



dPb 

dz 



= gP©b , 



n& 



— K 



d'^©b 

dz'^ 



(18) 

(19) 

(20) 



(21) 
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The equations in x and y direction are effected by the presence of rotation. If 
there is no rotation (/ = 0), we can assume that there is no motion in spanwise 
direction, Vj, = 0, and the streamwise velocity (denoted as Ubo in this particular 
situation) will reach a steady state. Hence the only term remaining is : 



Uu = -V 



d^Ubo 

dz'^ 



(22) 



In this report, the Uu is obtained from eq. (22) by assigning to Ubo the 
following form : 



Uboiz) = , (23) 

where Q 2 is the stiffness parameter and is the half depth of the computational 
box. The velocity profile Ubo has the properties that it is exactly zero at the top 
and bottom boundaries, and is equal to Ubo{Q) at the center. The momentum 
source Uu is obtained from eq. (22). As in the channel flow problem (Kim et 
al. [20]), the momentum source ilf/ is regarded as an effective pressure gradient 
dPeff/dx. However, it cannot be combined into eq. (17), otherwise it will pro- 
duce coupling in z direction. 



Due to rotation, the basic state may not be steady. It depends on /, v and Uu- 
If we choose I/6o(0) = 1, u = 0.0005 and / = 0.01 and substitute Uu obtained 
from eq. (22) into eq. (18) and computed with eq. (19), then the unsteady profiles 
for Ub and Vb are obtained. These profiles are shown in Fig. 2, for a — 16. 




Fig. 2. The streamwise, Ub, and spanwise, 14, velocities at the basic state, ^ - vertical 
axis, for a = 16. The basic state streamwise velocity profile for zero rotation, L4o, is 
also shown for comparison. 
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Fig. 3. The time series for the streamwise velocity, Ub, and the spanwise velocity, Vi, 
at the basic state at 2 = 0 and 2 = 0.166, for a — 16. 



The profile Uto is shown as dash-dot line for comparison. The peak of the 
streamwise velocity decreases in value. Above and below the core of the jet 
stream, there is counterflow in the opposite direction to the jet direction. The 
counterflow is transient when computing the Uto in the absence of background 
rotation (/ = 0); for / 7^ 0 it fluctuates never reaching a steady state. The span- 
wise velocity is negative at the center and have two positive peaks above and 
below it. If the positive x and y represent the east and north direction respec- 
tively, then the horizontal wind direction is south easterly at the center, changes 
to south westerly at 2 « 0.083, then changes again to north westerly at 2 w 0.30. 
The magnitude of the flow is fluctuating and the time series are shown in Fig. 
3. The time scale in the figure is the viscous time T~^ = jv with i> = 0.0005. 
The length scale I is chosen to be 0.3 where Ubo has dropped to an insignificant 
value < 10“'^°. The Ub and Vj, are plotted for 2 = 0 and 0.166. They oscillate 
with the period of oscillation w 14.0Tt There is a phase shift between Ub and 
Vb of « 3.5Tt. 

In eq. (20) and (21), the buoyancy force due to background temperature 
gradient is balanced by basic state pressure, the thermal source is balanced by 
the diffusion of the background temperature. Substituting eq. (16), (17), (20) 
and (21) into eq. (10) - (11), the equations for vertical velocity and temperature 
can then be expressed as : 
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Fig. 4. Non-dimensional Brunt- Vaisala frequency profile, K{z), used in simulation I - 
a = 8, II - a = 16; z -vertical axis. 



Furthermore, we let 6 = gP6. Then the temperature equation can be rewritten 
as : 



f^+u-ve = -w^ + KvH. (26) 

Next, we let N^K^{z) = d0b{z)/dz where is a constant (iV“^ has unit of 
time) and K{z) is a nondimensional profile, then let = 9/N, we finally obtain 
the vertical velocity and temperature equations used in simulations; 



f- 


• VIV = 


+ N-d + vV'^W , 
oz 


(27) 






-WNK^ + 


(28) 



The variable has the unit of length/time (not to be confused with 6 which has 
the unit of temperature and = g/36/N). In the above equation NK can be 
related to the usual Brunt- Vaisala frequency profile N' as : 

^gp^=fi9^^=pGN'^. (29) 

oz dz 

If 0 is approximated by 0r, NK is the usual Brunt- Vaisala frequency profile 
multiplied by P0r. In our simulations, the non-dimensional K{z) profile has the 
following form: 



1 



K{z) = 1 + 



g-aiz I 



(30) 
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The profile corresponds to a temperature profile which increases constantly from 
the bottom to the tropopause, experiences a sudden jump at the tropopause, then 
increases again with twice the rate as at the bottom. This dimensionless profile 
matches the doubling of Brunt- Vaisala frequency at the tropopause obtained 
from field measurement by Beland [3] (roughly from 0.01s“^ to 0.02s“^). Equa- 
tions (23) and (30) have introduced two parameters ai and a 2 , which define the 
inverse of the external length scales of the system. The first number o.i control 
the change in Brunt-Vaisala profile while the second parameter controls the 
amount of shear to be put into the system. The same quantitative values are 
used for and 02 {a = a\ = 02 ) in order to maintain only one external scale. 



Table 1. Physical parameters used in simulations 



Case 


V 


N 


/ 


a 


Pr 


C/m(0) 


1 


0.0001 


0.2 


0.002 


16 


0.7 


4 


2 


0.0001 


0.2 


0.002 


8 


0.7 


4 


3 1 

1 


0.0001 


1.0 


0.01 


16 


0.7 


4 



The equations to be solved are eqs. (8), (9), (27), (28) and (12). Three simu- 
lation cases are reported here and the values of the parameter used are listed in 
Table 1. Case 1 is used as reference. It has N = 0.2 and / = 0.002. The Prandtl 
number is set to 0.7 as for air. The stiffness parameter, a, is set to a relatively 
high value in order to model the high shear created by the jet stream and the 
sudden change in Brunt-Vaisala profile at the tropopause. The other cases differ 
from Case 1 by only one parameter. Case 2 has a set to 8 and Case 3 has N set 
to 1.0. 

If we choose the length unit to be 1000m, velocity unit to be 200ms“^, our 
viscosity in Case 1 is equivalent to 0.02m^s“^, which is roughly 2000 times the 
atmospheric viscosity at sea level. In order to obtain the usual Brunt-Vaisala 
frequency, we need to obtain an approximation of the thermal expansion coeffi- 
cient. The Boussinesq approximation assumes a linear dependency of the density 
on temperature : 



P = Po (1-^(0 - 9r)) ■ 



(31) 



If we equate the ratio of the density with the correct ratio of density for ideal 
gas under reversible adiabatic expansion, we obtain: 



1 - /i(0 - 9n) = 



en 

0 



7-1 



(32) 
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where 7 is the ratio of heat capacity at constant pressure to heat capacity at 
constant volume {Cp/Cy) and is approximately 1.4 for air. Choosing Or to be 
210K and 0 to be 220K, we obtain ss 0.011Jf“^ Substituting /? and Qr into 
eq. (29), we obtain N' w 0.26t“^(0.052s~^) and 0.13t“^(0.026s“^) above and 
below the center for Case 1, while the averaged Brunt-Vaisala frequency above 
and below the tropopause are roughly 0.02s~' and O.Ols^^ respectively ([3]). 
Since Nj f is kept at 100, N' f f is roughly 65 and our ratio is slightly smaller 
than the value in midlatitude (w 100). 




Fig. 5. Initial Gradient Richardson number. The label in the figure correspond to the 
case number in Table 1. 



The initial gradient Richardson number [Rii = n''^ /{ dUtoldz)'^) profile is 
shown in Fig. 5, for Cases 1, 2 and 3. The vertical gradient of Ubo{z) is large 
in the middle region (except at z = 0) and correspondingly Rii are small there. 
Hence the shear is large enough to overcome the stability due to stratification. 
Away from the center, Rii » 1 and the fluid is strongly stably stratified. Tur- 
bulence motion cannot be sustained in those region. 



4 Computational Results 

Long time integration of the governing eqs. (8) - (12) is effected by the presence 
of adiabatic invariants for the long time dynamics. In particular, it has been 
shown in Babin et al. [1] that in the asymptotic state (after several periods of 
oscillations associated with wave motions) the horizontally averaged tempera- 
ture (d) has only small variations in time. It is frequently assumed to be time 
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Fig. 6. The time evolution of vertically integrated values of (w (I), {v'^) (II), (w'^) 
(III), {■& (IV) and \d{u '^)/dt\ (V); (•) denotes horizontal averaging. Horizontal axis 
is given in non-dimensional time St. 



independent in many investigations addressing the impact of vertical variabil- 
ity of buoyancy on the dynamics (e.g. Howard [15], McWilliams et al. [24], and 
Doering and Constantin [7]), Also, the statistically stationary state, where the 
horizontally averaged quantities do not change in time, is affected by the pres- 
ence of Coriolis terms in the equation of motion. As seen in the previous section, 
Ub and Vb oscillate in time. The computational cost to obtain stationary statis- 
tics in the asymptotic state is prohibitive. In order to keep the computational 
cost within a reasonable limit, absolute stationary states of the variables are 
not ensured. Hence, we are not able to compare the absolute magnitudes of the 
variables. However, the turbulent motion can adjust itself with a much shorter 
time scale and it is still proper to study the normalized values of each quantity 
in the system and the corresponding budgets. 

This can be illustrated by the evolution of the velocity and temperature vari- 
ances for Case 3 shown in Fig. 6. The variables are initialized by random infinites- 
imal values and plotted after time St k. 400 (5“^ = {max\dUbo / dz\)~^ ss 0.018 
for Case 3, is the overturning time). The variances of velocity and temperature 
fluctuations have adjusted to relatively constant values rather than increasing or 
decreasing continuously as in the case with mean shear and stratification ([14], 
[17]). We can regard this as our quasi-equilibrium state. Also plotted in Fig. 6 
are the vertically integrated values of \d{u ^)/9t| (exact equation will be shown 
later). It can be seen that after an initial transient period, the time derivative 
of {u becomes small indicating a quasi-equilibrium state. 
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We begin our simulation with Case 1 which is initialized with random in- 
finitesimal values O(10~®) for all the variables and integrated for St > 400. The 
other cases are initialized with the output results of Case 1 and are integrated 
for the same time period. The turbulent Reynolds number at quasi-equilibrium 
can be calculated by defining the following length and velocity scales : 



f {u^+v'^+w'^)\" 
Ut = {u^ +v'^ + w’^)i , 



(33) 

(34) 



where u>'^, LUy and are the vorticity in the x, y and direction respectively. 
The Reynolds number Ret based on the Taylor microscale It and the velocity 
scale Ut given by eqs. (33) - (34) for Cases 1 and 2 are 27 at z = 0. These Taylor 
microscales are not the usual integrated scales and are local in z. We also observe 
a larger It on the edges of the jet for Case 2, with Ret = 32. This Ret must not 
be confused with the Re based on large scales (such as given in [33]). 



4.1 The Mean Variables 




U 



Fig. 7. Mean (horizontally averaged) velocity in the streamwise direction for three 
cases listed in Table 1, horizontal axis - U, vertical axis - z. The number in the figure 
corresponds to the case number. 

The mean (horizontal averaged) velocity in the streamwise direction {U = Ut + 
{u)) at quasi-equilibrium is shown in Fig. 7 for three cases from Table 1. For 
all cases, the peak velocity is smaller than Ubo(0). For Case 1, the peak drops 
to 0.152. This can be explained by considering the exchange of kinetic energy 
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Fig. 8. Mean (horizontally averaged) velocity in the spanwise direction for three cases 
listed in Table 1, horizontal axis - V, vertical axis - z. 




Fig. 9. Mean (horizontally averaged) temperature at quasi-equilibrium for three cases 
listed in Table 1, horizontal axis - (i?), vertical ctxis - z. 



from streamwise direction to other directions. Hence if the turbulence intensity 
is increased, U will loose more of its energy, as in Case 2. The peak in Case 3 is 
largest, reaching 0.24. This case is more stably stratified than Case 1. 

Another features of U is the appearance of a counter flow away from the 
central region as in the basic state. For Case 3, the counter flow reaches a min- 
imum of -0.096 and -0.084 at z: = 0.121 and -0.123 respectively. Besides, the 
asymmetry in Case 3 is more prominent than in the other cases. 
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The profiles oiV = Vb + {v) are shown in Fig. 8. The only force in the spanwise 
direction is the Coriolis force, which has the largest effect in Case 3. However, 
the effect of larger length scale in Case 2 produce even a slightly bigger negative 
peak at center. Another prominent feature is that the profiles increase from the 
negative peaks at the center and oscillate away from center. The amount of os- 
cillation is larger than in Fig. 3 due to increase in turbulence. 

The mean temperature profiles (t 9) are plotted in Fig. 9. Their values are 
negative in the upper domain and positive in the lower domain. As seen in the 
Fig. 11 (a) and (b), the vertical heat flux is negative in the central region and 
approximately zero elsewhere. As a result, the temperature is decreased at the 
top and increased at the bottom due to buoyancy flux crossing at the center. 
The profile for Case 1 and Case 2 nearly match with each other while Case 3 
has much steeper profile. Since our simulation has not reached true equilibrium, 
the peaks of the profiles will continue to increase if the simulation is continued 
further. 




Fig. 10. The horizontally averaged variances of velocities and temperature, z - vertical 
axis. The labeling in the figure correspond to I - (u ^), II - {v ^), III - {w and IV - 
(d ^). The figure on the left correspond to Case 1 and the one on the right to Case 3. 



4.2 Variances 

The statistics for {u ^), {v ^), (?n and {■& for Case 1 and Case 3 are shown 
in Fig. 10 (a) and (b) respectively. In Fig. 10(a), the streamwise velocity vari- 
ances are larger in value than the spanwise and the vertical velocity variances. 
They have two peaks located roughly at the edges of the jet, one above and 
one below the center. This agrees with observations that turbulence intensity is 
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Fig. 11. The horizontally averaged temperature co-variances, 2 - vertical axis. The 
labeling in the figure correspond to / - {d'u'), II - {D'v') and III - {'d'w'). The figure 
on the left correspond to Case 1 and the one on the right to Case 3. 




Fig. 12. The Reynolds stresses, z - vertical atxis. The labeling in the figure correspond 
to I - {uv'), II - {u'w') and III - {v'w'). The figure on the left correspond to Case 1 
and the one on the right to Case 3. 



highest at the edges of the jet stream [3]. The vertical velocity variance {w ^), 
has a single peak at the center. The temperature variance (i9 peaked where 
the velocity variances have dropped to small values. The asymmetry appears to 
be very prominent due to the jump of the Brunt-Vaisala frequency by a factor 
of two at the center (see Fig. 4). 

The corresponding statistics for Case 3 is shown in Fig. 10(b). The peak of 
{•d is larger than in Case 1 while the velocity variances are similar. Our results 
are different from those obtained by Holt et al. [14]. They found that the role 
of stratification is not a kinetic energy sink, but rather a suppression of produc- 
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tion. However, our results suggest the opposite. The value of the total kinetic 
energy {{U'^ + + W^)/3) integrated over the whole domain is larger in Case 

3 than in Case 1. Stratification increases the heat fluxes, hence allowing more 
kinetic energy to be converted to potential energy and diffused. Higher values of 
kinetic energy are thus allowed at quasi-equilibrium. This means production can 
increase with stratification, but not being suppressed. In [14], the mean shear is 
kept fixed and any adjustment to the stratification leads to suppression of the 
fluctuating quantities. The consequence is a lower level of kinetic energy pro- 
duction. Besides, the upper peak of is closer to the center than in Case 1 
and there is another peak below the center. This is due to the higher stability 
of Case 3 compare to Case 1. 

The temperature covariances are plotted in Fig. 11(a) and (b). The vertical 
heat flux (w'?3') is negative (down gradient). Counter gradient heat flux ((m'l?') 
positive) was observed in others studies only when the Richardson number is rel- 
atively large {Ri « 0.5 — 1.0, see Gerz et al. [12]). The temperature covariances 
for Case 3 are plotted in Fig. 11(b). The most significant difference between 
Case 1 and Case 3 is that the peak of (in'i?') is now much closer to the center 
due to the higher stability. Besides, the streamwise heat flux {(u'-d')) increases 
in relative magnitude. 

The Reynolds stresses are plotted in Fig. 12 (a) and (b). We note that {u'w') 
is much larger in magnitude than the {u'v') and {v'w'). Besides, {u'w') is posi- 
tive in the upper region and change to negative values in the lower region. Note 
that the shear production term is ~{u'w')^^. Since is negative above and 
positive below the center, the sign of {u'w') must reverse in order that the shear 
is a source throughout the whole region. 

The anisotropy can be observed from Table 2, which shows the normalized 
values of variances and covariances for the three cases (see Table 1) at .2 = 0 and 
0.04. The quantities and in Table 2 are defined as, 

= {u"^ +v'^ +w'^) , (35) 

( 3 .) 

where the derivatives of v' and w' in and are with respect to their respec- 
tive coordinates. The rms subscript represents the square root of the variance 
(e.g. u'rms = \J (u'2), etc). Generally, {u '^)lq^ and {w^)/q^ together contribute 
80% of q^ while {v ^)/q‘^ contributing the rest. The contribution from the vertical 
direction is smaller for higher stratification (Case 3). These values confirm that 
the anisotropy occurs with shear produced by the jet-like mean flow as well as 
flow with constant shear used in other studies. The ratio of {u ‘^)/q^ is higher at 
z = 0.04 than the center, which is already observed in the plot of variances (Fig. 
10 ). 
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Table 2. Normalized values of variances, covariances and skewness at 2 = 0 and 
2 = 0.04. 





Case 1 


Case 2 


Case 3 





0.397 / 0.454 


0.388 / 0.403 


0.433 / 0.526 




0.208 / 0.205 


0.211 / 0.220 


0.240 / 0.240 




0.395 / 0.341 


0.401 / 0.377 


0.327 / 0.239 


(ti. '0 ') I'^rms'^rms 


-0.019 / 0.265 


0.037 / 0.296 


0.077 / 0.550 


{v ) jyrms'^rrrLs 


0.000 / 0.067 


-0.053 / 0.010 


0.023 / 0.000 


(^W ^/Wrrns^rTns 


0.341 /0.302 


0.358 / 0.349 


0.280 / 0.351 


\U V ) i '^rms^rrns 


0.033 / -0.074 


-0.019 / 0.023 


0.000 / -0.072 


{v, W } /Urms^rms 


0.001 / 0.544 


0.018 / 0.677 


0.049 / 0.431 


{v W ') 1 f^rms^^^rms 


-0.054 / -0.019 


0.017 / 0.028 


-0.076 / -0.031 


Sy 


0.809 / 0.475 


0.437 / 0.306 


0.861 / 0.763 


Sy 


0.184 / 0.099 


0.283 / 0.486 


0.099 / 0.167 


Sy, 


0.368 / 0.712 


0.456 / 0.297 


0.419 / 0.450 



Similar values for these quantities are reported in Kaltenbach ct al. [17]. 
They found a ’stationary’ Richardson number Rig k 0.13 where the kinetic 
and potential energy of the system remains roughly constant. When Ri > Rig, 
the kinetic energy decays and when Ri < Rig, it increases without saturation. 
They reported the ratio of {u ^)/q^ approximately 0.553, which is slightly larger 
than the values we obtained ^see Table 2). However, our results disagree on the 
proportion of {v ‘^)/q^ and {w with the former being approximately half to 
two third of the latter. The normalized heat fluxes, both streamwise and vertical, 
show strong dependence on the vertical level. Generally, results by Koltenbach 
et al. [17] show low level of fluctuations. 

Also shown in Table 2 are the skewness factors. For isotropic turbulence 
Su = Sy = Sw — 0.5. However, the values of Sy are lower than 0.5 for Case 
1 and 3. However, Prusa et al.[28] have reported smaller values for both Sy 
and S-u, and they attributed the results to the stratification effects which induce 
preferential vortex stretching. 



4.3 Energy Spectra 

The slope of energy spectra of stably stratified atmospheric turbulence has been 
the focus of many studies. An observation by Nastrom and Gage [25] showed a 
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Fig. 13. Contour plots of energy spectra for streamwise velocity (a) and spanwise 
velocity (b); horizontal axis - logarithmic value of the horizontal wave number, kh = 
\/kl + kl, vertical axis - z. 




(a) (6) 

Fig. 14. Contour plots of of energy spectra for vertical velocity (a) and temperature 



(b); horizontal axis - logarithmic value of the horizontal wave number, kh = ^kl + , 

vertical axis - 2 . 

-5/3 slope at 10 to 500 km wavelength, followed by a -3 slope at 800 - 2500 km 
for both horizontal velocity and temperature. The -5/3 slope is a signature of 
upward energy cascade which occurs when 3D turbulence is collapsed to become 
quasi-2D under the effect of stratification. A summary of current results is re- 
ported by Lilly et al. [22]. 

In numerical simulations, low Ret will produce spectral slopes of high steep- 
ness (> 3) which do not correspond to the atmosphere where Ret is high. How- 
ever numerical simulations show a change of spectra at locations where the dy- 
namics change. In Fig. 13 (a) and (b), the contours of the logarithmic values of 
energy spectra for streamwise and spanwise velocity for the Case 3 are plotted. 
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The horizontal axis show the logarithmic value of the horizontal wave number 
kh where = kl + ky. The vertical axis is the physical z direction. The contour 
lines are separated by a value of 0.25. It can be observed that the spectral gra- 
dient at the center, where the motion is turbulent, is less steep than that of the 
outer region. The slope is approximately —5/3 in both cases. The contours have 
peaks above and below the center, corresponding to the statistics shown in Fig. 
10 (b) . The magnitude of the peaks is smaller in (b) . Away from the center, the 
slope is very steep and the peak shifts to a lower wave number, indicating that 
turbulence motion has decayed. 

Spectral contours for vertical velocity and temperature are shown in Fig. 14 
(a) and (b) respectively. Again the slopes are very steep away from the center. 
The peak for vertical velocity is located between 1.4 and 1.6, which is approxi- 
mately the same range as the streamwise and spanwise directions. The temper- 
ature spectra has peak at lower kh than the vertical velocity. Besides, the peaks 
split in two, one above the center and one below. The slopes are also less steep, 
due to the fact that the Prandtl number is smaller than one. As will be seen in 
the next section, diffusion is small compared to other budget terms. We expect 
it to be important and has a controlling influence at small scales. 



4.4 Budgets 




Fig. 15. (a) The horizontally averaged budgets in the equation for the streamwise 
velocity variance for Case 3; z -vertical axis. Labels in the figure correspond to / - 
dissipation, II - pressure, III - transport, IV - shear production and V - Coriolis, (b) 
The budgets in the equation for the spanwise velocity variance. Labels in the figure 
correspond to / - dissipation, II - pressure, III - transport and IV - Coriolis. 



In order to understand the physical mechanisms, various budget terms were com- 
puted. Discussion of the budget terms for plane jet can be found in Tennekes 
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Fig. 16. (a) The horizontally averaged budgets in the equation for the vertical velocity 
variance for Case 3; z - vertical axis. Labels in the figure correspond to 7 - dissipation, 
II - pressure, III - transport, and IV - buoyancy, (b) The budgets in the equation for 
temperature variance. Labels in the figure correspond to 7 - dissipation, 77 - buoyancy 
and 777 - transport. 



and Lumley [30]. Reported here include the budget terms of (u'^), (v'^), (w'^) 
and for the Case 3. The budget terms are calculated separately and their 
sum is roughly zero. The labeling in the figures corresponds to the labeling of 
the equations. 



The budget equation for (u'^} is : 



where 



9, '2, 

a<" > 






+ + V/ 









(37) 



• Vu') , 

idu' , 

“ {w'u "^)) , 

= 2f{u'v '} . 



The budget terms for {u'^) are plotted in Fig. 15 (a). The only source term 
is the shear production (7V[^'2)). It consists of two peaks, situated on either side 

of the modeled jet stream, corresponding to the shape of {u'^) in Fig. 10(b). The 
vertically integrated values of the shear production term for Case 3 and Case 1 
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are approximately 0.0045 and 0.0033 respectively. This agrees with our previous 
observation that increases in stratification will not suppress production. The en- 
ergy produced is either dissipated or transferred to other components through 
the dissipation and pressure redistribution terms. The pressure 

term also consists of two peaks directly opposite to the peaks of the production 
terms. This term is effective in transfering energy from the streamwise direction 
and depositing it to the spanwise and vertical directions. The viscous term has 
the largest values at the center, and it reduces away from the center. The trans- 
port term moves energy from the peaks to the center. The transport 

term is more effective for lower viscosity and hence the peaks are less prominent. 
As can be seen from Fig. 6, the budgets can be balanced with the short overturn 
time scale {S~^). The effect of Coriolis term which affect the system 

with a longer time scale plays a negligible role in the budget balance. 



The budget equation for the spanwise velocity is ; 



where 



{V 



dt 



(38) 






-2i/(Vu' ■ Vu') , 






III,. 



d , d 









IV, ■ 



<F2> 



dz dz 
-2f{u'v') . 



The budget equation for (v has four terms and they are shown in Fig. 15 
(b). The source is the pressure which transfers energy from the stream- 

wise to the spanwise direction. However, the magnitude of the pressure term is 
small compared to the corresponding term in the vertical direction (Fig. 16 (a)). 
The dissipation term (/^i,' 2 p, instead of having a peak at the center as in the 
streamwise direction, has two side peaks. The transport term (//J^„< 2 )) moves 
energy from either side to the center. Similar to the streamwise direction, the 
Coriolis term (/F^^' 2 p is comparatively insignificant. 

The budget equation for the vertical velocity is: 

— + II{W^) + > (^ 9 ) 

where 

= -2u{Vw' ■ Vw ') , 




376 



Tse et al. 



~ 2(pV)) , 

7^.^ =2N{w'^’). 

The budget terms for {w ‘^) are shown in Fig. 16 (a). The pressure redis- 
tribution term (7/^^'2^) takes a larger portion of energy from the streamwise 
direction. The energy is then either dissipated or converted to potential energy 
through the dissipation term and buoyancy term (7V^^„'2)). The dissipa- 

tion term here has similar magnitude as that in the spanwise direction; however, 
this term is now dominant at the center. The transport term plays a 

more significant role than in the spanwise direction. The buoyancy term is nega- 
tive and heat flux is thus down gradient (from hot to cold) . No counter gradient 
heat flux was observed from the statistics. 

The budget equation for the temperature is : 

+ 7J^^'2^ -f 77J^^'2) , (40) 

where 

7^^-2) = -2{w'd') (nS-^ + 

J7(^-2) = -2k{W ■ W) , 

/77^y2> = ^(/c^(^'^)-{u;'i9'^)). 

The budget terms for (■!? ^) are shown in Fig. 16 (b). The gradient production 
term {1(^0' 2 ^) is the only source in the balance of potential energy. It has a peak 
above z = 0 where the Brunt- Vaisala frequency is higher. The diffusion term 
(/J^^' 2 ^) has roughly the same shape as the production term but, of course, in 
the opposite sense. The transport term is relatively small. 



5 Conclusion 

We have described a spectral domain decomposition method and its application 
to simulations of shear-stratified turbulence with a particular emphasis on the 
atmospheric jets in the tropopause region. The main difference with the previ- 
ous numerical studies is that we use more realistic boundary conditions in the 
vertical direction and the shear and stratification profile can adjust when the 
flow evolves. In our simulations, microscale Reynolds number and other tur- 
bulent quantities seem to fluctuate within 5% of their mean value. Since the 
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system can adjust to the point where production is balanced by dissipation and 
diffusion, detailed studies of the budget terms become possible. This is in con- 
trast with the previous numerical studies where the microscale Reynolds number 
is temporally evolving except at a certain ’stationary’ Richardson number for 
which the growth is balanced by dissipation. 

We observe a strong anistropy for the energy spectra for the fluctuating com- 
ponents of the velocities and the temperature. The peaks of energy spectra of 
the streamwise and the spanwise components are roughly located in the same 
bandwidth but the levels of the spanwise velocity are nearly one order of magni- 
tude below of those of the streamwise velocity components. Energy spectra of the 
vertical velocity and temperature show maximum values in a more concentrated 
range of wavenumbers and decay more steeply than in the streamwise velocity 
case. 

Resolution of the fundamental anisotropy of geophysical turbulence remains 
an important problem for theoretical, numerical and experimental studies. For 
passive scalars in turbulent flows, recent empirical evidence shows that local 
isotropy, both at the inertial and dissipation scales, is violated (Warhaft [31]). 
In the current study, we have evidenced rather strong anisotropy between dif- 
ferent fluctuating fields and the problem of anisotropy will continue to be the 
focus of our future work. 

We also find that increased stratification increases the heat fluxes and allows 
for more kinetic energy to be converted to potential energy and diffused, within 
the context of our jet stream model; production can increase with stratification, 
rather being suppressed. 

Our simulations were performed with a much lower Reynolds number than 
the atmosphere. Some of our results axe effects of low Reynolds number, for ex- 
ample, the role of dissipation in budget balance. The applicability of our model 
depends on further simulations with higher Reynolds number, by using LES or 
other closure. However, to the best of our knowledge, a suitable subgrid model 
for stably stratified turbulence is not avialable. Hence, the results from DNS 
become valuable for benchmarking of turbulence models, and our work is an 
important first step in the understanding of shear stratified turbulence. 
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Abstract. In this presentation we include selected results which have originated 
from vortex dynamics studies conducted at Cornell, in collaboration with IRPHE, 
Marseille. These studies concern, in particular, the spatial development of delta 
wing trailing vortices, and the temporal development of counter-rotating vortex 
pairs. There are, as might be expected, similarities in the instabilities of both of 
these basic flows, as shown in our laboratory-scale studies. 

In the case of the spatial development of vortex pairs in the wake of a delta 
wing, either in free flight or towed from an XY carriage system in a towing tank, we 
have found three distinct instability length scales as the trailing vortex pair trav- 
els downstream. The first (smallest-scale) instability is found immediately behind 
the delta wing, and this scales on the thickness of the two shear layers separating 
from the wing trailing edge. The second (short-wave) instability, at an intermedi- 
ate distance downstream, scales on the primjury vortex core dimensions. The third 
(long-wave) instability far downstream represents the classical “Crow” instability 
(Crow, 1970), scaling on the distance between the two primary vortices. By im- 
posing disturbances on the delta wing incident velocity, we find that the long-wave 
instability is receptive to a range of wavelengths. Our experimental measurements of 
instability growth rates axe compared with theoretical predictions, which are based 
on the theory of Widnall et al. (1971), and which require, as input, DPIV measure- 
ments of axial and circumferential velocity profiles. This represents the first time 
that theoretical and experimental growth rates have been compared, without the 
imposition of ad-hoc assumptions regcirding the vorticity distribution. The agree- 
ment with theory appears to be good. The ease with which a Delta wing may be 
flown in free flight was demonstrated at the Symposium, using a giant polystyrene 
triangular wing, launched from the back of the auditorium, and ably caught by 
Professor Sid Leibovich, in whose honour the Symposium was held. 

In the case of the temporal growth of vortex pairs, formed by the closing of a 
pair of long flaps underwater, we find two principal instabilities; namely, a long- 
wavelength Crow instability, and a short-wavelength “elliptic” instability. Compar- 
isons between experiment and theory for the growth rates of the long-wave insta- 
bility, over a range of perturbed wavelengths, appears to be very good. The vortex 
pair “pinches off” , or reconnects, to form vortex rings in the manner assumed to 
occur in contrails behind jet aircraft. We discover a symmetry-breaking phase re- 
lationship for the short wave disturbances growing in the two vortices, which we 
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show to be consistent with a kinematic matching condition between the two dis- 
turbances. Further results demonstrate that this instability is a manifestation of 
an elliptic instability, which is here identified for the first time in a real open flow. 
We therefore refer to this flow as a “cooperative elliptic” instability. The long-term 
evolution of the flow involves the inception of secondary miniscule vortex pairs, 
which are perpendicular to the primary vortex pair. 



1 Introduction 

The dynamics of a pair of parallel counter-rotating vortices has been the 
object of a large number of studies in the last three decades. The continued 
interest in this flow is, to a great extent, due to its relevance to the problem 
of aircraft trailing vortex wakes, whose far-field is composed of such a pair. 
The vortices from one aircraft also represent a danger to other maneuvering 
aircraft, due to the rolling moments imposed on a wing by such a vortex. 
In addition to this practical aspect, the counter-rotating vortex pair also 
represents one of the simplest flow configurations for the study of elementary 
vortex interactions, which can yield useful information for our understanding 
of the dynamics of more complex transitional or turbulent flows. 

A prominent feature of this flow is a long- wavelength instability, which can 
frequently be observed in the sky, and which is shown in laboratory scale here 
in Figure 1(c). The first theoretical analysis of this phenomenon was made 
by Crow (1970). He showed that the mutual interaction of the two vortices 
can lead to an amplification of sinusoidal displacement perturbations, whose 
axial wavelength is typically several times the vortex separation distance. The 
vortex displacements are symmetric with respect to the mid-plane between 
the two vortices, and they lie in planes roughly 45° with respect to the line 
joining the vortices. The origin of this instability is linked to the balance 
between the stabilizing effect of self-induced rotation of the perturbations, 
and the destabilizing influence of the strain field that each vortex induces at 
the location of its neighbour (see for example, Widnall et ah, 1974). When 
the instability grows large enough, portions of the displaced vortices can 
approach each other , “pinch off”, or reconnect, into an array of vortex rings. 

Widnall et al. (1974) and Tsai & Widnall (1976) proposed a second mech- 
anism for instability in flows with strained concentrated vortices, of which 
the counter-rotating vortex pair is one example. It involves more complex 
perturbations leading to internal deformations of the vortex cores; their ax- 
ial wavelength scales on the vortex core diameter and is typically less than 
the initial separation of the pair. No comprehensive observations or flowfield 
measurements concerning this short-wave instability in controlled laboratory 
experiments is found previously in the literature, although there are several 
studies in which a waviness in the vortices might be observed (for example, 
Thomas & Auerbach, 1994). 

In the present paper, we shall describe some results from two funda- 
mental flow investigations carried out at Cornell, namely the spatial de- 
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velopment of instabilities of trailing vortices behind delta wings (Miller & 
Williamson, 1999), and the temporal development of instabilities for a vor- 
tex pair (Leweke & Williamson, 1998, 1999). It is particularly of interest 
that one finds, not unexpectedly, the long-wavelength instability in both of 
these flows, but one also finds evidence of the short-wave instability in the 
spatially-growing wing wake, which matches well the lengthscale predicted 
on the basis of the temporally-growing vortex pair study. 



2 Delta Wing Trailing Vortex Instabilities 

Previous studies of the wake of a delta wing have centered on the flow right 
over the wing, with very few studies looking at the wake development further 
downstream. Among the few existing studies of delta wing wakes, Hackett 
& Thiesen (1971) and Sarpkaya (1983) found in careful towing tank experi- 
ments that the development in the trailing vortex pair often involves growth 
of symmetric waviness. However, although it is evident that a symmetric 
“Crow” -type instability will develop in this flow, previous visualization are 
mainly focused on the initial waves. The final stages of vortex ring develop- 
ment remain to be investigated as well as a precise measurement of growth 
rates related directly to experimental-measured core size, velocity distribu- 
tions (axial and circumferential), circulation and vortex spacing. These form 
the principal measurements of the present study. The most clear observations 
of the late development of the long-wave instability to-date come from full- 
scale visualizations of the “Crow” instability acting on the contrails of a jet 
aircraft observed in the sky (see for example. Crow, 1970). 

Regarding downstream measurements of delta wing vortices, it is remark- 
able that there has been no comprehensive comparison of the wavelengths 
of instability and the growth rate, between theory and experiment, without 
recourse to ad hoc assumptions regarding the distribution of vorticity within 
the vortices, and assumptions regarding axial flow within the cores. Almost 
all the studies have, for example, made the assumption that the vortex core 
has a uniform- vorticity core, and that there is no axial flow. It has not always 
been obvious in previous studies whether one should expect the core axial 
flow to be upstream or downstream. Many of the previous trailing vortex re- 
sults, and the extensive and insightful works relating to the near wake of the 
delta wing, may be found in the excellent review papers of Widnall (1975), 
Lee and Ho (1989), Rom (1992), Spalart (1998), and the reader is referred 
there for these many papers. The wakes of conventional wings of higher as- 
pect ratio (than delta wings) have been studied extensively and much has 
been learnt about their development through analytical work, flight test and 
laboratory experiments, as outlined in the review by Donaldson & Bilanin 
(1975). 

The brief descriptions of our results presented here are based on the more 
comprehensive study in Miller & Williamson (1999), where extensive details 
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may be found. In this study, we measure all of the pertinent parameters 
describing the vorticity field of the primary vortex core, which are essential 
as input into the stability analysis of Widnall et al. (1971). The flow in 
question, is that found downstream of a delta wing, with a 75° leading edge 
sweep angle, thus having an apex angle of 30°, and flying at angles of incidence 
of 10° — 20°. The delta wing is towed in the computer-controlled XY Towing 
Tank at Cornell, with a Reynolds number of order 10^ to 10'*, based on chord. 

Some preliminary experiments were conducted by flying the Delta wings 
in free flight through the fluid in the Towing Tank. These wings were launched 
from a standing start or from a mechanism, which imparted an initial velocity 
and angle to the wing. Care was taken to balance the wing in flight, by 
adjusting the centre of gravity vis-a-vis the centre of pressure. This technique 
was presented by Miller & Williamson (1995). In order to demonstrate the 
ease with which a delta wing will glide freely, a giant polystyrene Delta wing 
(a simple triangle shape) was launched by the first author from the back 
of the auditorium, and very ably caught at the front of the lecture hall by 
Professor Sid Leibovich, in whose honour the Symposium was held. The Delta 
wing, presented to Sid Leibovich, is shown for reference in Figure 1. 

Typical visualizations of the developing trailing vortices in side view are 
shown in Figure 2, where it may be noted that all the photographs are to 
the same scale. This particular flow is due to the free-flight experiments. The 
smallest-scale instability in (a) is essentially a vortex street instability of the 
wake profile formed by the separating shear layers from the upper and lower 
surfaces of the wing at the trailing edge. In (b), at 30 chordlengths down- 
stream of the wing, one can observe a short-wave instability riding on the 
primary vortices, although it is clearly larger than the initial vortex street 
wavelength in (a). Finally, in (c), at 70 chordlengths downstream, the long- 
wave instability of the vortex pair has ultimately caused a reconnection of 
the pair to form vortex rings which are inclined to the flight path. Stream- 
wise wavelengths associated with these instabilities (A) are shown in Figure 
3, where they are all normalized by the spacing between the vortices (6). 
The smallest-scale is around 0.36, which is reasonable based on a predicted 
wavelength one would expect from measured separating shear layer thickness 
at the wing trailing edge. The short-wave instability further downstream is 
around 1.06, and it is not clear in advance what governs this length scale. We 
shall expand on this point below. Finally, the long-wave instability is around 
4.56, which is less than the length 8.06 that is normally associated and often 
assumed for the well-known Crow instability. 

This study has been made possible by a combination of experimental ap- 
proaches. To determine the core velocity field, we have used a Digital Particle 
Image Velocimetry (DPIV) technique. The data representing the axial and 
circumferential velocity fields are seen in Figure 4. To study the flow response 
to a range of imposed wavelengths, we have perturbed the incident velocity 
on the wing, by computer-control of the carriage in our XY Towing Tank. 
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Fig. 1. (a) Giant Polystyrene Delta wing flown during presentation of seminar at 
the Symposium. This Delta wing was launched from the back of the auditorium, 
and most ably caught by Professor Sid Leibovicli down at the front of the lecture 
hall, after a successful experimental glide, despite the level of turbulence in this 
impromptu laboratory. However, the wing served to illustrate the case vrith which 
a simple triangular wing can glide, and thus be used on a smaller scale for free flight 
of wings underwater. This wing was presented to Professor Leibovicli in honour of 
his Symposium. 
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Fig. 1. (b) Piloting the Delta wing were two virtual Sid Leibovichs. 



To interpret the wavelength and growth rate of the primary vortex insta- 
bility, we have developed a novel image processing technique, which tracks 
the core flisplaceinents (illuminated by selectively dyeing specific parts of the 
wing wake using La.ser-lnduced Fluorescence), and determines the spectral 
content of the core waviness by spatial FFT. Figure 5 shows the development 
of vortex core displacements, without image procassing. 

It is of interest to know under what conditions of perturbation amplitude 
(measured as the fluctuation in wing velocity (ti') normalized by the mean free 
stream ([/)) the response of the vortex pair matches the input disturbance 
wavelength. As might be expected, the envelope in Figure 6(a) for the range of 
A over which the vortex pair locks onto the imposed disturbance wavelength, 
becomes larger as the perturbation amplitude increases. At low amplitudes, 
the envelope is naturally centered around the non-perturbed wavelength A = 
4.51). What is, however, particularly interesting is that the high-wavelength 
edge of the envelope is quite a strong function of amplitude, whereas the 
low-wavelength edge of the envelope is highly insensitive to perturbation 
amplitude. This wall be compared with the stability analysis below. 

We have found that the circumferential velocity distribution is very well 
represented by a pair of Oscen vortices, whose velocity fields are superposed 
on one another. Es.sentially, the vortex cores in this study diffuse under vis- 
cous rather than turbulent action. By an iterative minimum-error method. 
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Fig. 1. (c) Close-up view of wing surface depicting the hands-in-pockets Leibovich 
quote “I am interested in strongly swirling flows”. 




wc can deduce the best-fit values, in a given vortex pair, for the circulation 
(r), vortex spacing (6), and vortex core radius (o), in the case where the 
velocity distribution is given by : 



Vfl = 



2nr \ / 



( 1 ) 



The axial velocity profile is also reasonably well fit by a Gaussian, as shown 
in Figure 4(c), and we find that there is a wake-like velocity defect, with flow 
upstream within the cores. We find that the core radius (a), the maximum 
vorticity (wmoi) >n the vortices, and the circulation (F) vary functionally 
with the downstream distance (x) in the following form. 



a ~ \/x Umax ~ ~ — F ~ constant 

X 



(2) 



The result that cores grow as \/x agrees with in-flight measurements of Mc- 
Cormick et al. (19G8) and others. 
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Fig. 2. The wake of a delta wing in free-flight, showing three distinct instabilities, 
(a) The near wake involves a smallest-scale instability which scales on the wake 
velocity profile of the separating shear layers from the trailing edge of the wing, (b) 
Intermediate "Short-wave” instability, at 30 chordlengths downstream (left edge of 
photograph), (c) Far downstream "long-wave" instability, at 70 chordlengths from 
the wing. 
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Fig. 3. Fundamental length scales measured in the wake; Normalized wavelength 
(A/6) versus normalized downstream distance (x/c). • Braid wake (vortex street) 
instability. A Short-wave instability. □ Long- wave “Crow” -type instability. 




Pig. 4. Circumferential and axial velocity profiles from DPIV measurements, (a) 
A pair of Oseen vortices superposed, to yield a good representation of the flowfield 
due to the vortex pair, w = vertical velocity, (b) Results of a typical “best-fit” of 
experimental data to the Oseen vortices representation. Symbols are from DPIV 
measurements; The curve is a profile of vertical velocity from the best-fit Oseen 
pair. Measurements were made at x/c = 1. (c) Axial velocity within the vortex 
core centre, well represented by a best-fit Gaussian expression, and showing a wake 
defect. Measurements were made at x/c = 8.0. 
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t* =4.3 
x/c = 19 

Fig. 5. Development of long- wavelength instability. In this sequence of top views of 
a towed delta wing, only the primary vortex cores are marked. In this case, a small- 
amplitude perturbation was applied {u' jU = 0.01), encouraging the periodicity in 
the waves. Such sequences were used to analyze the time evolution of amplitude, 
a = 15°; Re = 10000. 
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X/h 



Fig. 6. Response envelope plot showing regions where the response matches the 
perturbations. The extent of the synchronization is measured by the shaded range of 
normalized wavelengths (A/6), as a function of the perturbation amplitude {v! /U). 
Outside this region, the principal wavelengths of trailing vortices do not match the 
forcing wavelength, and one finds principally the natural wavelength (A/6 = 4.5). 
a = 15°; Re = 10000. 



These measurements of core size and axial flow of Figure 4 are critical to 
our use of the theoretical predictions for the long-wavelength instability. Wid- 
nall et al. (1971) incorporate the effect of these parameters in an ingenious 
manner through an “effective” core size (««//), which redefines the cut-off 
distance used in the Biot-Savart integral for vortex motion in this problem. 
The effective core size for the Coise here, where we have a distributed vortex 
plus axial flow, can then be used in conjunction with existing solutions cor- 
responding with a uniform core with no axial velocity, as computed in the 
earlier paper of Crow (1970). This was a major contribution from the work of 
Widnall et ah, yet it has apparently not been comprehensively compared to 
experiment for the three decades since that time, where the distributed na- 
ture of the velocity field with axial flow is taken into account. The definition 
of “effective” core size is 

fle// = (3) 



A = lim 

r / a—¥oo 




( 4 ) 
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Fig. 7. Growth rate versus wavelength. Measured growth rates a (symbols) versus 
the analytical result (curve). The stability analysis receives, as input, the experi- 
mental initial conditions. The theoretical curve depends on effective core size, which 
was computed from axial and circumferential velocities to be 0.456, near t* = 1. 
a = 15°; Re = 10000. t* = time ■ r/27r6^ 




Parameters A and C, which come from the theory of Widnall et al. (1971), are 
determined by the form of the circumferential and axial velocity distributions, 
which reduce to >1 ~ 0.056 for an Oseen vortex, and C ~ 0.255, for our 
Gaussian axial velocity profile of Figure 4(c). This permits us to find the 
effective core size, and so to use this in the theories of Widnall et al. (1971) 
and Crow (1970). In Figure 7, we show the growth rate cr versus wavelength, 
measured using our image-processing and spatial FFT method (symbols), 
compared with the stability analysis (the curve), which is computed using 
experimental input for the effective core size. The agreement appears to be 
very good. 

We may conclude from this work that it is critical that we properly char- 
acterize the effective core radius. Had we chosen the physical core size of 
0.256, rather than the computed effective core size of 0.456, we would have 
predicted a most unstable wavelength that is 50% larger than what we both 
measured and predicted in Figure 7. Our study provides the first clear exper- 
imental confirmation for the stability theory in Widnall et al. (1971), without 
ad-hoc assumptions being made about core vorticity distribution, and even 
in the case of a spatially-developing wing wake flow. 
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3 Temporally-Developing Instabilities in Vortex Pairs 

3.1 Long- Wave Instability 

In the experiments concerning the temporal development of vortex pairs, 
these vortices were generated in a water tank at the sharpened edges of two 
flat plates, hinged on one side to a common base, and moved in a prescribed 
symmetric way by a computer-controlled motor. The vortex pair is charac- 
terized by circulation {F), core radius (n) and vortex spacing (/>) as for the 
delta wing study, but with the absence in this case of the axial flow compo- 
nent. Also consistent with the delta wing vortices, the pair is well represented 
by Oseen vortices, with a/b ~ 0.20 — 0.25, and “vortex” Reynolds numbers 
(Rc. = r/u) of 1000 — 3000. Fiirther details are found in Leweke & Williamson 
(1998, 1999). 




Fig. 8. Overview of the long and short wave instabilities in a vortex pair. In these 
photographs, the vortex pair is convecting towards us, showing the long- wavelength 
instability (upper picture), and the short-wave instability coexisting with the long- 
waves (lower picture). 
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(a) 



(b) 

Fig. 9. Visualization of the long-wave vortex pair instability for He = 1450, a/6 = 
0.23, A/6 = 5.4. Top view at f* = 5.3, the pair is moving towards the ob.seJver. 
Bottom view : t‘ = 9.3. t’ = time • r/2nb^ 




The dye visualization of Figure 8 and 9 show the general features of 
both the long and short wavelength instabilities. In the case of the long- 
wave instability, one can see that the initially-straight and parallel vortices 
develop a growing symmetric waviness, of a w'avelength that is several times 
the vortex spacing. Simultaneous views (see Leweke and Williamson, 1998) 
were processed digitally to yield 3D views of the vortex pair waviness, showing 
clearly that the plane of the wavy' perturbation is inclined by approximately 
45" with respect to the plane of the initial vortex pair, confirming Crow’s 
(1970) prediction. The amplitude of the waves continujs to increase until 
the cores touch and cross-link to form an iu-ray of 3D vortex rings. Figure 
9(a) shows the flow shortly before the end of the reconnection process. At 
later times, the rings elongate into oval vortices, seen in (b) and (c) from 
two orientations. The oval rings exhibit a well-known oscillatory behaviour 
(see review by Lim & Nickels, 1995), due to their varying curvature. Despite 
their dramatic change of topology with respect to the initial configuration, 
it is interesting that the translation speed of the vortices remains practically 
unchanged during and after the reconnection. 

The reconnection process has also been studied in detail. We find a char- 
acteristic reconnection time which is found to be approximately the time it 
tzdces the vortex pair to travel one vortex spacing, b. This may be asefully 
comparetl with the characteristic time found from simulations (e.g., by Mo- 
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Fig. 10. Growth rate of the Crow instability as a function of axial wavelength. 
Round symbols represent experimental measurements made in the range 1500 < 
Re < 2500. The instability could not be forced at wavelengths marked by a square 
symbol. The line shows the theoretical prediction for a/b = 0.25, whidi is represen- 
tative of all the experiments. 



lander & Hussain, 1989). Interestingly, the threads that remain connecting the 
vortex rings after reconnection, actually contain a noticeable fraction of the 
initial circulation. Further details of the reconnection process are described 
in Leweke & Williamson (1999). 

The linear growth rate of the long-wave instability was measured for dif- 
ferent axial wavelengths A, which could be imposed by very slight modulation 
of the vortex-generating plate edges. The measured growth rates in Figure 
10 are compared with the theoretical predictions, which may be derived from 
the theories of Crow (1970) and Widnall et al. (1971) for the present condi- 
tions. This prediction involves precise information about the initial velocity 
profiles of the vortices, obtained by DPIV, and we find good agreement with 
the experimental data. A complete comparison between experimental mea- 
surements and theoretical predictions of the initial growth rate for this flow 
was achieved for the first time, yielding a comparable agreement as we found 
in the wing trailing vortex study shown above. We may conclude that good 
agreement is found between the theory and both a temporally-developing 
flow, as well as a spatially-developing flow. 

3.2 Short-Wave Instability: “Cooperative elliptic” Instability 

Above a critical Reynolds number, a short-wave instability develops in addi- 
tion to the long-wave instability. From Figure 8, we can see that the short- 
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wave and long-wave instabilities usually develop simultaneously. A closer view 
of the short-wave instability under more uniform conditions in Figure 11 il- 
lustrates immediately that the short-wave instability involves a modification 
of the internal structure of the vortex cores. Although the vortex centres, 
marked by the bright dye filaments, are again perturbed into a wavy shape, 
one may also observe a dye layer around the core which remains unchanged. 
Inside and outside of this “invariant stream tube”, fluid is displaced in op- 
posite radial directions. Simultaneous visualizations from perpendicular ori- 
entations reveal that the sinusoidal displacements of the vortex centres again 
lie in inclined planes at 45° to the plane of the pair - with orientations in the 
direction of the mutually induced strain rate in the vortices. 

These observations strongly suggest that this short-wave instability is 
linked to an instability occurring in flows with elliptic streamlines, which is 
a flow resulting from the interaction of a rotational flow with plane strain. In 
the present flow, it is found in the cores of the vortices. From theoretical stud- 
ies treating this elliptic instability phenomenon (Landman & Saffman, 1987; 
Waleffe, 1990) one can show that the spanwise shape of the disturbed stream- 
tubes representing one vortex takes the form depicted in Figure 11(b). The 
experimental and theoretical spanwise instability shape, including the "in- 
variant surface” mentioned earlier, bear a strong resemblance to each other. 
From the theoretical work, one can also deduce the following expression for 
the growth rate a of the short-wave instability for the vortex pair flow (see 
Leweke & Williamson, 1998); 

0- ^ 9 _ 327t^ 

r/27r&2 8 {XlhfRe' 

This relation shows that , for a given wavelength A, the instability only occurs 
above a critical Reynolds number: 



2^7t3 _ IGtt^ 

9 [X/bf ~ 9 {a/bf ■ 



( 7 ) 



For the vortex pair, our measurements from visualizations and DPIV have 
shown that 



A/a « 4.0 (8) 

which is close to theoretical prediction. Quantitative comparisons of growth 
rate are also satisfactory, taking into account the idealized nature of the 
theoretical flow. 

An interesting and unexpected phenomenon relates to the phase rela- 
tionship between the perturbations on the two vortices. In Figure 11(a), the 
vortex centres, at each axial location, are displaced in the same transverse di- 
rection. This symmetry-breaking is further illustrated by the cross-sectional 
view in Figure 12(a): the vortex centre is displaced to the lower right in the 
left vortex, and to the upper right in the right vortex. DPIV measurements 




Wing Wake Vortices and Temporal Vortex Pair Instabilities 



395 




Fig. 11. Close-up views of the short-wavelength perturbation, from experiment and 
from elliptic instability theory. We can see the characteristic internal deformations, 
as well as the distinct phase relationship between the two vortices. Re = 2750; 
f* = 6.2. f' = time • r/2irb^ 
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Fig. 12. Visualization, Vorticity measurements and theoretical flowdield of elliptic 
instability of the short-wave perturbation in a cross-cut plane. The visualization is 
for Re = 2400, t* = 7.5. The DPIV measurements are for Re = 2660, t' = 7.1. 
Contours are separated by Auz = 0.86(ro/2nb^) 



in the same plane, in Figure 11(b) confirm that this is not simply an effect 
caused by the dye technique. The maxima of vorticity are displaced in the 
same way as the dye images, and in close agreement with theoretical pre- 
dictions for the elliptic instability of a strained vortex (Waleffe, 1990). An 
example of the unstable flowfield from theory is shorni in Figure 11(c). The 
observed phase relationship can be explained by a kinematic matching con- 
dition for the perturbations on each vortex (Leweke & Williamson, 1998). In 
this manner, this instability might suitably be termed a “cooperative elliptic” 
instability of a vortex pair. 
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3.3 Relation Between the Short-Wave Instability in the Wing 
Trailing Vortices and the Vortex Pair 

Having discovered the nature of the short-wave instability in the temporally- 
growing vortex pair problem, how then does it relate to the short-wave insta- 
bility found in the delta wing trailing vortices ? To provide some evidence to 
link these instabilities, we can replot the intermediate lengthscale of Figure 
3, in the form of wavelength normalized with respect to the local value of 
vortex core radius (a), shown in Figure 13(a). In the early part of the devel- 
opment of the short-wave instability the wavelength in the trailing vortices is: 
A ~ 3 — 4 a , which is of the order of the measured and predicted wavelength 
for the elliptic instability of the temporally-growing vortex pair, A 4a. One 
might suggest that the two instabilities are essentially similar, with both of 
them scaling on the vortex cores. 

Further evidence of a similar cooperative instability in the wing trailing 
vortices is found from visual images in Figure 13, where we compare the 
temporally-developing vortex pair flow, with a vortex pair flow in the delta 
wing wake. (This photograph in (b) is taken from a vertical vortex pair flow 
in a stratified fluid, which thereby inhibited the Crow instability; Williamson 
& Chomaz, 1998). In the case of the vortex pair flow, near the leading stagna- 
tion point, one finds the growth of secondary miniscule vortex pairs (arranged 
perpendicular to the primary vortex pair), as a result of the cooperative na- 
ture of the instability, and the swapping and stretching of fluid between each 
primary vortex in this region of the flowfield. One finds that, for each wave- 
length of the short-wave instability, two secondary vortex pairs are generated 
at the lower (leading) edge of the primary vortex pair. The same miniscule 
secondary vortex pairs are found in the case of the trailing vortices in (b), 
providing further evidence that not only the short wave instabilities of the 
two flows scale on the vortex cores, suggested earlier, but also that a similar 
mutual phase relationship might exist between the primary vortices, despite 
the fact that an axial upstream flow exists inside the cores, in the case of the 
wing trailing vortices. Work is needed to further confirm these results. 



4 Conclusion 

In this paper, we have investigated the short-wave and long-wave instabili- 
ties in both the trailing vortices downstream of a delta wing, and also in a 
vortex pair. For the first time, and in both flows, we have made a complete 
comparison of the instability growth rates for the long-wave instability mea- 
sured experimentally with those predicted from theory (Widnall et al., 1971), 
without recourse to previously-employed assumptions regarding the axial or 
circumferential velocity distributions. The use of known disturbances in both 
flows, coupled with extremely sensitive flow visualizations and DPIV mea- 
surements, have enabled us to determine these growth rates of instability as 
a function of perturbation wavelength. The agreement between the temporal 
stability theory and experiment is very good, not only for the temporally- 
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Fig. 13. (a) Downstream evolution of short-wave instability wavelength, normalized 
by local core radius, a. (b) A vortex pair travelling downwards, showing the leading- 
edge miniscule vortex pairs that are arranged perpendicular to the primary prur 
(2 per wavelength of the elliptic instability), (c) Similar perpendicular miniscule 
vortex pairs are found for the delta wing trailing vortices at intermediate distances 
downstream, suggesting that it is also subject to a distinct phase relationship for 
the short-wave disturbances in each vortex. 
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developing vortex pair flow, but also in the case of the spatially-developing 
wing trailing vortex flow. 

The short-wave instability has been identified as an elliptic instability in 
an open flow, and we have discovered it to be a “cooperative” instability in 
that there is a specific symmetry-breaking phase relationship between the 
instabilities on each vortex. This is explained by a kinematic matching con- 
dition for the disturbances. Evidence is shown that the short-wave instability 
of the wing trailing vortices is indeed the same instability, scaling on the vor- 
tex cores, as we find in the temporally-developing vortex pair flow, although 
further confirmation is needed on this point. 



Acknowledgments 

Immense thanks are due for the friendship and support from a tremendous 
fellow in the name of Professor Sid Leibovich, who has been a rock solid 
colleague and friend during my initial years, indeed during all my many long 
years at Cornell. The example he has set in his performance as a top-notch 
Professor and researcher, but also as a sportsman in the Schoelkopf Fitness 
Centre, with our colleague. Professor John Lumley, has been superb, and 
has stimulated a number of parallel energy-expending activities among the 
Cornell faculty. 

Enormous thanks are owed to Felix Flemming for laborious late-night 
typesetting in in between his exquisite VIV experiments. Many thanks 

are due also to Chantal Champagne, Sylvie Petit, and the FDRL team; 
Nathan Jauvtis, Raghuraman Govardhan, Anil Prasad, for their superb help 
and enthusiasm with this work in its many stages. T.L. and C.H.K.W. ac- 
knowledge the support of NATO Collaborative Grant CRG-970259, and the 
support from the Ocean Engineering Division of the O.N.R., monitored by 
Tom Swean. (O.N.R.Contract No. N00014-95-1-0332). T.L. acknowledges the 
support from the Deutsche Forschungsgemeinschaft under Grant Number: Le 
972/1-1. 



References 

Crow, S.C. (1970) Stability theory for a pair of trailing vortices. AIAA Journal, 
8, 2172. 

Donaldson, C.P. & Bilanin, A.J. (1975) Vortex wakes of conventional aircraft. 
AGARDograph, Number 204. 

Hackett, J.E. & Thiesen, J.G. (1971) Vortex wake development and aircraft 
dynamics. In Aircraft Wake Turbulence and its Detection, J.H. Olsen et al, 
ed., Plenum Press, New York, pp. 243-263. 

Lee, M. & Ho, C.-M. (1989) Vortex dynamics of delta wings. In Frontiers in 
Experimental Fluid Mechanics, ed. M. Gad-el-Hak, pp. 365-427. 

Landman, M.J. & Saffman, P.G. (1987) The three-dimensional instability of 
strained vortices in a viscous fluid. Phys. Fluids, 30, 2339. 




400 



C.H.K. Williamson et al. 



Leweke, T. & Williamson, C.H.K. (1998) Cooperative dliptic instability in a 
counter-rotating vortex pair. J. Fluid Mechanics, To appear (10 April 1998). 

Leweke, T. & Williamson, C.H.K. (1999) Long-wavelength instability and re- 
connection of a vortex pair. Submitted to J. Fluid Mechanics. 

LiM, T.T. & Nickels, T.B. (1995) Vortex rings. In Fluid Vortices S. I. Green, ed., 
Kluwer Academic Publishing, Dordrecht (NL), pp. 95-153. 

Melander, M.V. & Hussain, F. (1989) Cross-linking of two anti-parallel vortex 
tubes. Phys. Fluids, Al, 633. 

Miller, G.D. & Williamson, C.H.K. (1995) FVee flight of a Delta wing. (Gallery 
of Fluid Motion) Phys. Fluids, 7, S9. 

Miller, G.D. & Williamson, C.H.K. (1996) Long wavelength instability of trail- 
ing vortices behind a Delta wing. Bull. American Phys. Soc., 41, 1827. 

Miller, G.D. & Williamson, C.H.K. (1999) Instabilities in the wake of a delta 
wing. In preparation for J. Fluid Mechanics. 

Rom, j. (1992) High Angle of Attack Aerodynamics. Springer- Verlag. 

Sarpkaya, T. (1983) Trailing vortices in homogenous and density-stratified media. 
J. Fluid Mechanics. 136, 85. 

Spalart, P.R. (1998) Airplane trailing vortices. Ann. Rev. Fluid Mech. 30, 107. 

Thomas, P.J. & Auerbach, D. (1994) The observation of the simultaneous de- 
velopment of a long- and short-wave instability mode on a vortex pair. J. 
Fluid Mechanics. 265, 289. 

Tsai, C.-Y. & Widnall, S.E. (1976) The stability of short waves on a straight 
vortex filament in a weak externally imposed strain field. J. Fluid Mechanics. 
73, 721. 

Waleffe, F. (1990) On the three-dimensional instability of strained vortices. Phys. 
Fluids, A2, 76. 

Widnall, S.E. (1975) The structure and dynamics of vortex filaments. Ann. Rev. 
Fluid Mech. 7, 141. 

Widnall, S.E., Bliss, D.B. & Tsai, C.-Y. (1974) The instability of short waves 
on a vortex ring. J. Fluid Mechanics 66, 35. 

Widnall, S.E., Bliss, D.B. & Zalay, A. (1971) Theoretical and experimental 
study of the stability of a vortex pair. In Aircraft Wake Turbulence and its 
Detection, J.H. Olsen et al, ed., Plenum Press, New York, pp. 339-354. 

Williamson, C.H.K. & Chomaz, J-M. (1999) A new zig-zag instability for a 
vertical vortex pair in stratified fluid. To be submitted to Phys. Fluids. 




A Spectral Domain Decomposition Method 
and Its Application to the Simulation 
of Shear-Stratified Turbulence 

K.L. Tse^, A. Mahalov^, B. Nicolaenko^, and J. Fernando^ 

Environment Fluid Dynamics Program 
Arizona State University, Tempe AZ 85281, USA 

Dedicated to Sid Leibovich for his 60th Birthday 



1 Introduction 

Environmental flows are replete with situations where shear and stratification 
coexist, and many attempts have been made to understand the generation and 
evolution of turbulence in stratified shear flows. Early studies have been made 
using laboratory simulations (Webster [32] and Rohr et al. [29]), but with in- 
creasing computer power, direct numerical simulations (DNS) and large eddy 
simulations (LES) have become powerful tools for studies of shear-stratified tur- 
bulence. There are many reports with numerical approaches, most of them using 
DNS (Gerz et al. [12], Holt et al. [14], Jacobitz et al. [16] and Werne et al. [33]) 
and others using LES (Kaltenbach et al. [17]). 

The most common numerical approach to simulate shear-stratified turbulence 
is to impose a mean shear and stratification in the vertical direction. The hori- 
zontal directions are then regarded as periodic and the vertical direction shear 
periodic. The computational advantage of this approach is that the boundaries 
are absent and efficient Fourier spectral methods can then be employed. However, 
turbulent flows exposed to mean shear and stratification are temporally evolv- 
ing and hence, do not reach stationary states, except at a certain ’stationary’ 
Richardson number for which the growth is balanced by dissipation (Kaltenbach 
et al. [17]). Quasi-stationary states, however, can still be attained, at which the 
normalized variables will tend asymptotically to constant values after several 
turnover periods. 

The main objective of this study is to investigate stratified turbulence within 
a mean jet stream at the atmospheric tropopause. This is achieved by impos- 
ing a steady streamwise jet and a Brunt- Vaisala profile for the basic state. The 
tropopause can be characterized as the surface of jump of the Brunt-Vaisala fre- 
quency, as its mean value above it essentially doubles, hence more stably strat- 
ified (Babin, Mahalov and Nicolaenko [2]). Here we take the tropopause to be 
a constant plane, whereas more realistically it is a dynamically evolving curved 
layer. The basic state streamwise velocity in our model has an exponential pro- 
file which results in different shear at different vertical levels, reproducing a key 
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Abstract. We present the results of laboratory experiments on the stability of a 
wind-driven water surface to siurface waves and Langmuir circulations. The labo- 
ratory measurements, which zu"e made possible by a variety of modern quantita- 
tive flow visualization techniques, show that this classical wave-generation problem 
presents a variety of interesting phenomena that occur over comparable space and 
time scales. Of particular interest is the clear influence of the Langmuir circula- 
tions on the structure of the wave field. Following recent work by Melville, Shear 
& Veron (1998) and Veron Melville (1999), we show that the waves that are 
initially generated by the wind are then strongly modulated by the Langmuir cir- 
culations that follow. Direct measurements of the modulated wave variables are 
qualitatively consistent with geometrical optics and wave action conservation, but 
quantitative comparison is elusive. Within the context of the Craik-Leibovich the- 
ory of Langmuir circulations, the scaling is clearly 0(1), with the surface currents 
being comparable to the phase speed of the waves. We discuss the results in the 
context of the available theoretical models. It is a pleasure to dedicate this paper 
to Professor Leibovich on the occeision of his 60th birthday. 



1 Introduction 

Professor Leibovich has made seminal contributions to the stability theory 
of fluid flows, especially the stability of wind-driven water surfaces. His work 
with Alex Craik in 1976 presented a rational theory for the generation of 
Langmuir circulations which included the effects of wind-generated waves 
and currents. His subsequent work in this area, often with students and co- 
workers, has explored the development and detailed predictions of the theory 
for a variety of particular cases. An occasion such as this, in which a col- 
league’s career is being celebrated, offers the opportunity to digress a little 
to recount the sometimes winding road that leads to our choices of research 
problems. 

The work described here had its beginnings a little over twenty years ago 
when the junior author (WKM) arrived in La Jolla from Australia to work 
at Scripps. For a laboratory experimentahst, Langmuir circulations were an 
inviting topic, as the Craik-Leibovich (1976) theory had just been published 
and experimental testing of the theory was desirable. What was surprising 
for an experimentalist was that a process that was so apparent in the ocean 
and other natural water bodies, and which was potentially very important for 
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mixing and transport, had eluded a quantitative investigation in the labora- 
tory. A request for reprints from Professor Leibovich produced several papers 
and an encouraging letter stating that the time was ripe for some good labo- 
ratory experiments, but the pressure of other work on surface wave stability 
and breaking moved LCs to the back burner. 

After moving to MIT in 1980, Melville hoped to revisit the topic and in- 
vited Alan Faller, who was responsible for much of the laboratory work on 
LCs, to give a seminar on the subject; but it was clear that with the possi- 
ble exception of forcing by special three-dimensional surface wave patterns 
(the CLI mechanism), the"' CL theory remained experimentally unconfirmed. 
Again, without any new experimental insight, the problem went on the back 
burner. On moving back to La Jolla, Melville began work with Bernd Jahne 
on a project in long-wave-short-wave interaction and in 1994 they were con- 
ducting experiments in a very large wind-wave channel in Delft. Jahne was 
also interested in heat transfer as a proxy for gas transfer, and had acquired 
an IR video camera to record the water surface temperature. 

One of the experiments that had been done at the end of the time at Delft 
was a preliminary study of the surface heat transfer following the initial gen- 
eration of wind waves. The video of that data proved to be a revelation, 
showing transient coherent LC-like structures in the IR data that evolved, 
over some seconds, into more fully-developed turbulent fields (HauBecker et 
al., 1995). These initial data suggested why LCs may have remained so elu- 
sive in the laboratory, and why the time was ripe to pursue the subject. In 
the situation in which they result from wind-generated waves and currents, 
they are only strongly coherent, looking like the simpler theoretical models, 
for a very short time: seconds. Most studies of the results of initial wind 
forcing have concentrated on understanding the generation and evolution of 
surface waves (Kawai, 1979); but, as we shall see below, the evolution of the 
surface waves and the initial development of the LCs are coupled. Elxperi- 
mental pursuit of the subject was timely because of the recent developments 
in quantitative flow visualization. In this we had assistance in using Digital 
Particle Imaging Velocimetry (DPIV) from our colleagues Mory Gharib and 
Chris Willert at UCSD (and subsequently Caltech), and in other optical wave 
measurements and IR imaging from Bernd Jahne, who was splitting his time 
between Heidelberg and La Jolla. 

Our work also led us to undertake a more thorough study of the litera- 
ture and in so doing we found that Faller & Caponi (1978) had already made 
largely qualitative flow visualization studies of wind-driven LCs in relatively 
shallow water that anticipated some of our work. Had they had access to 
a large wind-wave facility (deep water), the currently available optical in- 
strumentation, and quantitative image processing techniques, then the work 
presented in this p>aper could have been done much earlier. 

Melville, Shear & Veron(1998: MSV) reported on laboratory measure- 
ments of the generation and evolution of Langmuir circulations following the 
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initiation of the wind. Beginning with a quiescent channel, they showed that 
the wind accelerates a deepening laminar shear layer in the water. The initial 
absence of surface waves demonstrated that all the momentum flux from the 
wind was to the surface current. Subsequently, the current became unstable 
to surface wave modes, and very soon thereafter longitudinal vortices, LCs, 
were generated. The initial spacing of the LCs was comparable to the surface 
wavelength, but they rapidly evolved from predominantly two-dimensional 
structures aligned with the wind to three-dimensional structures through the 
appearance of bifurcations in the surface jets associated with regions of sur- 
face convergence. Through flow visualization of the surface and DPIV, it was 
shown that the surface features were associated with regions of concentrated 
longitudinal vorticity. 

MSV found that the most unstable wavenumber of the LCs measured in 
the experiments did not agree with the available predictions of the 0(e^) 
CLII theory (Leibovich & Paolucci, 1981), but that was not surprising since 
the assumptions of Leibovich & Paolucci were violated by the experimen- 
tal conditions. Firstly, the wave field in the experiments was not stationary, 
and secondly, the scaling appeared to be 0(1) rather than 0(e^)^. Due to 
limitations on the DPIV resolution and other factors, MSV were not able 
to accurately measure the surface currents, but even approximate measure- 
ments, supported the conclusion that the surface currents were 0(1). 

Following acquisition of a calibrated IR video camera, Veron &: Melville 
(1999: VM) extended the experiments to measure the surface velocity, the 
evolution of the thermal boundary layer using active and passive thermal 
imaging techniques (described below), and laser-induced fluorescence to mea- 
sure mixing. Over a range of experimental conditions, they found that sur- 
face waves appeared at an approximately constant Reynolds number, that 
the evaporative cooling by the wind led to Rayleigh numbers that were sig- 
nificantly subcritical, that the LCs were very effective in vertical mixing, 
and finally, that the surface velocity field could be accurately resolved in the 
regions of surface convergence (jets) and divergence (wakes). This laid the 
foundation for looking at the effect of the LCs on the wave field. 

That is the subject of this paper. We extend the experiments of MSV and 
VM to directly measure the surface slope field using an imaging slope gauge 
that can resolve the wave field. Simultaneous coincident use of active and 
passive thermal imaging techniques permits us to measure the influence of the 
LCs on the waves. We find that the surface jets associated with the LCs have 
velocities that are simply a linear extrapolation of the siuface velocity prior 
to the appearance of the LCs, while the wake regions clearly correspond to a 
deceleration of the surface current associated with upwelling of slower fluid. 

' The O(e^) scaling comes from the eissumptioa that the surface current is 0(e) 
of the orbital velocity of the waves, which in turn is 0(e) of the phase speed of 
the waves, where e is a measure of the wave slope. 0(1) scaling means that the 
surface current and phase speed of the wave are comparable. 
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The surface waves are strongly modulated by the underlying LCs. During the 
initial stages of the evolution of the LCs we find that the wave modulation 
is qualitatively consistent the kinematics and dynamics of geometrical optics 
and wave action conservation. 

In Section 2 we describe the experimental procetlures and instrumenta- 
tion. In Section 3 we present the main experimental measurements of the 
surface velocity and wave fields, and their cwrelation. In Section 4 we dis- 
cuss the results. 



2 The Experiments 

The experiments were conducted in the large wind-wave facility at Scripps In- 
stitution of Oceanography. The channel is 45 m long, 2.39 m wide and 2.44 m 
high. One end of the channel is fitted with a computer controlled fan and 
a beach. At the other end is the wind-tunnel inlet section that provides a 
smooth entry section for the airfltiw. The setup for the experiments is similar 
to that used by MS V and VM. The water level was set to 1.25 m and the wind 
speed in the centerline of the airflow was measured using a Pitot static lube 
connected to a Barotron pressure transducer. The wave field was measured 
with a resistance wave gauge, and a color imaging slope gauge which is a 
refractive optical gradient instrument developed by Jahne &■. Riemer (1990) 
and Zhang A: Cox (1994). A color screen, that consists of linear red and green 
gradients in the along wind and cross wind directions respectively, and a con- 
stant blue level, was placed 60 cm below the water surface The color pattern 
is such that no two points on the scTeen posess identical colors. A color CCD 
camera placed far above the water surface acquired 21) slope data over frames 
of 240x660 pixels at a 60 Hz rate. 

A calibrated IR video camera was used to image the surface temperature 
at 60//z also. This permitted the measurement of the evolution of the siuface 
temperature field resulting from the LCs and, when used with a OO 2 laser 




Fig. 1. Schematic of the experimental setup. 
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laying down thermal markers on the surfaee, the data can be processed to 
give the surface velocity field (HauBecker et al., 1995). The footprint of the 
imaging slope gauge is within that of the IR camera. Also, the two cameras 
were synchronized with a 60 Hz trigger signal to achieve simultaneous image 
acquisition (figure 2). For these experiments, the wind was smoothly acceler- 
ated from rest to a final constant speed of 3, 4, 5 or 6 ms~ * in approximately 
25 s. The trigger signal, which starts the fan, provides a constant time l>ase 
for instrument synchronization. 

Figure 2 shows examples of the image of the along-wind component of 
slope and the water surface temperature acquired by the two systems at 
< = 16» and t = 41s, for a final wind speed of 5 ms"*. The image sizes 
are 36.8 cm in the along-wind direction and 27 cm in the cross wind direc- 
tion. Both the wind and the waves propagate from left to right. At f = 41 s, 
the dominant gravity waves have a wavelength of approximately 9 cm, with 
parasitic capillary waves clearly visible on the downwind face (Fedorov &. 
Melville, 1998; Fedorov, Melville & Rozenberg, 1999). As expected, we ob- 
served a downshift, in the dominant frequency and wavenumber of the surface 
waves as the wave field evolved from duration-limited to fetch-limited. 




Fig. 2. Example of the thermal images and the collocated along wind slope for a 
final wind .speed of 5ms"* at t = 16s 2 ind t = 41 s. Image size is 36.8cm x 27cm. 
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Fig. 3. Surface temperature recorded by the thermal imager for a final wind speed 
of 5ms~*. Image size is 0.41m by 0.39m. Times shown are 16.8, 18.3, 19.8, 21.3, 
22.8 and 24.3 s. The temperature is given by the color code in degrees Celsius. The 
vertical (cross-wind) lines are leud down by the scanning CO 2 laser. 



3 Results 

3.1 The Surface Flow 

As described by MSV, the flow evolves in four stages from the initial accelera- 
tion and deepening of a shear-driven surface flow, which becomes unstable to 
surface waves and subsequently LCs. The LCs initially appear on the surface 
as streaks which are easily visualized with the thermal imager. Regions of sur- 
face convergence and divergence associated with local surface jets and wakes, 
respectively, are also clearly apparent. The surface jets eventually become 
unstable and the flow evolves to fully developed turbulence. In sumnjary, 
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Fig. 4. Surface velocity measured from the displacement of the surface thermal 
marker for a final wind speed of Four stages of the evolution of the flow 

can be identified. Also shown is the time series of the rms along-wind slope over 
the entire footprint. 



the four stages progress from initial instability associated with divergence of 
the transverse velocity field, quasi-two-dimensional streak formation, streak 
dislocation or bifurcation, and transition to fully turbulent flow. These four 
stages (figure 3) are common to all wind speeds. 

Surface flow visualization was achieved through both passive and active 
infrared imagery. Figure 3 shows the surface temperature for a final wind 
speed of 5ms~^. The wind blows from left to right and the vertical (cross- 
wind) warm line is a thermal maker laid down by the scanning beam of a 
CO 2 laser with a pulse length of 50 ms and a 2 Hz repetition rate. The image 
size is 41 cm x 39 cm. At approximately t = 18.3 s, the surface begins to show 
significant signs of cross-wind velocity as warm regions begin to open up. 
The line marker on the surface distorts, indicating regions of fast downwind 
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motion, or jets, and regions of slower motion, or wakes. At t = 19.8 .s, the 
Langmuir circulations appear clearly as a series of along-wind streaks. The 
surface thermal markers permit the measurement of the streamwise velocity 
at the surface and identihcalion of the jets and wakes. Shortly t hereafter, the 
regions of increasing shear between the jets and wakes develop instabilities 
and the entire flow evolves into a turbulent reginie. Once the flow is fully 
turbulent, the surface velocity can no longer be clearly segregattxl into jets 
or wakes, and after the Langmuir circulations have efficiently mixed down 
the momentum from the surface shear layer, the average surface velocity 
stabilizes at a somewhat lower velocity (figure 4). Also, once the waves are 
well develojjed, the Stokes drift significantly adds to the Lagrangian surface 
velocity, and to velocity fluctuations measured after the break down of the 
circulations as shown on figure 4 for times f > 40 s. 

FVom figures 3 and 4 and our earlier work (MSV, VM) it is clear that 
Langmuir circulations disrupt the momentum and thermal boundary layers 
and provide rapid mixing of the surface layer. 




wavenuTiber (radm'*) 



Fig. 5. Wavenumber frequency spectra of the along wind slope calculated for a final 
wind speed of 5ma~'. The dashed line is the dispersion relationship for linear grav- 
ity capilary waves, 'fhe solid line is the same the dispersion relationship including 
a uniform surface drift of 7.8 cms*'. 



3.2 The Surface Waves 

The wind-generated surface wave field is unsteady as it evolves from duration- 
limited to fetch-limite<l conditions. Figure 4 shows the time scries of the rms 
surface slope averaged over the imaging slope gauge footprint. The waves 
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appear to be generated quite rapidly at around f = 15 s and the rms slope 
appears to stabilize at the inception of the Langmuir circulations. The large 
fluctuations in the rnis slope for times f > 40 s are induced by the limited 
size of the footprint, and thus the poor statistics, as the surface wavelength 
becomes comparable to the image size. On the other hand, for time times 
t < tOs, the slope images contain a sufficient number of waves to perfom 
Fourrier anaylsis. Figure 5 shows the frequency wavenumber spectrunj for 
the along wind slope for 2 seconds of data starting at t = 25 s. Much of the 
spectrum is in the capillary wave range (A: > .170 rad but compares 

well with the linear dispersion relationship for gravity-capillary waves when 
account is taken of the measured surface velocity of 7.8 cms~^ ( c.f. figure 4). 

While the surface flow is sheared and the added current in the dispersion 
relationship is uniform, it appears that this simple advection of the waves 
describes the observed Doppler shift. Clearly the surface current is influencing 
the propagation of surface waves and is of the same order of magnitude as the 
phase speed of the waves. In the c-ontext of the CL theory, this is 0(1) scaling 
and has both kinematical and dynamical consequences when cximparcd to the 
O(e^) theory that applies to larger scale ocean waves and currents. It raises 
the question of whether the velocity associated with the Langmuir circulation 
is modulating the surface waves. 




Fig. 6. Surface temperature a) and along wind slope b) at the same location at 
time t = 19.8 jr. Note the correlation between the warm upwelling regions and the 
regions of larger wave slope. W'ind and waves are travelling left to right. The image 
size is 36.8 cm x 27 cm. 



Figure 6 shows the collocated thermal and along-wind slope images while 
the Langmuir circulations are developing. The surface slope image shows 
that steeper waves appear to be correlated with the warm regions of wakes, 
or regions of upwelling. 
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At this stage in the evolution of the LCs they are still largely aligned 
in the along-channel direction. For both images in figure 6 we computed 
line-by-line averages of the temperature and rms wave slope. We also used 
correlation techniques to directly measure (U-l-c), the phase speed of the 
waves including advection by the current. These results are shown in figure 
7, along with a plot of the normalized modulation of ak vs that for (U-t-c). 
It is very clear, and quantitative coherence analysis confirms, that the wave 
slope and the surface temperature are strongly coherent, as are the wave slope 
and the wave phase speed, (U-l-c). The modulation is such that in regions 
of upwelling (warm wakes, decelerating flow) the wave slope increases and 
(U-l-c) decreases, and vice versa for the downwelling regions (cooler surface 
water, accelerating flow). The use of the active IR imaging to measure the 
surface velocity over a restricted region of the image shows that much of the 
modulation of (U-l-c) is due to the modulation of U alone, with U varying by 
up to 5 cms“^ for the data shown in figure 7. 

4 Discussion 

In a series of experiments (MSV, VM and this paper), we have shown that the 
initial generation of waves and LCs occur over comparable length and time 
scales and that the LCs strongly modulate the waves. Infrared imagery shows 
that forced evaporation rapidly leads to a cool surface layer of increasing 
Rayleigh number. However, this Rayleigh number remains small, suggesting 
that thermal convection is not dynamically significant for the initial growth of 
LCs. LCs, and not wave breaking, lead to the destruction of the cool surface 
skin as warmer water from below is transported up to the surface. The slower 
moving warmer water leads to a deceleration of the surface velocity, which 
in turn has both kinematical and dynamical effects on the surface waves. As 
the waves evolve from duration limited to fetch limited conditions and larger 
wavelengths, the infiuence of the surface currents on the waves decreases. 

While the modulation of the waves by the LCs appears to be consistent 
with the simple ideas of geometrical optics and wave action conservation, 
initial attempts to test the measurements against the theory have not been 
successful. This is because simple assumptions of stationarity or homogeneity 
do not apply, and an application of the full theory including both spatial and 
temporal effects appears to be necessary. We continue to investigate this 
approach; however, it may be that DNS or other numerical approaches are 
necessary to obtain a satisfactory comparison with the experimental data. 

For those who spend any time near the ocean or other natural water 
bodies, the wave-ruflBed streaky appearance of the surface as a gust of wind 
passes is not unusual, and that is the process we are observing in the labora- 
tory. We may be a long way from understanding the details of how the waves 
and LCs evolve to fully developed stormy seas and surface currents, but the 
observations of Irving Langmuir (1938) and the theoretical contributions of 
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Fig. 7. Cross-stream modulation of wave slope, ak, and phase speed, U + c, from 
Figure 6. a) rms slope (solid line) and mean temperature (dashed line) cilong stream- 
wise lines, b) mean phase speed, U-(-c, along streamwise lines, c) correlation between 
cross-stream modulation of wave slope and phase speed, where the overbai repre- 
sents the cross-stream average. 



Alex Craik and Sid Leibovich, have provided the direction and motivation to 
understand phenomena that have inspired those who go down to the sea: 
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“On another day, it will be marked with long streaks, alternatively 
smooth and rippled, light colored and dark even like our inland mead- 
ows in a freshet, and showing which way the wind sets. ” 

Thoreau (1857) 

Acknowledgments 

We thank our colleagues at the Hydraulics Laboratory, Charles Coughran, 

Dave Aglietti and John Lyons. We are grateful to Jochen Klinke for providing 

constant support with the imaging slope gauge. This work was supported by 

NSF grant OCE 9633794. 

References 

1. W.K. Melville, R. Shear, F. Veron: J. Fluid Mech. 364, 31 (1998) 

2. F. Veron, W.K. Melville: ‘Laboratory studies of the initiation of Langmuir Cir- 
culations and Turbulence’. In: Symposium on the Wind-Driven Air-Sea Inter- 
face, Sydney, Australia, January, 1999. ed. by M.L. Banner, pp 265-272. 

3. A.D.D. Craik, S. Leibovich: J. Fluid Mech. 73, 401 (1976) 

4. H. Haufiecker, R. M. Shear, B. Jahne, W. K. Melville 1995: ‘Horizontal and 
vertical spatial structures of turbulence beneath short wind waves’. Presented 
at: XXI General Assembly lAPSO, Honolulu, August 1995. 

5. S. Kawai: J. Fluid Mech. 93, 661 (1979) 

6. A. Paller, E.A. Caponi: J. Geophys. Res. 83, 3617 (1978) 

7. S. Leibovich, S. Paolucci: J. Fluid Mech. 102, 141 (1981) 

8. B. Jahne, K. Riemer: J. Geophys. Res. 95, 11531 (1990) 

9. X. Zhang, C.S. Cox: Exp. in Fluids 17, 225 (1994) 

10. H. Haufiecker, S. Reinelt, B. Jahne: ‘Heat as a proxy tracer for gas exchange 
measurements in the field: Principles and technical realization’. In: Third In- 
ternational Symposium on Air-Water Gas Transfer, Heidelberg, Germany, July 
1995,. ed. by B. Jahne, E. C. Monahan (Aeon, Hanau 1995) pp 405-413 

11. A. V. Fedorov, W. K. Melville: J. Fluid Mech. 354, 1 (1998) 

12. A. V. Fedorov, W. K. Melville, A. Rozenberg: Phys Fluids 10, 1315 (1998) 

13. I. Langmuir: Science 87, 119 (1938) 

14. H.D. Thoreau: Cape Cod (W. W. Norton eind Company, 1951 edition. New 
York, 1857) 




